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Two-electron processes in multiple ionization under strong soft-x-ray radiation
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In a combined experimental and theoretical study we have investigated the ionization of atomic argon upon

irradiation with intense soft-x-ray pulses of 105 eV photon energy from the free-electron laser FLASH. The

measured ion yields show charge states up to Ar7+. The comparison with the theoretical study of the underlying

photoionization dynamics highlights the importance of excited states in general and of processes governed by

electron correlation in particular, namely, ionization with excitation and shake-off, processes usually inaccessible

by measurements of ionic yields only. The Ar7+ yield shows a clear deviation from the predictions of the

commonly used model of sequential ionization via single-electron processes and the observed signal can only

be explained by taking into account the full multiplet structure of the involved configurations and by inclusion

of two-electron processes. The competing process of two-photon ionization from the ground state of Ar6+ is

calculated to be orders of magnitude smaller.

DOI: 10.1103/PhysRevA.94.013413

I. INTRODUCTION

Photoionization of any multi-electron system entails the

production of ions in one or more excited states. This is

usually referred to as ionization plus excitation or shake-up,

if the photon energy is sufficiently large for the excess energy

(beyond the first ionization threshold) to reach one or more

excited ionic states. In the case where the photon energy is high

enough to reach the double-ionization threshold, shake-off

processes become also possible. In single-photon ionization,

these two-electron (2e) processes can occur only through

electron correlation. As such, they are relatively weak, with

the value of the corresponding cross section typically in the

range of a few percent of the dominant one-electron process.

The process has been studied both theoretically (Refs. [1–3]

and references therein) and experimentally (Refs. [3–5] and

references therein) in a variety of systems, as it demonstrates

in a direct way the limits of, and deviations from, the

simple one-electron pictures. The detailed understanding of

the importance of such electron correlation is of fundamental

importance for any photoionization process, i.e., in atoms as

well as in molecules, clusters, or solids, and for the evaluation

of the accuracy of sophisticated theoretical models.

Many of the recent experiments at the new free-electron

laser (FEL) sources, concerned with the investigation of mul-

tiple ionization under intense short wavelength radiation, are

based on measurements of ion yields [6–9]. The rather simple

appearance of an ion spectrum provides valuable insights into

the complex processes and pathways, involving the intricate

interplay between single- and multiphoton ionization [10] and,
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in the case of inner shell ionization, the subsequent relaxation

via Auger decay [11–13]. However, detection of the ionic

species, which consist of both ground- and excited-state ions,

cannot in general provide any detailed information on the

relative importance of electron correlations in the various

processes leading to multiple ionization. The detection and

quantification of ionization plus excitation, requires, e.g., the

analysis of photoelectron energy spectra, where the excitation

is observed as a satellite structure beside the main photo

lines [4,5] and shake-off processes cause a flat, symmetric, U-

shaped background to the discrete photolines (e.g. Ref. [14]).

In principle, the detection of fluorescence from the excited

states of the residual ion can also serve as a probe of this

process (e.g. Ref. [15]). Traditionally, these studies have

been performed at synchrotron radiation facilities, which are

restricted to the observation of single-photon processes and

generally to neutral targets. Recently, the application of the

covariance mapping technique was introduced for ionization

studies at FELs enabling, e.g., the identification of shake

processes in the corresponding electron spectra [16].

However, in the process of studying multiple ionization of

argon under strong soft-x-ray FEL radiation of 105 eV photon

energy, we discovered strong indications of ionization plus

excitation, in the relative abundance of ionic species, without

any recourse to photoelectron energy spectra. Moreover, our

study including the full multiplet structure of the involved

electron configurations produces support for the involvement

of ionization plus excitation in the ionic species up to Ar5+.

Details for the experimental procedure to record ion yields

at the free-electron laser FLASH in Hamburg are given

in Sec. II. The theoretical approaches used to treat the

sequential ionization processes are summarized in Sec. III.

The experimental results and their interpretation on the basis

of the theoretical work are presented in Sec. IV, followed by

a short conclusion.
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II. EXPERIMENT

In the present study we have investigated the ionization

processes in a dilute argon gas jet upon irradiation with pulses

of 105 eV (11.8 nm) photon energy from the free-electron laser

in Hamburg (FLASH) [17]. The experiments were performed

at the BL2 beamline using FEL pulses of about 80 ± 20 fs

in duration, determined from the number of modes in the

measured spectral distribution of the FEL radiation [18], and

pulse energies of up to 40 µJ. The actual FEL intensity was

determined for each individual pulse using a gas monitor

detector [19]. A MoB4C multilayer mirror, with a reflection

bandwidth of about 1 eV centered at 105 eV, was used in a

back-reflecting geometry to tightly focus the FEL beam to a

diameter of 4 ± 1 µm in the interaction region with the effusive

Ar beam coinciding with the acceptance volume of an ion

time-of-flight spectrometer. By taking into account the mirror

reflectivity of 40% ± 1% for 105 eV photon energy we were

able to achieve irradiance levels of up to 7.2 × 1014 W cm−2.

The photon energy bandwidth of FLASH was measured with a

variable line spacing spectrometer [17] to be 1%. For recording

intensity-dependent data over a wide dynamic range, a gas

attenuation system was used, which eliminates the possible

dependence of the interaction volume on intensity.

A conventional time-of-flight spectrometer, composed of a

4-cm-wide acceleration region around the interaction volume

and a 65-cm-long drift tube, was used to separate the different

charge states of the Ar ions. Typically an extraction field of

500 V/cm was applied to ensure that all ions were collected

and directed towards a multichannel plate assembly at the end

of the drift tube. Possible variations in the detection efficiency

for the different charge states were estimated by recording

spectra with different voltage settings on the ion detector and

have been taken into account in the error bars of the ion yields.

III. THEORY

Under the conditions of the experiment, the quantitative

description of the interaction can be cast in terms of rate

equations, with proper account of the pulse duration, peak

intensities, and interaction volume integration, defined by the

dimensions of the focused radiation source and its overlap with

the atomic beam. For peak intensities below 1016 W cm−2

and pulse durations of 80 fs, which means hundreds of field

cycles long, the use of rate equations and the notion of the

cross section are well within their validity [10]. The values

of the single-photon as well as the two-photon cross sections

have been calculated as discussed in the Appendix. The fine

structure manifolds of the 3p and 3s shells of the neutral atom

and its ions have been accounted for in the calculation of the

overall cross sections entering the sequence of the ionization

channels. The complete set of the rate equations, cross sections

and related discussion are provided in the Appendix.

Since above threshold ionization (ATI) processes have

already been observed in other studies with similar FEL

parameters [20–22], we have also included in the rate equations

two ATI channels (from the neutral as well as from the first ion)

with cross sections that have been calculated. Note that ATI,

leading from the neutral atom to Ar+, as well as from Ar+ to

Ar2+, contributes on the level of 1.87 × 10−4 and 2.44 × 10−5

to the Ar+ and Ar2+ yields, respectively. Although their

contribution to the respective ionic species is extremely small,

their incorporation in the calculation and comparison to the

experimental data serve as an additional test of the theoretical

model.

We included also shake-off processes in the calculations.

The cross section for shake-off from Ar leading to Ar2+ is

known through experimental as well as theoretical studies

[3]. If that process is not included in the rate equations,

the theoretical yield of Ar2+ is about 50% lower than the

experimental data. There is also a similar process from Ar+

leading to Ar3+, with a cross section that we have estimated.

Its inclusion in the rate equations, however, does not make

a discernible difference for all higher charge species and, in

particular, for the discussion on the Ar7+ production. This

can be attributed to the fact that the chain of single-photon,

single-electron processes leading to Ar3+ overwhelm the direct

2e process, so that a 20% difference in the yield of Ar3+ is

hardly visible in the experimental data.

In the interest of exhaustive scrutiny of all conceivable

influences at play, we have also explored the possibility of

second harmonic contamination of the radiation. In view of

the precautions taken in the experimental setup, especially the

strong suppression of this wavelength by the extremely small

reflectivity of the multilayer mirror, we have concluded that

the conceivable amount of second harmonic in the radiation

was by at least 2 orders of magnitude too small to influence

the observed Ar7+ yield.

IV. RESULTS AND DISCUSSION

A typical ion time-of-flight spectrum of Ar obtained at

maximal FEL pulse energy is shown in Fig. 1. Charge states

up to Ar7+ are clearly observable. Principally, the creation

of high ionic states in the soft-x-ray regime is understood
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FIG. 1. Typical time-of-flight spectrum of atomic Ar irradiated

with intense FEL radiation of 105 eV photon energy and pulse

energies of 16 µJ in the interaction region. The small, nonlabeled

contributions in the spectrum are caused by the subsequent FEL

pulse as well as by ionization of the residual gas in the experimental

chamber.
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FIG. 2. Comparison of experimental (symbols) and theoretical

results [model including (solid lines) and excluding (dashed lines)

shake processes] of the relative ionic charge state distribution of

atomic Ar upon radiation with intense FEL pulses of 105 eV

photon energy. Experimental and theoretical curves are normalized

to a relative yield of 1 for Ar+ at the highest FEL intensity. For

the Ar7+ yield the results of the different theoretical models are

indicated: (a) including only the electronic ground state, (b) including

the Ar7+(3s3p)2 multiplet structure, (c) adding shake-off processes

(dotted line), and (d) adding shake-up processes.

to predominantly be a result of a multiple photon-matter

interaction within a very short time. For radiation intensities

so far achieved at state-of-the-art FELs, the cross section

of sequential multiphoton absorption is calculated to be

much higher than the cross section of simultaneous photon

absorption [8–10,23]. Regarding sequential ionization, it is

commonly assumed that after one ionization step the target

relaxes in the respective ionic ground state. This ionic ground

state then forms a new target which, e.g., in case of a highly

intense FEL pulse, is further ionized within the same photon

pulse. Depending on the interaction probability, these steps

of ionization are repeated until the FEL pulse is over and/or

the target cannot be further ionized by the respective photon

energy. For a photon energy of 105 eV, neutral argon and ionic

species up to and including Ar5+ are predominantly ionized

through these sequential single-photon absorption processes.

The dependence of the individual charge states on the pulse

energy of the FEL radiation is displayed in Fig. 2 in the range

from 2 × 1013 to 7 × 1014 W cm−2. The experimental data

(data points with error bars) are compared to the results of our

calculations using different approximations (dashed and solid

TABLE I. Relative yields for the different ion states of atomic

Ar after irradiation with XUV pulses of 105 eV photon energy

and pulse intensities of 7.2 × 1014 W cm−2. For the experiment the

statistical errors are indicated in parentheses (errors related to FEL

pulse intensity are given in Fig. 2). The columns for the theoretical

results represent different calculations including (column 3) or not

including (column 4) shake-up and shake-off.

Ionic state Experiment Theory

Shake-up +

shake-off No shake

Ar+ 1.00(2) 1 1

Ar2+ 0.42(2) 0.41 0.20

Ar3+ 8.8(7) × 10−2 9.6 × 10−2 4.5 × 10−2

Ar4+ 3.1(6) × 10−2 3.5 × 10−2 2.0 × 10−2

Ar5+ 1.8(5) × 10−2 2.2 × 10−2 1.9 × 10−2

Ar6+ 1.9(5) × 10−2 1.9 × 10−2 2.4 × 10−2

Ar7+ 0.7(3) × 10−2 0.2 × 10−2 0.019 × 10−2

lines). In solving the rate equations, we considered pulses with

Gaussian temporal profiles, peak intensities in the range of

1013–1016 W cm−2, and a pulse duration of 80 fs. Given that we

are dealing with single-photon processes, with only one two-

photon process involved in the last step of the observed ionic

species, the usual intensity fluctuations inherent in FEL pulses,

produced by self-amplified stimulated emission (SASE), are of

negligible importance for the resulting ionic yields. Therefore,

employing a Gaussian temporal profile is well justified. The

simplest, as well as dominant, sequence of channels in the

process of multiple ionization under these conditions, consists

of those that leave all successive ions in the ground state. These

are referred to hereafter as the primary channels.

Calculations, which included only the primary channels,

produced ionic species populations in only qualitative overall

agreement with the experimental data. For the low charge

states, especially Ar2+ to Ar4+, the calculated yields differ by a

factor of 2 and for Ar7+ even by more than 1 order of magnitude

(Table I). Since ionization from the Ar6+3s2 ground state

requires a photon energy of more than 124.4 eV, one possibility

for production of Ar7+ is given via two-photon ionization of

one 3s electron. With the calculated value of 10−54 cm4 s for

the respective two-photon ionization cross section, the

resulting Ar7+ yield turns out to be 6 orders of magnitude

smaller than observed. The possible uncertainty of perhaps

a factor of 2 or so in the two-photon cross section ob-

viously is by far too small to bridge the theory versus

experiment gap. Moreover, the possibility of enhancement

from an intermediate single-photon resonance can be ruled

out. The nearest resonance is detuned by 2.5 eV and

the FEL bandwidth is too narrow, while ac Stark shifts

are found to be way too small to cause a transient res-

onance of any type [11,24–26]. There is, however, one

excited state of Ar6+, namely 3s3p(1P1), lying 21.2 eV

above the ground state 3s2, which is created through the

single-photon sequence of transitions Ar4+(3s23p2) →

Ar5+(3s3p2) → Ar6+3s3p. Single-photon ionization of the

3p electron of that state accounts for the principal portion of

the Ar7+ yield, reducing the discrepancy between experiment

and theory from a factor of 106 to a factor of about 40 (cf.
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Table I). The example illustrates the strong sensitivity of the

calculations to the proper treatment of the involved electron

configurations for certain photon energies, but demonstrates

also that additional refinements are still necessary to further

reduce the discrepancies to the experiment.

We consider now the possible role of electron correla-

tions which manifest themselves in shake-up and shake-off

processes leading to the formation of excited states or the

simultaneous ejection of two electrons, respectively. In the

sequence of ionization, although ionization of the excited ionic

states might be expected to contribute to the creation of the next

species, their contribution is expected to be small. However,

inclusion of these processes leads to a reasonable overall

agreement for the charge states up to and including Ar6+. Since

normalization of the experimental and theoretical data is done

on the singly charged ion, which yields only contributions from

shake-up processes, the influence of shake-off shows up clearly

in the yields of Ar2+ and Ar3+ (Fig. 2). The relative importance

of both processes can be evaluated for the ionization step

Ar6+
→ Ar7+. For photon energy of 105 eV, the ejection of

one electron from the 3s2 ground state of Ar6+ is a two-photon

process, while ionization of the highest 3s3p multiplet state or

the ejection of a 3d or another outer electron from an excited

state [e.g., Ar6+(3s3d)] is a single-photon process. Upon

quantitative analysis, it turns out that the contribution of the

latter, at the intensities and pulse duration of the experiment, is

several orders of magnitude larger than that of the two-photon

process, although the population of Ar6+(3s3d) never amounts

to more than 1% of the population of Ar6+(3s2). After initial

formation of the excited state through electron correlation

in the first step of the ionization sequence, e.g., Ar+3p43d,

a significant percentage of the excited electron population

survives during the subsequent ionization processes, since the

cross section for ionization of the 3d electron in the excited

singly charged ion is considerably smaller (by almost 1 order

of magnitude) than the cross section for ionization in the

3p shell. However, for higher ionic species, an electron in

the same excited 3d state is more strongly bound, which

endows it with a larger ionization cross section, becoming

eventually equal to the 3p ionization for Ar5+. We have thus

the surprising situation in which, through the interplay of linear

with nonlinear processes, a traditionally small effect exerts a

disproportionally large influence.

For neutral Ar, it is known [1,27] that for photons of

105 eV, there are channels leaving the ion predominantly

in the 3d state, with much smaller percentages going to the

4d and 5d states. The relevant cross section is about 0.02

Mb, whereas the cross section for the primary channel is

essentially 1 Mb, confirming that ionization plus excitation

per fine structure pair of channels amounts to a few percent

of the primary process. In a more recent paper on neon [28],

considerably larger contributions of shake-up processes have

been noted. To the best of our knowledge, nothing is known

about the corresponding cross sections for the ions, which

implied we should proceed on the basis of some estimates.

First, all contributions from excited states are taken into

account by considering the 3d state. Second, the cross section

for ionization plus excitation should be smaller than that

for the primary channel. Other than that, we have explored

values from about 10% to 50%. Although, in principle, this

ratio would depend on the ionic species, in view of the

large number of channels involved in each step, the overall

(effective) percentage might not vary too much. In the final

calculations, we account in each step for the ionization of the

excited state in the parent ion via ejection of the 3d, 3s, or 3p

electron and the creation of additional 3d electrons (through

the process of ionization with excitation described above) in

the daughter ion. This chain of channels leads to a population

of Ar6+(3s3d), which is much smaller than that of Ar6+(3s2).

We have calculated the ionization cross sections of the 3d

states of all ionic species. Inserting all of the above channels

into an expanded set of rate equations, we obtained the results

depicted in Fig. 2 (solid lines).

The population of Ar7+ resulting from this set of equations

agrees now to within a factor of 3.5 with the experimental

data (see Table I). To obtain this agreement, we had to assume

ionization plus excitation cross sections of about 50% of the

primary channels. The Ar7+ yield is now about 5 orders of

magnitude larger than it was without the inclusion of excited

states and of two-electron processes (see Fig. 2). On the

basis of single-photon physics, this result is counterintuitive,

because under single-photon ionization, another single-photon

channel, with a cross section equal to a fraction of that of the

primary channel, will simply make a contribution equal to that

fraction. However, what we have here is an entirely different

situation; because although the population of the excited state

in Ar6+ is only a percentage of that in the ground state, the latter

can be ionized only by two-photon absorption. As a result, the

lower order of nonlinearity in the ionization of the excited state

more than makes up for the smaller population in that state. A

salient point here is that, owing to the tighter binding of the

orbitals for the higher ionic species, the ionization cross section

of the excited electrons increases with increasing charge state,

contributing thus to the unexpectedly large effectiveness of

this channel in the last ionization step. Thus although part of

the excited states in each species is ionized in the next step,

still the balance between excitation and loss of the excited

state through ionization is such as to leave population in the

effective excited state.

The important role of the excitation channel is clearly

illustrated in Table I, which shows the relative yields of

all charge states for the highest FEL intensities (7.2 ×1014

W cm−2). The comparison of the experimental values with

the results of the different theoretical models demonstrates

the significant role of shake processes for the quantitative

understanding of the observed multiple ionization processes.

The relative strength of the yields for the different charge

states, in particular the strong population of Ar7+ observed

in the experiment, cannot be accounted for without the

inclusion of two-electron processes, i.e., shake-up and shake-

off processes.

V. CONCLUSION

This work has uncovered two-electron processes hidden

in the ion data that normally are insensitive to such processes.

Beyond the interpretation of the most prominent features of the

ionic yields in this work, we have uncovered a number of open

problems, such as ionization plus excitation in ionic species.

Although studies using synchrotron radiation have provided
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data for those processes in the neutral, their counterpart for

ions are, to the best of our knowledge, unknown territory.

Clearly, the abundant production of ionic species under FEL

radiation provides a unique tool for their study, with minimal

experimental requirements relying simply on the FEL intensity

dependence of ionic yields. Obviously, more refined informa-

tion can be expected and is in fact needed if photoelectron

energy spectra are included in the measurements. Another

surprise was the detection of the role of single-photon double

ionization, in the same context, which normally requires a

more demanding experimental arrangement. The results of

this work suggest a hitherto unsuspected richness in multiple

ionization under FEL radiation, pointing to possibly the need

for the re-examination of previous and future work, on other

atomic and of course molecular species, where otherwise

unavailable information, such as shake-up processes in ionic

species, is most likely hidden.

Having summarized our findings, we would like to un-

derscore an apparent puzzle in the comparison of theory

with the experimental data. On the one hand, even within

the estimated uncertainties of our cross sections, definitive

signatures of shake-off processes are documented in the yields

of the lower ionic species. On the other hand, the reason for the

remaining discrepancy of about a factor of 3.5 for Ar7+ is at

this stage impossible to pinpoint. To the best of our knowledge,

all significant channels to that species have been taken into

consideration. Yet, even with admittedly somewhat large

shake-up cross sections, the theoretical yield remains below

the experimental data. It would take an unphysically gigantic

two-photon cross section to account for that discrepancy. Such

a two-photon cross section can be ruled out with certainty. We

are thus compelled to accept that puzzle, leaving its solution

to future work.
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APPENDIX

The complete set of coupled rate equations describing the

overall production of argon ions irrespective of atomic states

and configurations in each ionic species, which is what is

measured in the experiment, is given by

dN0

dt
= −

[

(σ10 + σ10exc + σ10sh + σ20so)F (t) +
(

σ
(2)
ATI+ + σ

(2)
20

)

F 2(t)
]

N0,

dN1

dt
=

[

(σ10 + σ10exc + σ10sh)F (t) + σ
(2)
ATI+F 2(t)

]

N0 −
[(

σ21 + σ21exc + σ21d + σ21sh + σ31so

)

F (t) + σ
(2)
ATI2+

F 2(t)
]

N1,

dN2

dt
=

[

σ20soF (t) + σ
(2)
20 F 2(t)

]

N0+
[

(σ21+σ21exc+σ21d + σ21sh)F (t) + σ
(2)
ATI2+

F 2(t)
]

N1 − (σ32 + σ32exc + σ32d + σ32sh)F (t)N2,

dN3

dt
= σ31soF (t)N1 + (σ32 + σ32exc + σ32d + σ32sh)F (t)N2 − (σ43 + σ43exc + σ43d + σ43sh)F (t)N3,

dN4

dt
= (σ43 + σ43exc + σ43d + σ43sh)F (t)N3 − (σ54 + σ54exc + σ54d + σ54sh)F (t)N4,

dN5

dt
= (σ54 + σ54exc + σ54d + σ54sh)F (t)N4 − (σ65 + σ65exc + σ65d + σ65sh)F (t)N5,

dN6

dt
= (σ65 + σ65exc + σ65d + σ65sh)F (t)N5 −

[

(σ76d + σ76sh)F (t) + σ
(2)
76 F 2(t) + σ

(3)
86 F 3(t)

]

N6,

dN7

dt
=

[

(σ76d + σ76sh)F (t) + σ
(2)
76 F 2(t)

]

N6 − σ
(2)
87 F 2(t)N7,

dN8

dt
= σ

(3)
86 F 3(t)N6 + σ

(2)
87 F 2(t)N7,

where Ni denotes the population of an ion with charge

+i. σ
(n)
ij denotes the ionization cross section for ionization

of an ion with charge +j via an n-photon process thereby

creating an ion with charge +i. The number of photons

involved was omitted for single-photon processes in order

to keep the notation as simple as possible. Other processes

are denoted through additional indices, where exc stands for

the process of simultaneous ionization of an electron while

exciting another to a d-state orbital, d denotes the ionization

cross section of these excited d states, sh denotes ionization

through radiation of the second harmonic, and so denotes the

shake-off processes. The values of the cross sections are given

in Table II.

The single-photon ionization cross sections except for σexc

were obtained using Cowan’s code [29,30]. Given that we

needed many single-photon cross sections, for several ionic

species each with a different structure, for reasons of self-

consistency it was desirable to employ a method applicable

to all. Cowan’s code, which has been found quite adequate

in such a context [31], offers the necessary flexibility for
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TABLE II. Values of single-photon, ATI, and multiphoton cross sections.

Single photon cross sections

σ10 = 1.2 × 10−18 cm2 σ21 = 2.4 × 10−18 cm2 σ32 = 3.5 × 10−18 cm2

σ43 = 3.3 × 10−18 cm2 σ54 = 2.9 × 10−18 cm2 σ65 = 1.8 × 10−18 cm2

σ10sh = 1.7 × 10−24 cm2 σ21sh = 1.9 × 10−24 cm2 σ32sh = 1.5 × 10−24 cm2

σ43sh = 1.7 × 10−24 cm2 σ54sh = 1.4 × 10−24 cm2 σ65sh = 1.0 × 10−24 cm2

σ76sh = 0.8 × 10−24 cm2

σ10exc = 4.5 × 10−20 cm2 σ21exc = 4.4 × 10−20 cm2 σ32exc = 4.0 × 10−20 cm2

σ43exc = 3.5 × 10−20 cm2 σ54exc = 2.7 × 10−20 cm2 σ65exc = 2.6 × 10−20 cm2

σ21d = 5.0 × 10−20 cm2 σ32d = 1.3 × 10−19 cm2 σ43d = 1.0 × 10−19 cm2

σ54d = 2.5 × 10−19 cm2 σ65d = 3.0 × 10−19 cm2 σ76d = 8.0 × 10−19 cm2

σ20so = 2.5 × 10−19 cm2 σ31so = 8 × 10−20 cm2

ATI cross sections

σ
(2)

ATI+
= 7 × 10−53 cm4 s σ

(2)

ATI2+ = 3 × 10−53 cm4 s

Multiphoton cross sections

σ
(2)
20 = 6 × 10−54 cm4 s σ

(2)
76 = 2.9 × 10−56 cm4 s σ

(2)
87 = 6.6 × 10−54 cm4 s

σ
(3)
86 = 1 × 10−90 cm6 s2

the task. The two-photon cross sections σ
(2)
76 and σ

(2)
87 were

calculated with the single-channel quantum defect theory. Its

accuracy was tested by trial calculations for systems for which

values of cross sections obtained through other methods were

available. Finally, the value of the single-photon cross sections

for shake-up and shake-off in the neutral was obtained from

the literature, which allowed us to estimate the corresponding

values for the ion by extrapolation.
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