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Capturing the structural changes that molecules undergo during chemical
reactions in real space and time is a long-standing dream and an essential
prerequisite for understanding and ultimately controlling femtochemistry. A
key approach to tackle this challenging task is Coulomb explosion imaging,
which has benefited decisively from recently emerging high-repetition-rate
X-ray free-electron laser sources. With this technique, information on the
molecular structure is inferred from the momentum distributions of the ions
produced by the rapid Coulomb explosion of molecules. Retrieving molecular
structures from these distributions poses a highly nonlinear inverse problem

that remains unsolved for molecules consisting of more than a few atoms.
Here, we address this challenge using a diffusion-based Transformer neural
network. We show that the network reconstructs unknown molecular geo-
metries from ion-momentum distributions with a mean absolute error below
one Bohr radius, which is half the length of a typical chemical bond.

Imaging molecular structure and, in particular, its temporal evolution
is fundamental to understanding and steering ultrafast processes,
including chemical reactions’. Several experimental techniques have
been developed during the last decades to study the evolution of
molecular structure on picosecond and femtosecond time scales.
Relying on a variety of measurement concepts, these techniques
probe different aspects of molecular structure and dynamics with
different levels of fidelity. Static molecular structures can be cap-
tured with the highest position-space resolution using electron
microscopy’. Time-resolved measurements of evolving molecular
geometries often rely on X-rays or high-energy electrons to infer
molecular structure from recorded diffraction patterns**. Coulomb

explosion imaging (CEI), which takes advantage of Coulomb repul-
sion of nuclei within molecules that are rapidly stripped of their
electrons®, is a less mature technique that can also provide time-
resolved information if combined with short laser pulses®. Since
atomic motion typically unfolds on femtosecond time scales (as
determined by molecular vibrations), CEl with intense femtosecond
laser or X-ray pulses has been exploited for studying molecular
structural changes’ ™. These pulses rapidly ionize the target mole-
cules, causing their atomic constituents to repel and fragment as a
result of Coulombic forces. The resulting ion-momentum distribu-
tions contain information about the initial geometric configuration
of the molecule before ionization2*,
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In all of the imaging methods discussed above, extracting mole-
cular structure from experimental data requires computational algo-
rithms of varying complexity. For diffraction-based imaging
techniques, reliable inversion methods are available. In contrast, a
corresponding inversion of measured momentum-space data to
molecular geometry is not routinely available in the case of CEl For
CEl, geometry retrieval requires solving a highly nonlinear inverse
problem, which is extremely challenging when dealing with molecules
containing more than 3-4 atoms. In general, inverse problems involve
the reconstruction of hidden causal factors from observable data®*,
which are connected by a forward process. If the forward process is
trivial to calculate and the noise distribution of this process is known,
inverse problems can be solved with the maximum likelihood esti-
mation or the maximum a posteriori approach. Both approaches are
typically implemented with an iterative solver, which requires the
forward process to be calculated at each step of the iterations. This
makes them unfeasible for solving the CEl inverse problem because, in
this case, the forward process is driven by the time-dependent many-
body interactions governed by quantum mechanics, which is compu-
tationally prohibitive to be integrated into an iterative solver. Conse-
quently, direct reconstruction of molecular geometry from CEI has
only been demonstrated in a few cases using a classical implementa-
tion of the forward process”*. Most CEl studies>!*37517-212324 haye
relied on a single-pass simulation of the forward process to compare
with experimental measurements, leaving accurate, general recon-
struction of molecular geometries an open and unresolved problem.

In this work, we address the molecular structure retrieval problem
in CEI with a deep generative neural network designed to reconstruct
molecular geometries from ion momentum measurements, which we
termed MOLEXA (molecular structure reconstruction from Coulomb
explosion imaging). It is built on the Transformer architecture®® and
the diffusion generative modeling framework®*"*, with a novel mem-
ory mechanism implemented in between the Transformer blocks. The
complex forward process of CEI not only renders the classical iterative
solvers inapplicable but also poses a severe challenge for deep learning
techniques because it is computationally too demanding to generate
adequate data for neural network training. To address the issue of data
scarcity, MOLEXA uses a two-stage training approach. Stage 1 trains on
a large dataset generated using a computationally inexpensive,
approximate forward model, while stage 2 fine-tunes the model on a
smaller, high-quality dataset derived from ab initio simulations. The
dual-phase strategy reduces the mean absolute prediction error to less
than one atomic unit, or half the length of a typical chemical bond. Our
present work focuses on the reconstruction of the molecular structure
from CEl measurements using X-ray pulses, but the demonstrated
generative modeling approach can also be applied to building recon-
struction models for CEl measurements using optical lasers'*>** and
highly charged ion beams™,

Results

The MOLEXA network

The MOLEXA model takes the measurable quantities (i.e., the three-
dimensional ion momenta measured in coincidence) from CEI as an
input and predicts the initial structure of a molecule before its inter-
action with the X-ray pulse (Fig. 1a). It comprises four modules for
input embedding, dynamics extraction, structure denoising, and
uncertainty estimation, which will be briefly described in the following.
Full network details can be found in Supplementary Note 1.

The input to the Embedding Module (Fig. 1a) contains the atomic
number, charge state, and molecular-frame momentum of each atomic
fragment. The embeddings of the atomic number and charge state are
concatenated with the linear projection of the momentum to form
atom-wise features. The atomic features are concatenated to create
pairwise features, which are then processed by a residual block before
being sent as input to the Dynamics Extraction Module.

The Dynamics Extraction Module (Fig. 1b) generates conditioning
information used in the Structure Denoising Module. The basic
Transformer block, which includes multi-head self-attention, is
implemented and accounts for the majority of the computational load
for both this and subsequent modules. Instead of directly stacking the
Transformer blocks on top of one another, we found that adding
memory operations at the end of each block enhances model perfor-
mance. Similar to the long short-term memory mechanism®, the
memory operations (on the right side of Fig. 1b) include a forget gate
that regulates what information to discard from the previous state, an
update gate that decides which information in the Transformer output
should be added to the memory, and an output gate that selectively
sends the current state of the memory to the next Transformer block.
In comparison to using skip connections, the memory mechanism is
found to suppress the mean (maximum) atomic distance and angle
errors by 3.6% (4%) and 1.3% (4.4%), respectively. We refer to the
combination of the Transformer and memory operations as the
“Transformer with Memory” (TM) block. There are six TM blocks in the
Dynamics Extraction Module.

The Structure Denoising Module, illustrated in Fig. 1c, recon-
structs the molecular structure using a reverse diffusion process. It
starts with a noisy molecular structure. Its atomic positions are enco-
ded on the basis of the output of the Dynamics Extraction Module and
the current noise level. Pairwise features derived from this encoding
are processed by two TM blocks. The output is projected to obtain
atom-wise features that are further processed through a self-attention
block. The Position Decoder takes the transformed atomic features
and outputs a less noisy molecular structure. During inference, this
structure is iteratively refined by a diffusion sampler with a noise
schedule adapted from Ref. 34. As shown in Fig. Ic, five iterations,
corresponding to four intermediate structures, are performed to
obtain the final molecular structure. The smaller atom sizes shown for
the earlier iterations reflect larger interatomic distances.

The Uncertainty Estimation Module is trained to match the pre-
dicted uncertainty with the absolute error between the predicted and
ground-truth structures. It can provide uncertainty estimations for the
structure predictions. Using pairwise features from the Dynamics
Extraction Module and the predicted molecular structure, the Uncer-
tainty Estimation Module estimates the errors of the predicted atomic
positions using two TM blocks, followed by an uncertainty decoder. It
pre-defines the uncertainty bins r = [0, 0.05,0.], ..., 9.95] and estimates
the probability that the prediction error falls within each of these bins.
For each coordinate of the predicted atomic positions, the uncertainty
is then calculated as the probability-weighted sum of the bin values.

Training

Unlike text or image generation models, for which there exists an
enormous amount of training data, deep learning models in physical
sciences often face the data scarcity issue, which is one of the main
obstacles preventing the widespread adoption of deep learning tech-
niques for solving physics-related problems. For the molecular struc-
ture retrieval problem, we created two training datasets by performing
Coulomb explosion simulations at two levels of theory. One level
involves the ab initio calculation of the XFEL-induced Coulomb
explosion of molecules, which tracks the quantum transition prob-
abilities across all participating electronic configurations while treat-
ing the nuclei as moving in a classical force field*°. It has been shown to
produce results that agree with experiments'. A similar level of theory
was used, for example, in Refs. 21,23. These high-level simulations are
computationally expensive. Thus, we created only a small dataset
containing 76,000 samples, using a thousand CPUs for more than a
month. A portion of this dataset was kept for validation (10%) and
testing (10%) purposes. Since the computation time scales roughly
exponentially with the number of atoms, these simulations were lim-
ited to molecules with fewer than ten atoms, which was a compromise
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Fig. 1| Generative-modeling-enabled molecular structure retrieval from Cou- displayed in panels (b) and (c). The ball-and-stick models in this and the subsequent
lomb explosion imaging. a lllustration of the Coulomb explosion imaging tech- figures represent the scaled spatial arrangement of the atomic constituents in the
nique and the molecular structure retrieval from its momentum measurements molecules. b Dynamics Extraction Module. ¢ Structure Denoising Module. Images
using the MOLEXA neural network. The main architectural details of MOLEXA are in this figure were created with Blender and Inkscape.
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to balance the dataset size with computational constraints. The second
level of theory is a much cheaper, classical Coulomb explosion model
with crude approximations®. It was used to generate a dataset that is
about a hundred times larger. MOLEXA was first trained on this large
but inaccurate dataset and then on the small dataset, which is more
accurate and best reflects the reality of a CEl experiment. We found
that the two-stage training approach reduced the structure prediction
error by a factor of two compared to training solely on the smaller but
more accurate dataset.

Before training in each stage, both the ion-momentum and
ground-truth position distributions were centered and aligned to a
common molecular frame. Specifically, for each molecule, the emis-
sion direction of the heaviest ion fragment is defined as the x-axis.
Then the cosine similarities of the momenta of the other ion fragments
relative to the x direction are calculated. The ion momentum with the
smallest cosine similarity is chosen to define the y-axis through Gram-
Schmidt orthonormalization so that this momentum vector would fall
within the first quadrant of the x-y plane. Both the momenta of all ion
fragments and the initial molecular structure, after being centered at
the origin, are transformed into this coordinate frame. For diatomics,
the coordinate system is fully determined once the emission direction
of the heavier ion fragment is defined as the x-axis. This pre-alignment
procedure, applied consistently across all molecules, transforms the
structure retrieval task from one with arbitrary coordinate frames to
one within a fixed molecular frame, thereby eliminating the need to
explicitly incorporate translational and rotational invariance into
the model.

The loss function consists of two parts: a weighted mean squared
error for the predicted molecular structures, and a cross-entropy loss
for uncertainty estimations. Both parts were used throughout the two
training stages. The Uncertainty Estimation Module was further fine-
tuned using the validation dataset while keeping the other modules
frozen, during which only the second part of the loss function was
used. All reported results were generated from the test dataset. The
training and validation datasets only contain molecules with fewer
than eight atoms, while the eight- or nine-atom molecules were set
aside to test the generalization capability of the model. Additional
details on loss function, training, and testing are provided in
the Methods section.

Model performance

Using the test dataset of molecules with less than eight atoms, the
mean absolute error (MAE) is 0.52 a.u. (atomic units), the mean
(maximum) distance error (DE) of all atomic pairs in a molecule is 0.98
(2.11) a.u., and the mean (maximum) angle error (AE) of all directional
triplets in a molecule is 13.97 (38.39) degrees. MOLEXA, which was
trained on only molecules with up to seven atoms, is also capable of
reconstructing the structure of molecules containing eight or nine
atoms. For these molecules larger than those included in the training
dataset, the MAE is 0.66 a.u., the mean (maximum) DE is 1.16 (3.43) a.u.,
and the mean (maximum) AE is 14.12 (57.91) degrees. The inference
time distribution evaluated on all test molecules is plotted in Supple-
mentary Fig. 1 and has a mean of 59.8 ms. Each of the reconstructed
molecular structures is from a single model prediction. Based on the
standard deviations of the model predictions plotted in Supplemen-
tary Fig. 2, the expected discrepancy between the corresponding
atomic coordinates of two independent reconstructions for a single
molecule is about 0.07 a.u.

Figure 2 provides an overview of the structure retrieval perfor-
mance of the model. In each column of the figure, the results for
molecules consisting of N atoms are presented, showing exemplary
structures predicted with low (top row) and high (second row)
reconstruction uncertainties. The two bottom rows indicate how the
general performance of MOLEXA (in terms of mean DE and AE)
behaves as a function of the predicted uncertainty for molecules of

different sizes. The Uncertainty Estimation Module produces uncer-
tainties for all coordinates of all atoms in a molecule. The overall
uncertainty displayed here was obtained by taking an average of the
uncertainties of all atomic positions of a molecule. The heatmaps in
Fig. 2, as well as those in Supplementary Figs. 4-5 for MAE, maximum
DE and AE, show that there is a strong correlation between the pre-
dicted uncertainty and the errors of the reconstructed molecular
structures. This indicates that the former can serve as a reliable metric
for assessing whether a MOLEXA reconstruction is trustworthy or not.
It can be observed from these heatmaps that the predicted uncer-
tainties can underestimate the reconstruction errors, especially for
larger molecules with larger prediction errors. We attribute this to a
training bias caused by the Uncertainty Estimation Module being
trained on reconstructions, most of which have relatively low errors.
Such bias can potentially be mitigated with a weighted cross-entropy
loss in future developments.

With MOLEXA being a diffusion model, an uncertainty quantifi-
cation for each sample is also obtainable by calculating the standard
deviation of an ensemble of its structure predictions. The uncertainties
calculated with these two approaches are shown in Supplementary
Fig. 2 to have an approximately linear relationship. The former method
is used here because it provides an uncertainty estimate for each
prediction without requiring an ensemble of predictions. Note that
although an uncertainty estimate can assist the assessment of the
trustworthiness of a prediction, it is not effective in selecting the most
accurate reconstruction out of many predictions for a molecule. This is
indicated by the small correlation coefficients between the uncertainty
estimate and prediction errors plotted in Supplementary Fig. 6.

Figure 2 also depicts the dependency of prediction errors on the
size of the molecules examined. For diatomics, the mean DE is 0.155
a.u. As a reference, the mean DEs from calculating the bond length of
the same set of diatomic molecules with the classical z+, model and the
optimized empirical % model are 1.27 and 0.49 a.u., respectively.
(KER stands for the kinetic energy release from Coulomb explosion.
The empirical factor 0.797 was determined by minimizing the error of
the & model on the test data.) For larger molecules, the average DE
and AE distributions gradually shift upwards, implying that it becomes
more difficult for the model to learn the underlying X-ray-induced
dynamics in molecules containing more atoms. Although the
increased prediction error for molecules with eight or nine atoms is
still acceptable, it is expected to increase even more for larger mole-
cules. Corresponding example predictions for the 1,3-cyclohexadiene
molecule containing fourteen atoms are shown in Supplementary
Fig. 7. As expected, they show large discrepancies from the ground-
truth structures. In addition to the dependence on the number of
atoms, predictions for molecules with larger atomic distances tend to
result in larger errors, as indicated by Supplementary Fig. 8. Training
with a more diverse dataset that includes larger molecules with larger
atomic distances would be needed to break these limitations and
further extend the applicability of MOLEXA in the future.

The model has two other major limitations. One originates from
the non-unique mapping between ion momentum vectors and real-
space molecular geometries as revealed by Ref. 41, which can increase
the overall prediction error. In future developments, the non-
uniqueness issue can be mitigated by a model that makes use of
multiple coincidence channels as input data, in contrast to a single
channel used by the current model. The other limitation is that the
input data must include all ions produced by the Coulomb explosion
of the molecule. But in a CEl experiment, the complete coincident ion
detection from each explosion is a relatively low-probability event,
especially for larger systems. Our current way to circumvent this lim-
itation is by distilling the required full-coincidence momentum vectors
from the data accumulated over many explosion events?*. This
approach is used to prepare the input data of the experimentally stu-
died molecules discussed in the next section. Further development of
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Fig. 2 | Overview of MOLEXA'’s reconstruction performance and its relation to
the predicted uncertainties. The columns from left to right represent molecules
with anincreasing number of atoms. Top row: Exemplary structure predictions with
low predicted uncertainties. The predicted and ground-truth structures are plotted
as opaque and semi-transparent ball-and-stick models, respectively. The corre-

sponding uncertainty, mean DE, and AE are listed below each molecular structure.
The color coding of the elements is as follows—H: white, C: gray, N: blue, O: red, F:
cyan, Si: brown, P: orange, S: yellow, and CI: green. The ball-and-stick models were
plotted with PyMOL, which considers two atoms bonded if their distance is smaller
than a tolerance-expanded sum of their covalent sizes. Second row: Exemplary

structure predictions with high predicted uncertainties. The maximum DE and AE
values for these molecules are summarized in Supplementary Tables 2 and 3. The
two bottom rows depict the dependence of the mean DE and AE on the predicted
uncertainty. The density plots use the same color scale. The dash-dotted line in the
bottom left corner marks the mean DE (1.27 a.u.) of reconstructions with the clas-
sical ﬁ model, and the dashed line marks the error (0.49 a.u.) for the optimized
empirical model 7. The corresponding MOLEXA input data, including the ion
charge states and momentum distributions, are shown in Supplementary Fig. 3.
Source data are provided as a Source Data file.

the neural network is needed to make it capable of molecular structure
prediction from partial coincidence sets, which would be particularly
beneficial for single-event reconstruction.

Application of MOLEXA

In this subsection, we first demonstrate the ability of MOLEXA to
perform the inversion of experimental data into real-space molecular
geometries. For this, we used the data acquired during several
experiments carried out at the European X-ray Free-Electron Laser
facility to reconstruct the equilibrium geometry of ground-state
molecules, including water, tetrafluoromethane, and ethanol. No fur-
ther molecule-specific input was provided to the model for retrieving
the structures. The experiments were performed in multiple CEI
beamtimes using the COLTRIMS (Cold Target Recoil lon Momentum
Spectroscopy) Reaction Microscope** at the Small Quantum Systems
(SQS) instrument. The beamtimes and X-ray pulse parameters are
summarized in Supplementary Table 4. In all experiments, the mole-
cular samples were delivered to the interaction region through a
supersonic expansion followed by three skimmers and an adjustable
collimator. The distance from the nozzle to the interaction region is
about 54 cm. The pressure in the main chamber was maintained at
1 x 10™ mbar. The focal spot size of the X-ray beam was about
1.5-3 pm, and the X-ray pulse duration was less than 25 fs based on the
250 pC electron bunch charge. The ion fragments produced in the
interaction region were guided by a homogeneous electric field to a
time- and position-sensitive detector. The lab-frame momentum

vectors of the ion fragments were then reconstructed from the
detector readouts, which were subsequently transformed into the
molecular frame with the alignment procedure discussed in the
Training subsection.

In real molecules, the nuclear ground state exhibits a spatial dis-
tribution due to the uncertainty principle, such that different nuclear
geometries are sampled even in the absence of excitation. Because the
mapping between ion momentum and molecular geometry is non-
linear, averaging in momentum space does not strictly correspond to
averaging in real space. In principle, the equilibrium molecular struc-
ture is best estimated by reconstructing geometries from individual
single-shot, full-coincidence Coulomb explosion events and averaging
the predicted structures in real space. But single-shot full-coincidence
detection remains challenging for today’s CEI experiments. In the fol-
lowing, the structures are instead predicted from the coincident
momentum vectors (Supplementary Figs. 9-14) obtained by averaging
over the single-shot data. This procedure yields an approximate
equilibrium geometry from the ensemble-averaged observables,
rather than the full nuclear probability distribution or any single
instantaneous molecular configuration.

As a first example, Fig. 3a shows the reconstruction of the mole-
cular structure of water molecules. The employed dataset* used in this
analysis is identical to the one used in Ref. 16. The 2D heatmap in the
left-most part of the panel displays the experimentally measured
molecular-frame momentum distribution of two protons detected in
coincidence with a singly charged oxygen ion. Next to it in the middle,
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Reconstruction

structure reconstruction of tetrafluoromethane. ¢ Molecular structure recon-
struction of ethanol. The corresponding orientations of the pre-explosion molecule
are displayed at the top of the 2D momentum maps. The color coding of the
elements is as follows—H: white, C: gray, O: red, and F: cyan. The ground-truth
structures are from the NIST Computational Chemistry Comparison and Bench-
mark Database®. Source data are provided as a Source Data file.

we show an illustration of the centroids of the momentum distribu-
tions of the three ions, which serve as the input for MOLEXA. The
results obtained from the reconstruction are shown on the right. The
reconstructed molecular geometry (opaque) is plotted on top of the
ground truth (semi-transparent), with the corresponding MAE being
0.296 a.u. The mean (maximum) DE and AE are 0.674 (1.199) a.u. and
18.459 (27.689) degrees, respectively. Next, we test the model on tet-
rafluoromethane, a molecule consisting of five atoms. The corre-
sponding reconstruction is shown in Fig. 3b. The left-most panel
depicts the momenta of three of the four fluorine ions in a molecular
frame spanned by the fourth fluorine ion and one of the three. The
reconstructed position-space geometry has an MAE of 0.238 a.u., a
mean (maximum) DE of 0.66 (1.117) a.u., and a mean (maximum) AE of
5.943 (17.173) degrees. The data was recorded during the commis-
sioning of the SQS reaction microscope**.

As a benchmark for an application to molecules with up to nine
atoms, we applied MOLEXA to a CEl dataset recorded for ethanol
molecules®. The results are shown in Fig. 3c. The 2D maps show the
molecular-frame momentum distributions of protons in the coin-
cidence channel O'/C’/C*/H’, viewed from three different perspec-
tives. We added the corresponding orientation of the real-space
molecule to the top of each graph to aid the identification of the six
protons in the momentum maps. The input to the model is again
obtained by taking the centroids of the momentum distributions of the

nine ions. The retrieved molecular geometry plotted together with the
ground truth at the right has an MAE of 0.429 a.u. The mean (max-
imum) DE and AE are 1.024 (2.007) a.u. and 9.011 (32.319) degrees,
respectively. More details on the reconstruction from experimental
data, including the momentum distributions of other ions not dis-
played in Fig. 3, the momentum centroid data, and the reconstructed
atomic coordinates as well as the predicted error estimates, can be
found in Supplementary Figs. 9-14 and Supplementary Tables 5-7.
The ultimate aim of CEl is to directly observe molecular dynamics
during a chemical reaction in a time-resolved manner. In order to
achieve this, coincident momentum-space fragmentation patterns are
measured at different instants during the chemical reaction, thus
allowing us to study the molecular structural changes as the chemical
reaction unfolds on femtosecond or longer time scales. In the follow-
ing example, we exploit MOLEXA to reconstruct the different geo-
metries of cyclobutene as predicted by ab initio simulations*. The
electrocyclic reactions of cyclobutene represent a textbook example
of pericyclic reactions that are among the important classes of che-
mical reactions in organic chemistry. Figure 4a shows that MOLEXA is
capable of reconstructing different possible geometrical changes,
including ring opening, twisting, and proton migration, after cyclo-
butene is excited from the ground state (Sp) to the S; state. In Fig. 4b,
MOLEXA is used to reconstruct position-space “snapshots” of cyclo-
butene as it undergoes a ring-opening reaction. The reconstructions
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a Cyclobutene geometries in the Sg and S1 states
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b "Snapshots" of the cyclobutene ring-opening reaction
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Fig. 4 | Reconstruction of structural changes. a Reconstructed geometries of cyclobutene in its Sp and S; states. b Reconstructed “snapshots” of cyclobutene during a
chemical reaction. The color coding of the elements is as follows—H: white and C: gray. Source data are provided as a Source Data file.

show that the model can provide insight about the overall structure
and identify gross structural rearrangements such as proton migration
and ring opening. Further details on the reconstruction of cyclobutene
geometries can be found in Supplementary Tables 8-14. More exam-
ples demonstrating the model’s capability to reconstruct varying
structures of molecules are displayed in Supplementary Fig. 15. It is
worth noting that the reconstructions in Fig. 4 are idealized scenarios
where the input momentum vectors correspond to a single well-
defined molecular geometry. This can work if the input coincidence
data is assembled from a single explosion event. For time-resolved CEI
experiments, the accumulated data for each time delay typically
results from a mixture of geometries corresponding to multiple
quantum states. Classification of the experimental data into individual
states, based on, e.g., ion charge-state characteristics and kinetic
energies'®, is hence required prior to applying MOLEXA for
reconstruction.

Discussion

MOLEXA is a powerful neural network designed for molecular struc-
ture reconstruction with the CEI technique. It allows for inverting
momentum-space datasets to position space, providing the structure
of a molecule right before its explosion by an X-ray pulse and showing
particular effectiveness in reconstructing the overall structure of
molecules. In addition, it is capable of providing an uncertainty esti-
mate for its reconstructed molecular geometries. By employing time-
resolved CEl datasets, MOLEXA has the potential to provide “snap-
shots” of a molecule at different instants during a chemical reaction,
which can enable the use of the CEI technique for direct reconstruction
of molecular dynamics in position space as they unfold on their natural
time scales.

Apart from taking advantage of recent advances in deep learning,
such as the Transformer framework and diffusion-based generative
modeling, MOLEXA utilized the “Transformer with Memory” archi-
tecture and went through a two-stage training, both of which were
important for achieving its effectiveness in molecular structure pre-
dictions. It demonstrates the potential of generative modeling in sol-
ving inverse problems that classical approaches cannot address due to
the excessive complexity of their forward models, which prevents
integration into an iterative procedure. Even with deep learning tech-
niques, solving such problems poses a challenge because of training

data scarcity. The two-stage modeling can be applied as a general
approach to addressing this issue when a complicated forward process
can be approximated as a simple model.

Methods

Dataset creation

For the ab initio simulation, we used a theoretical model that com-
bines Monte Carlo/Molecular Dynamics simulations (MC/MD)*° with
a classical over-the-barrier (COB) model”* to track inner-shell
photoionization, Auger-Meitner cascades, valence electron redis-
tribution, and nuclear dynamics. Photoabsorption and inner-shell
cascade processes were modeled using a Monte Carlo method to
calculate quantum electron transition probabilities across all parti-
cipating electronic configurations (ECs), including ground, core-
excited, and valence-excited states. The electronic-structure calcu-
lations were based on the relativistic Hartree-Fock-Slater (HFS)
method, which provided bound-state and continuum wavefunctions
for computing cross sections of photoionization, shake-off, electron-
impact ionization, and electron-ion recombination, as well as Auger-
Meitner and fluorescence decay rates. The molecular-dynamics
component tracked the motion of atoms, ions, and delocalized
ionized electrons. The COB model simulates electron-transfer
dynamics in the valence shell. In this model, an electron fills a
vacancy in the valence shell of a neighboring atom when its binding
energy is higher than the Coulomb barrier. When the atoms are far
apart, the resulting Coulomb barrier suppresses electron transfer.
Electron transfer takes place instantaneously when the electron
orbital energy is higher than the Coulomb barrier.

With this ab initio model, the Coulomb explosion of three hun-
dred different molecules with fewer than ten atoms was first simulated
in their equilibrium geometry. The X-ray pulses have a photon energy
of 2keV, pulse energy of 1 mJ, pulse duration of 15fs, and focal spot
size of 1pm. In order to expand the dataset, the simulations were
additionally performed tens of times on each of these molecules after
randomly varying their structures. Because of the stochastic nature of
the X-ray interaction with molecules, the atomic charge-state combi-
nation of the resulting ion fragments from a molecule can vary from
one simulation trajectory to another. With a hundred thousand tra-
jectories simulated for each molecule at a fixed structure, the number
of trajectories ending at each of the possible charge-state
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combinations was enumerated. Only combinations with a count
greater than three hundred were considered. The momentum of each
ion fragment was obtained by averaging all trajectories. For every such
charge-state combination, the atomic number, charge state, and
momentum of all ion fragments, as well as the initial atomic coordi-
nates of the molecule, were included in the dataset as a single entry.
With an average of ten structures simulated for each of the three
hundred molecules and an average of about ten charge-state combi-
nations produced from a molecule at a particular structure, the dataset
contains 76,000 entries. It was further split into training (80%), vali-
dation (10%), and test (10%) datasets. The training dataset was used in
the second step of the two-stage modeling process. Exemplary sam-
ples from the test dataset are shown in Supplementary Fig. 17 together
with the corresponding predictions.

Because the ab initio simulation was computationally expensive
and could only be used to generate a small dataset, an approximate
forward Coulomb explosion model** was used to create a dataset
about two orders of magnitude larger. The model describes the
charge-up of each atom in a molecule with a modified error function
that increases from zero to the final charge number within a time
window controlled by the constant 7. For the simulation, T was set to be
45 fs, which was determined by minimizing the discrepancy of the
results of the approximate model with respect to those of the ab initio
simulations. Using the time-dependent charge states given by the
modified error function, the Coulomb explosion dynamics were
simulated with the Runge-Kutta approach that propagates the time-
dependent positions and velocities of ion fragments according to
classical mechanics. The “molecules” used for this approximate simu-
lation were generated by enumerating all possible combinations of the
9 elements (H, C, N, O, F, Si, P, S, and Cl), with the number of atoms in
each combination less than 10. The positions of the atoms in a
“molecule” were sampled from a uniform distribution ranging from
-10 a.u. to 10 a.u. The dataset produced from the simulation with these
“molecules” consists of six million entries and was used for the first
step of the two-stage modeling process.

Training details

During training, the reverse diffusion process (Structure Denoising
Module) was run only once for each training step. Instead of taking a
random structure as input, it starts with a noisified ground-truth
structure with the noise level controlled by o;. The Structure Denoising
Module was trained to denoise this input and generate a geometry
GPretietion ghat is a reconstruction of the ground truth G&™“-"“" The
corresponding loss function is

L.=F, (w_ I Gprediction _ Gground,truth||2> @
X i i i i 4
where the weight w; is set according to Ref. 34 and given by

2 2
- i +adata
252
0i%data

; , 2)

with 044, determined by the standard deviation of the molecular
structures in the dataset. In addition to structure reconstruction,
MOLEXA was trained to estimate the uncertainty of its predicted
structures. As already mentioned in the main text, it first gets the
probability si, that the uncertainty of the i predicted coordinate
xf”e‘ii‘ti”” falls into the n” bin of the pre-defined uncertainty list
[Fo, -, 200 The absolute error |xPrediction _ yground-truth g cjassified
according to this list as a one-hot encoded vector ¢’. The loss function
for the uncertainty estimate is then calculated as the averaged cross
entropy

Ly= = By i(qnlog(sy)- (€

The combined loss function used during training is given by
L=CLy+C, Ly, “4)

where ¢, and ¢, are the weights of the structure retrieval and uncer-
tainty estimation loss functions, respectively.

The neural network was trained through two stages. The weights
were initialized using the orthogonal Glorot initialization®*' with a
scale of 2 for the linear layers and sampled from the uniform dis-
tribution with a range from —+/3 to +/3 for the embedding layers. In the
first stage, it was trained on the large dataset generated by the
approximate forward model. The weight ¢, in the loss function was set
t0 400. And ¢, was set to 0.1 for the first seven epochs and 1 afterwards.
For the second stage, the training was performed with the dataset,
which is about a hundred times smaller and generated by the ab initio
forward model. The weights ¢, and ¢, in the loss function were set to
400 and 0.01, respectively. In order to improve the accuracy of
uncertainty predictions, after the two-stage training, the network was
further trained on the validation dataset. Only the Uncertainty Esti-
mation Module was trained while the other modules were kept frozen.
The weight ¢, was set to 0 and ¢, to 0.01. During all training phases, the
Adam optimizer™ was used for optimization. Its parameters f;, B, and
€ were fixed at 0.9, 0.99, and 107, respectively. The learning rate was
kept at 0.001. Training with learning rate decay was tested, but it did
not improve the prediction errors. More details on the two-stage
training are summarized in Supplementary Table 1.

Coordinate frame transformations for experimentally studied
molecules

The molecular frames used by the 2D maps in Fig. 3 were defined with a
procedure similar to that described in the main text. The flying
direction of a reference ion (O for water and ethanol, and F* for tet-
rafluoromethane, as indicated by the arrows in the 2D maps of Fig. 3)
was set as x-axis. The y-axis was then defined such that the momentum
vector of a second reference ion (H* for water, and F* for tetra-
fluoromethane) falls within the positive x-z plane. For ethanol, the
second reference ion was chosen to be the C* ion that has a smaller
cosine similarity with respect to the first reference ion (O"). The y-axis
was defined such that the momentum vector of this second reference
ion falls within the positive x-y plane. The molecular-frame momentum
distributions and their centroids are shown for the four molecules in
Supplementary Figs. 9-14. The atomic coordinates reconstructed by
MOLEXA together with the ground truth are listed in Supplementary
Tables 5-7.

Data availability

The datasets and model weights used in this study have been depos-
ited in the Zenodo database under accession code 15794470, The raw
data recorded for the water, tetrafluoromethane, and ethanol experi-
ments at the European XFEL are available at https://doi.org/10.22003/
XFEL.EU-DATA-002150-00, https://doi.org/10.22003/XFEL.EU-DATA-
002181-00, and https://doi.org/10.22003/XFEL.EU-DATA-002926-00,
respectively. Source data are provided with this paper.

Code availability
The source code is publicly available at https://github.com/xli025/
molexa®.
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