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The systematic comparison of two semianalytical models of microbunching instability affecting electron
beams in single pass or recirculating linear accelerators is reported. The comparison is comprehensive of
numerous features of the instability, such as low and high gain contributions, either linearized or at second
order, coherent synchrotron and edge radiation, and Landau damping by transverse emittance and laser
heater, investigated for single and double magnetic bunch length compression. The comparison is enriched
by three different expressions—one of which is new—to calculate intrabeam scattering. The inclusion of
this effect allows the recovery of agreement with published experimental observations, to date either in
disagreement with theory or in partial agreement by virtue of blind fitting of parameters. The study is
complemented by the evaluation of beam heating for oblique electron-laser interaction, this scheme being
relevant for high repetition rate free-electron lasers, space constrained, or subject to perturbations by the
laser heater chicane.
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I. INTRODUCTION

In single pass or recirculating electron linear accelerators
(linacs), microbunching instability (MBI) is the beam
collective effect causing disruption or dilution of the
longitudinal phase space by the amplification of energy
and density modulations in succession [1].
The instability is one of the potential showstoppers to

longitudinal coherence at the Fourier limit level of linac-
driven XUV free-electron lasers (FELs). In particular, it has
been recognized at the origin of the radiation pedestal and
power reduction in x-ray self-seeded FELs [2] and of
sidebands in externally seeded EUV FELs [3,4]. In general,
the instability determines FEL bandwidth enlargement and
reduction of the spectral flux, in proportion to the harmonic
jump of lasing.
The instability is seeded by the granularity of the

electron distribution (shot noise), possibly in combination
with narrowband phase space structures originated in
radiofrequency (rf) photoinjectors [5,6]. The nature of
the initial modulations, in combination with some damping

mechanisms, commonly bounds the instability to final
wavelengths in the range of∼0.1–10 μm, hence the naming.
The first observation of the instability can be traced back to

the fragmentation of the longitudinal phase space at the Tesla
Test Facility in 2001 [7]. That was soon after explained as the
result of the positive feedback of density and energy
modulations—so-called klystron instability [8]—mediated
by longitudinal space charge force (LSC, intrabunch
Coulomb interaction generating density to energy conver-
sion) [9] and particles’ dispersive motion in magnetic bunch
length compressors (energy to density) [10]. In the sameyear,
a simulation study revealed the contribution to the instability
of coherent synchrotron radiation (CSR) emitted in dipole
magnets of the compressors [11].
The spread of particles’ path length in dispersive regions,

due to either chromatic or betatron motion, washes out
modulations at the shortest wavelengths of the broadband
instability spectrum, in fact putting in place longitudinal
and transverse Landau damping [12]. Transverse damping
can be enhanced by optics tuning for an enlarged curl-Hx
function (see definition below) [13], while the betatron
emittance is preserved. Longitudinal damping is usually
more effective than the transverse. It is more effective for
larger beam uncorrelated energy spread, and this is in most
cases increased by a laser heater system [14] in the low
energy region of the linac, well before the instability builds
up. In this case, however, the enlargement of the beam
longitudinal emittance imposes a trade-off between FEL
spectral purity and intensity [15,16]. Additional damping
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mechanisms have been identified in the folding of phase
space at high energy (phase mixing, reversible process) [17]
and, recently first observed in an electron linac, intrabeam
scattering (Landau damping, diffusive process) [18].
Several numerical methods and tools to simulate the

instability are available to the community, see e.g. [19–25].
Particle-in-cell codes and Vlasov solvers trade off computa-
tional effort and numerical noise control. Semianalytical
models offer noise-free minimal computing effort at the
expense of accuracy. Still, these are essential to identify the
dominant physical processes driving the instability (which
can be different at different facilities). For this reason, they
find application in the estimation of the spectrum of final
modulations and beam energy spread during the facility
design as well as for optimizing its setup during operation
or in upgrade scenarios.
At least three semianalytical approaches to model MBI

have been developed in the last two decades, which can be
shortly referred to as, respectively, the integral linearized
Vlasov-Maxwell equation [26], matrix multiplication [27],
and the linearized Vlasov-Poisson equation in a plasma
[28,29]. In the following, we will focus on the first two; for
the sake of brevity, we will name them Huang-Kim (HK)
and Bosch-Kleman-Wu (BKW), with reference to the
authors who, after the conceptualization by Saldin et al.
in [8], first introduced the formalisms with prescriptions for
a numerical implementation. The models are basically time
independent (they describe the bunch core slice dynamics),
valid in ultrarelativistic regime, and averaging over betatron

oscillations. The use of effective transverse beam sizes in
the calculation of Coulomb interactions justifies 1.5-D
approximations to some extent [30,31].
The HK and BKW have been independently and sparsely

benchmarked with either simulations or measurements in a
diversified range of accelerator parameters, often with an
incomplete modeling of instability features, and rarely
applied to the entire linac [23,25,27,30,32–42]. Despite
the generally recognized agreement of the formalisms with
simulation results, their mutual consistency has never been
investigated.
The present work is the first aiming at fulfilling that task

by conducting a systematic comparison comprehensive of
numerous features of the instability, such as low and high
gain terms, in linear and nonlinear approximation, coherent
synchrotron and edge radiation, transverse and longitudinal
Landau damping, investigated for one- and two-stage
magnetic compression, in a range of beam and linac
parameters typical of XUV FELs. In relation to the existing
literature, such an extensive comparison makes a point
about the state-of-the-art of the analytical computation of
the instability. As a by-product of the study, the proposed
implementation of HK and BKW is shown to be able to
discriminate driving and negligible terms to the instability
buildup as a function of the linac setup.
Two linac sets, used hereafter as case study, are sum-

marized in Table I. The 1.5 GeV linac exemplifies FELs
approaching the water window with high harmonic jumps,
such as FERMI [43], SXFEL [44], and sFLASH [45]. The

TABLE I. Input parameters to model MBI in linac-FELs. BC stays for bunch compressor. The compression
scheme is indicated as 1S ¼ one-stage (single compression), 2S ¼ two-stage (double compression).

Parameter Seeded FEL SASE FEL Units

Mean energy 0.1 → 1.5 0.1 → 10 GeV
Total linac length 120 570 m
Accelerating gradient, average ∼12 ∼20 MV=m
Charge 500 100 pC
Duration, FWHM 8 → 0.7 4.5 → 0.05 ps
Peak current (core) 60 → 720 20 → 1800 A
Normalized transverse emittance
(round beam)

0.6 0.2 μm

Average beam radius, rb 100 → 30 50 → 15 μm
Uncorreraled energy spread 2 1 keV
Laser heater beam energy 100 MeV
Relative energy spread at BCs <2 %
BCs curvature radius, R >5 m
BCs inner drift length, L 2.5 m
BCs chamber radius/height >20 mm
BC1 beam energy 0.3 GeV
BC2 beam energy 0.7 1.5 GeV

Compression scheme 2S 1S 2S 1S

BC1 R56 40 40 mm
BC1 compression factor 4 12 15 45
BC2 R56 17 0 25

mmBC2 compression factor 3 1 6 2
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relatively high charge and low peak current, hence long
bunch duration at the undulator, reflect the need for a
flattop current profile to accommodate external seeding.
The 10 GeV linac suggests configurations of self-amplified
spontaneous emission [46,47] in hard x-rays, such as at
LCLS [48], SACLA [49], and PAL-FEL [50]. For each
linac, the total bunch length compression factor is distrib-
uted with either C1 ≫ C2 (hereafter, “one-stage”) or C1 ≈
C2 (“two-stage”).
Some theoretical background on the modeling of MBI is

given in Sec. II, followed by a synthetical description of our
implementation of the HK and the BKW formalism, and
accompanied by a quantitative discussion of approximations
usually not treated in the literature. Section III starts
comparing the models for the simplest picture of LSC-
driven-only instability. Then, the relevance of coherent
synchrotron and edge radiation, laser heater, and linear vs
nonlinear gain, in light of, and in partial disagreement with,
the cited literature, is discussed. The comparison is extended
to three different calculations—one of which is new—of
intrabeam scattering. This effect is shown in Sec. IV to
recover the agreement with published experimental obser-
vations, to date either lacking a theoretical benchmark, or in
disagreement with incomplete models of the instability, or in
partial agreement by virtue of blind fitting of parameters. In
Sec. V, the HK model is adopted to study beam heating in
parallel vs oblique electron-laser interaction, the latter
configuration being potentially relevant for very high rep-
etition rate FELs, space constrained, or subject to instability
development through the laser heater chicane. We reach
conclusions in Sec. VI.

II. THEORETICAL FRAMEWORK

A. Impedances, gain, energy spread

We aim at describing MBI in high brightness rf linac-
driven XUV FELs, where magnetic compression is imple-
mented through (say, horizontal) four-dipole chicanes or
similar first-order achromatic insertions [10].
The injected particles are assumed to be in the ultra-

relativistic regime, i.e., the line-charge distribution is frozen
in drift sections despite a relative longitudinal momentum
spread as large as ∼1%. The transverse motion is assumed
to be emittance dominated, i.e., direct transverse space
charge effects are neglected, owing to physical consider-
ations such as transverse momenta much larger than the
longitudinal one in the beam’s reference frame, pencil-
beam approximation in the laboratory frame, and high
sensitivity of FELs to beam energy spread.
The effect of near and far fields of the collective bunch

interaction in the regime of ultrarelativistic motion is
modeled, respectively, as longitudinal space charge
(LSC) and coherent synchrotron radiation (CSR) imped-
ance per unit length, in units of Ω=m.
The LSC impedance per unit length in free space adopted

hereafter is the result of averaging over a transverse

round-disk uniform distribution of charges, whose area
is πr2b [9,51]:

ZLSCðkÞ ¼
iZ0

kπr2b

�
1 − 2I1

�
krb
γ

�
K1

�
krb
γ

��
; ð1Þ

where Z0 ¼ 376.73 Ω, IA ¼ 17045 A, I1, K1 are modified
Bessel functions of the first kind, γ is the relativistic
Lorentz factor for the beam mean energy, and k ¼ 2π=λ
is the modulation wave number. The effective radius
rb ¼ 0.8735ðσx þ σyÞ, with σx;y the standard deviation
of a bidimensional Gaussian distribution, is introduced
to match well-established 3D simulation results by space-
charge codes [31,51]. Equation (1) is shown in [52] to be
valid for any beam transverse aspect ratio 0 < σy=σx < 1.
However, it is noteworthy that the model does not work
well at high frequencies or kσx;y=γ ≫ 1 [31].
Expressions similar to Eq. (1) exist for ZLSC in the

presence of round or rectangular vacuum chamber [53],
whose shielding effect can nevertheless be neglected as
long as krc=γ ≥ 1 and rb=hc ≪ 1, with rc and hc the
vacuum chamber radius and height, respectively. These
conditions are both satisfied for the ranges of interest in
Table I and modulation wavelength of λ ≤ 100 μm.
Equation (1) describes the longitudinal force internal to a

bunched beam whose longitudinal slices are transversally
aligned in a drift section. The assumption is approximately
satisfied in magnetic compressors, where, for typical linear
energy chirp h ≈ σδ;cor=σz ≤ 20 m−1, betatron beam size
σx;β ≈ rb, and dispersion function ηx ≈ R56R=Ld ≤ 0.1 m
(R bending radius, Ld dipole length), any central slice of
length σz;sl ≤ σz=100 ≈ 10 μm is misaligned with respect to
adjacent ones because of the chromatic motion by no more
than Δxη=σx;β ≈ 0.5 × ηxhσz;sl=σx;β ≈ 20% of its intrinsic
size. Despite the overall compressors’ length being a small
portion (< 5%) of the total length of the accelerator, the
proposed implementation of both HK and BKW takes into
account the LSC effect along the compressors.
CSR in magnetic compressors is essentially THz radi-

ation emitted by bunches of sub-mm length. It is described
by the free-space 1D steady state impedance per unit
length [54]:

ZCSRðkÞ ¼ ð1.63þ i0.94ÞZ0

4π

k1=3

jRj2=3 : ð2Þ

Vacuum chamber shielding [55,56] can be neglected as
long as σz < ðπ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R=ð2hcÞ3

p
Þ−1 ≈ 1.5 mm for the parame-

ters in Table I, which is, therefore, the case for the bunch
lengths under consideration. According to theory in [57],
the 1D approximation of Eq. (2) is valid as long as the
so-called Derbenev’s criterion is satisfied, i.e., σDC ¼
σx;y=ðσ2=3z R1=3Þ ≪ 1. However, a recent comparison of
predictions of projected emittance growth by 1D CSR
analytical model, tracking codes and experimental data [58]
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suggest that, in fact, the Derbenev criterion can be relaxed;
namely, 1D analytical and numerical models well reflect
the measured data up to σDC ≈ 2 or so. According to these
observations, Eq. (2) is expected to be valid up to quasifull
compression, i.e., for beams whose longitudinal phase
space is close to, but not fully, upright.
Equation (2) does not take into account the transient

CSR field at the dipole edges [59] and CSR field propa-
gating in downstream drifts [60]. Simulation results in [61]
for a multibend arc compressor suggest that the relative
magnitude of their contribution to the change of particles’
momentum, scaled to a four-dipole compressor and for
beam parameters in the range of Table I, is ∼Oð10%Þ.
Analytical and numerical results in [62] for four-dipole
chicanes reinforce that expectation: the CSR-only contri-
bution to the instability gain is ∼Oð10Þ at maximum, no
more than 25% of which is due to transient effects, and, as
shown below, 1 to 2 orders of magnitude smaller than the
gain driven by LSC.
Nevertheless, the CSR exit-transient field, which is

shown in [62] to be the most relevant contribution among
all nonsteady ones, is modeled as 1D coherent edge
radiation (CER) impedance integrated over a drift of length
L downstream the magnet, in units of Ω [63]:

Z
L

0

ZCERðk; sÞds ¼
Z0

2π
ln

�
minðL; γ2λ=2πÞ

λ1=3R2=3

�
: ð3Þ

Incoherent synchrotron radiation (ISR), whose critical
frequency is in x-rays, does not contribute to the instability
because of its negligible intensity (< 105-fold smaller) and
smaller angular divergence (sub-mrad) compared to CSR.
The dilution of transverse emittance by ISR and CSR can
be taken into account through analytical estimations
[64,65]. However, by virtue of ∼m-level bending radius
of compressors at (sub-)GeV-beam energies and well-
established optics manipulation for emittance preservation,
the local beam size variation due to ISR- and CSR-induced
emittance growth is substantially unimportant to the cal-
culation of ZLSC.
To characterize the instability, we will refer to the

spectrum of the 1D bunching factor, defined as the
Fourier transform of the current modulation relative to
the local smoothed “average” current I (see, e.g., [39]). The
seed of the instability is assumed to be a broadband
(Δλ=λ ≈ 1) shot noiselike density modulation, i.e., the
fluctuation of the average number of electrons per modu-
lation period T obeys Poisson statistics. In this case, the
initial bunching factor results:

jb0ðkÞj2 ¼
���� σII0 ðkÞ

����2 ¼
���� 1

Δzb

Z þ∞

−∞
ΔIðzÞ
I0

e−ikzdz
����2

¼ 1

ne
¼ 1

Ne=ðΔtbT Þ ¼
ec
I0λ

¼ ec
2πI0

k; ð4Þ

where e is the electron charge and c the speed of light in
vacuum, ne the expectation for the average number of
electrons per modulation period, Ne the total number of
electrons over a bunch length Δzb ¼ cΔtb, I0 the initial
value of the local smoothed “average” current, andΔIðzÞ ¼
IðzÞ − I0ðzÞ is the fluctuation around I0.
The spectral gain of the instability is the ratio of the final

and the initial bunching factor. Its expression for the
simplest configuration of LSC-dominated drift section
followed by a dispersive section at constant energy well
exemplifies the physics of instability growth and damping.
In the approximation of a sinusoidal distortion of the
energy distribution, but limited to the first harmonic of
the modulation, the gain results [8,23]:

G1ðk; sÞ ¼
���� bfb0

���� ¼
����1 − 2J1ðCkR56

Δγ
γ Þ

b0

����LD⊥LDk

≅
���� 4πZ0

I0
IA

CkR56

Z
s

0

ZLSCðk; s0Þ
γðs0Þ ds0

����LD⊥LDk; ð5Þ

where we introduced k for the initial (uncompressed)
modulation wavelength, the bunch length linear compres-
sion factor C ¼ ð1 − hR56Þ−1, and the energy modulation
amplitude induced by the collective effect prior to com-
pression:

Δγ
γ
ðk; sÞ ¼ − 4π

Z0

I0
IA

Z
s

0

bðk; s0ÞZLSCðk; s0Þ
γðs0Þ ds0; ð6Þ

longitudinal and transverse Landau damping, whose effect
is proportional respectively to the relative uncorrelated
energy spread σδ;0 and the geometric horizonal emittance
εx;0 prior to compression:

LDkðk; sÞ ¼ exp

�
− 1

2
½ðCkR56Þ2sσ2δ;0�

	
; ð7Þ

LD⊥ðk; sÞ ¼ exp

�
− 1

2
½ðC2k2HxÞsεx;0�

	
; ð8Þ

and finally

Hx ¼ ½R2
52 þ ðβxR51 − αxR52Þ2�=βx; ð9Þ

with standard notation for the horizontal Twiss functions
and linear transport matrix terms. In our convention, a four-
dipole chicane has positive R56: We note that the
assumption of ultrarelativistic electrons commonly allows
one to neglect the longitudinal slippage of particles in a
nondispersive straight section, which amounts to zðLÞ ¼
R56ðLÞσδ < 0.1 μm for drift length L ≈ 10 m or so.
Hence, the longitudinal charge distribution is “frozen”,
the bunching factor is frozen as well and, in most cases,
bðk; s0Þ=γðs0Þ can be brought out of integration in Eq. (6),
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with the meaning of bunching factor evaluated at the
beginning of the line and the beam energy at the end of it.
The unity in Eq. (5), before the approximated expression,

stays for the nonamplified bunching factor, which states the
superposition of initial (“low gain”) and amplified modu-
lations (“high gain”). Because of this, the peak gain can, in
principle, be made lower than 1 with a suitable choice of the
compressor parameters. This is a consequence of the π=2-
phase shift of density and energy modulations, for example,
describing shot-noise reduction by virtue of anticorrelated
electrons’ position [66–68]. Nevertheless, since only den-
sity modulations driven by the initial bunching and larger
than that are retained in the model, the gain cannot be
smaller than 0 (at any wavelength). In realistic cases, the
peak gain is always larger than Oð10Þ.
In most practical cases, and in the range of wave

numbers k ≤ ðCR56σδ;0Þ−1 at which the bunch can be
modulated, one finds CkR56

Δγ
γ < 1 (i.e., the longitudinal

shift of electrons due to longitudinal dispersion is smaller
than the compressed modulation wavelength). This allows
the linearization J1ðζÞ ≅ ζ=2 in Eq. (5). Higher harmonics
of the modulation content are neglected because Landau
damping is stronger in proportion to the harmonic number
[8]. Since, by virtue of the approximation above, the gain
depends at first order on the modulation amplitude, it is said
to be in the “linear regime.” When ζ ≥ 1, J1ðζÞ can
describe a “saturation” effect of the gain due to phase
space folding.
We remark that, as long as a symmetric four-dipole

chicane is considered, the second order longitudinal
dispersion contributes to LDk through T566 ¼ −1.5R56,
but the exponent goes like ∼T2

566σ
4
δ;0. Hence, in the case

of moderate damping (C2k2R2
56σ

2
δ;0 ≤ 1), the ratio of LDk at

the second and at the first order in the dispersion is
approximately expð−C2k2R2

56σ
4
δ;0Þ≈1−C2k2R2

56σ
4
δ;0, which

is close to unity in virtue of the assumption and for σδ;0 ≪ 1.
In conclusion, the damping termat secondorder in dispersion
is approximately 2 orders of magnitude smaller, hence
negligible for any practical purpose.
A linear gain approximation implies an independent

amplification of each modulation frequency. Second-order
corrections in the energy modulation amplitude can be
introduced to describe frequency mixing, which may
happen for largely distorted phase space, such as at large
momentum compaction of the compressors and large
compression factor. This is described by Eq. (20) in
[69], which we recast here for the sake of brevity, by
pointing out the gain functional dependence on compressor
parameters and peak current:

G2ðk; sÞ ¼ G1ðk; sÞ½1þ Aðkrb=γÞI0ðCkR56Þ2s2�: ð10Þ

The energy modulation introduced in Eq. (6), induced by
a path-length-integrated impedance Zint, can be integrated

over all modulation frequencies to provide an equivalent
instability-induced slice energy spread (see full derivation
in Appendix A):

σ2γ;MBI

γ2
¼ σz

2πNe

Z þ∞

−∞
jΔγðkÞj2

γ2
dk

¼ 2ec
I0

Z þ∞

0

dλ
jGð2π=λÞZintð2π=λÞj2

λ2
: ð11Þ

The total uncorrelated energy spread along the beamline is
contributed by the initial uncorrelated energy spread (evalu-
ated at the endof thephotoinjector) added inquadrature to the
uncorrelated energy spread induced by the laser heater (LH)
before any compression, to that one induced by intrabeam
scattering (IBS), and to σE;MBI ¼ mec2σγ;MBI. For an
approximate preservation of the longitudinal emittance
during linear compression, the total uncorrelated energy
spread after compression results:

σ2E;totðsÞ ≅ C2ðσ2E;0 þ σ2E;LHÞ þ σ2E;IBSðsÞ þ σ2E;MBIðsÞ
≡ σ2E;intðsÞ þ σ2E;MBIðsÞ: ð12Þ

When σE;MBI is negligible (damped instability), Eq. (12)
is expected to provide the actual slice energy spread. This is
also approximately the case when σE;MBI is large, but in the
presence of either folded phase space (broken energy-time
correlation) or very short modulation wavelengths (the
energy-time correlation is preserved at a time scale much
shorter than the slice duration). In general, the ratio of
Eq. (12) and the value of the uncorrelated energy spread in
the absence of instability (“intrinsic”, σE;int) can be used as
a normalized marker of the instability strength:

σE;tot
σE;int

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ σ2E;MBI

σ2E;int

s
≡

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ χ2

q
; ð13Þ

B. Intrabeam scattering

Intrabeam scattering (IBS) is the multiple small-angle
Coulomb scattering of charged particles in accelerators,
potentially diluting beam transverse and longitudinal emit-
tance. Historically, the emittance growth rate of a beam
stored in a synchrotron is calculated either following
Piwinski’s analytical mechanics [70] or Bjorken and
Mtingwa’s quantum field theory [71]. The two approaches
converge to the same solution in the so-called Bane’s high
energy approximation [72]. Such an approximation has
been adopted to evaluate the increase of uncorrelated
energy spread in a drift section at constant energy, and
with a residual uncertainty on the so-called Coulomb
logarithm (Clog) [73].
Starting from [73], a refined IBS model was proposed in

[18] to calculate σE;IBSðγ; sÞ through accelerating sections
and dispersive regions and to eventually compare Eq. (12)
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with measurements. The Clog was calculated following
the numerical prescription provided originally by
Raubenheimer for Gaussian transverse distributions with
long tails [74], now adapted to a single-pass beamline with
a constant average Lorentz factor γ̄ (“constant Clog”).
The synchrotron radiation damping time is replaced by the
traveling time of particles along the linac [18]. When the
adiabatic damping of the longitudinal momentum is prop-
erly taken into account during acceleration from an initial
Lorentz factor γ0 to a final γ, the IBS-induced relative
energy spread is the one in Eq. 7 of [75]:

σ2δ;IBSðγ; sÞ ¼
4

3

kðγ̄Þ
Ga=ðmec2Þ

�
γ3=2 − γ3=20

γ2

�
; ð14Þ

where Ga is the average accelerating gradient in MeV=m,
γmec2 the final electron total energy in MeV, and

kðγ̄Þ ¼ a lnΛ ¼ aln

�
εnqmax

2
ffiffiffi
2

p
re

�����
γ̄

≅
�

Ner2e

8ε
3
2
nβ

1
2⊥σz

�
ln

�
βcτNeε

1
2
n

16γ
3
2β

1
2⊥σz

�����
γ̄

; ð15Þ

with re ¼ 2.818 × 10−15 m the classical electron radius, εn
the transverse normalized emittance, β⊥ the average beta-
tron function, Ne the number of electrons in a bunch of rms
duration σz, and τ the bunch traveling time at speed βc. The
approximated value of qmax is still dependent from the
beam mean energy, but independent from the uncorrelated
energy spread σδ at first order in σδ.
The explicit dependence of Clog from a varying ðsÞ is

taken into account by Eq. (10) in [75], which allows to
calculate the IBS-induced energy spread through numerical
integration (“integral form”):

σ2δ;IBSðγ; sÞ ¼
1

Ga=ðmec2Þ
1

γ2

Z
γ

γ0

dγ0
ffiffiffiffi
γ0

p
kðγ0Þ. ð16Þ

Finally, an approximate closed form of σE;IBSðγðsÞ; sÞ,
with explicit dependence of Clog from the varying beam
energy, still at first order in σδ, was given in Eq. 29 of [76].
That solution, however, is inaccurate, because it was
derived by discarding the momentum damping during
acceleration. When this is properly accounted for, we
can solve the equation for the energy spread growth rate
with the Fourier method (separation of variables), to finally
get (“closed-form”):

σ2δ;IBSðγ; sÞ ¼
2

3

a
Ga=ðmec2Þ

1

γ2
½ð1þ 2 ln Λ̃Þðγ3=2 − γ3=20 Þ

þ þ2ðγ3=20 ln γ3=40 − γ3=2 ln γ3=4Þ�; ð17Þ

where Λ̃ ¼ γ
3
2Λ and Λ was defined in Eq. (15).

It is intended for Eqs. (14), (16), and (17) that the total
uncorrelated relative energy spread in the presence of
acceleration is

σ2δ;totðγðsÞ; sÞ ¼
�
σδ;0

γ0
γ

�
2

þ σ2δ;IBSðγ; sÞ: ð18Þ

C. Implementation of the Huang–Kim formalism

The HK formalism relies on the linearization of the
Vlasov-Maxwell equation for the 6D electron beam dis-
tribution function passing through a four-dipole symmetric
chicane [26]. The effect of impedances on the formation of
microbunches results in an integral equation with a specific
initial condition for the bunching factor, and in which the
kernel contains the physics of collective effects, including
Landau damping [77]:

bðkðsÞ;sÞ¼ b0ðkðsÞ;sÞþ
Z

s

0

Kðs0;sÞbðkðs0Þ;s0Þds0. ð19Þ

In our implementation, the effect of IBS is evaluated
stepwise along the beamline, sketched in Fig. 1 for
illustration. The line is split into drift sections (this being
either a linac or a transfer line, from s0 to s1), interleaved
with magnetic chicanes (bunch compressor, from s1 to s2
for the first half of the chicane, from s2 to s3 for the second
half). The initial bunching (defined at s0) in Eq. (4)
generates energy modulation through LSC (up to s1)
according to Eq. (6). That is then plugged into Eq. (5)
to calculate the amplified bunching factor in the presence of
longitudinal dispersion R56 (s3). The bunching amplifica-
tion due to the presence of CSR is also calculated following
strictly [26], then linearly superimposed to the initial and
copropagating bunching (low gain term), and to the LSC-
driven bunching (high gain):

bðs3Þ ¼ bðs0Þ þ bjR56
ðs0→3Þ þ bjCSRðs1→3Þ. ð20Þ

FIG. 1. Sketch of a beamline consisting of a linac section of
length L and average accelerating gradient G, followed by a four-
dipole magnetic chicane (bunch compressor, BC) characterized
by dipole bending angle θ, longitudinal dispersion function R56,
and putting in place linear compression by a factor C. This type of
beamline can be replicated in a series to model multistage
compression. See the text for reference.
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Each addendum in Eq. (20)—rhs is solution of Eq. (19)
with a specific kernel: the first term is obtained in the
absence of collective effects; the second term is calculated
through Eq. (5), multiplied by the bunching factor at the
beginning of the section under consideration; the third term
is calculated according to the solution of the Volterra-type
equation provided in [26].
The energy modulation induced by LSC along the

chicane (from s1 to s3) is also calculated with Eq. (6),
where the peak current is assumed to be unperturbed in the
first half of the chicane and multiplied by the compression
factor in the second half. This energy modulation is
superimposed to that one generated in the upstream linac
section:

Δγ
γ
ðs3Þ ¼

Δγ
γ

����LSC
0→1

þ Δγ
γ

����LSC
1→2

þ Δγ
γ

����LSC
2→3

: ð21Þ

The last two terms of Eq. (21) introduce Landau damp-
ing terms similar in form to Eqs. (7) and (8). According to
[26], transverse damping is approximated by retaining only
the contribution from the fourth dipole of the chicane,
traversed by the fully compressed bunch, and where the
dispersion ηx → 0 so that Hx ≅ βxη

02
x ≅ βxθ

2.
Longitudinal damping is driven by the uncorrelated

energy spread updated to its value upstream the chicane,
namely, σE;int in Eq. (12). The laser heater is assumed to
induce purely uncorrelated energy spread (user-specified)
before compression, but the bunching at the exit of the
chicane inherits the modification to the idealized Gaussian
energy distribution as possibly due to the transverse
mismatch of laser (σl) and electron beam size (σe) in the
laser heater undulator, assuming both are round beams.
Thus, Eq. (7) becomes [36]:

LDkðk;s3Þ¼ exp
�
−1

2
ðCkR56Þ2sσ2δ;intðs1Þ

�
ξ0ðk;σe;σlÞ;and

ξ0 ¼
Z

dRReð−R2
2
ÞJ0

�
CkR56σδ;LH exp

�
−R
2

σe
σl

�
2
�
:

ð22Þ

D. Implementation of the
Bosch–Kleman-Wu formalism

The BKW theory treats a 2D vector of longitudinal
modulations in the current-energy space. All the collective
phenomena, namely LSC, CSR, and CER, are introduced
by means of impedances ZcollðkÞ. The contributions to
beam modulations are expressed via matrix multiplication,
where each matrix is of the general form [27]:

T ¼
�
bf=bi bf=Δi

Δf=bi Δf=Δi

�
; ð23Þ

with Δi;f ¼ Δγ=γi;f as, e.g., from Eq. (6), and in general, all
terms depend on the integrated impedance and the com-
pressor parameters, all specified at a certain k.
As observed in [27], the closed-form formulation for

more than two compression stages becomes intractable; an
identification of analogous gain and energy modulation
terms in HK is immediate only for a single stage com-
pression in the absence of CSR. In our implementation, we
define a “collective” matrix for each linac section and split
each four-dipole chicane into two halves. The LSC, CSR,
and CER impedances are evaluated for each dipole and
then linearly summed.
A simple multiplication of the matrices in sequence

provides the matrix for the full beamline. This procedure
automatically includes low gain terms. The product matrix
is eventually applied to the beam’s initial 2D vector,
vT0 ðk; s0Þ ¼ ðb0ðk; s0Þ; 0ÞT . In principle, the instability
can also be studied for an arbitrary initial energy modu-
lation. Landau damping terms are inherited by all the 4
matrix terms. In particular, transverse damping is accounted
for each individual dipole magnet of the compressor, with
Hx;o ≅ βx;oθ

2
o in outer dipoles of the achromatic insertion

and Hx;i ≅ L2θ2i =βx;i in the inner dipoles.
The simplified longitudinal damping introduced in [27]

is generalized to an arbitrary transverse match of laser and
electrons in the laser heater and thereby made identical to
Eq. (22) for the T11 and T12 terms (bunching). For the T21

and T22 terms (energy modulation), the zeroth-order Bessel
function of Eq. (22) is replaced by a first-order Bessel
function.

III. COMPARISON OF MODELS

A. Longitudinal space charge

HK and BKW are applied to the two linacs in Table I.
LSC only is considered at first, and the linear gain is shown
in Fig. 2. The largest deviation between the models’
prediction is for the 10 GeV linac, characterized by a
larger compression factor in the first compressor. In such
case, despite a peak gain deviation of ∼30%, both models
predict χ < 0.4, i.e., no impact of the instability on the
energy spread [mainly by virtue of a red shift of the gain,
see Eq. (11)]. In general, the models’ deviation is not
proportional to the gain, which is much larger in the
1.5 GeV two-stage. Table II compares the χ-parameter,
which results in substantially the same value in all cases.
The deviation in energy modulation and bunching (not
shown) reflects the one of gain.

B. Coherent synchrotron and edge radiation

The 1D CSR impedance is now added to the gain
calculation. For brevity, only the configuration in which
this effect is more evident, i.e., the 10 GeV linac two-stage,
is shown in Fig. 3.
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Two observations can be drawn. First, HK (left) predicts
a larger contribution to the gain from LSC, and a smaller
one from CSR, with respect to BKW (right). As a result, the
difference in total gain between the two models is 30%
right after BC1, but it reduces to ∼5% after BC2. Second,
the CSR effect is relevant in BC2 only. This can be
attributed to the scaling of the CSR-induced energy
modulation amplitude δCSR ∼ ðI=EÞðRσ2zÞ−2=3, which
allows us to estimate δBC2CSR=δ

BC1
CSR ≈ 10 (the σ−4=3z scaling

applies exactly to a Gaussian beam and approximately to a
flattop one [59]). The BKW calculation is further enriched
by the 1D CER impedance. This addition is motivated by
the fact that, despite far smaller effect compared to CSR,
and thereby not very relevant, our finding is apparently in
contrast to the observation in [27], where CER was thought
to be the driving force of the instability, though at macro-
scopic wavelengths λ ≈ 2πσz ∼ 100 μm. In fact, Fig. 3 is
consistent with those observations, since analogous esti-
mations of the integrated CSR and CER impedance for the
case under study here provide ZCER ≤ 0.5 Ω and ZCSR ≈
2 Ω per dipole magnet, whereas the opposite situation is
reported in [27]. The deviation in total gain driven by LSC
and CSR for all other cases considered in Fig. 2, as well as
in energy modulation and χ-parameter, is smaller than 5%
(not shown). We remark that the inclusion of CER in the
HK model would require a major modification to the kernel

of the integral linearized Vlasov-Maxwell equation, and it
therefore deserves a dedicated effort.

C. Intrabeam scattering

Since the IBS-induced damping of the instability is more
effective for larger product CR56 [see Eq. (7)], we expect its
effect to be more visible when such product, and hence the
gain, is larger; this is the case of the 1.5 GeV two-stage set
(see Fig. 2). The effect of the three IBS models in Eqs. (14),
(16), and (17) is compared in each formalism, and the total
gain is shown in Fig. 4. Table III compares the χ parameter.
Regardless of the compression scheme, and for each IBS

model, HK and BKW continue to agree well (within 10% in
gain). The gain reduction induced by IBS (with respect to
Fig. 2, where IBS was not included) is only a factor of ∼1.3
for the one-stage and ∼4 for the two-stage.
Both in HK and in BKW, the deviation in gain and

energy spread for the three IBS models results proportional
to the gain. In particular, the models provide substantially
the same final energy spread for the one-stage, while a
peak-to-peak deviation of approximately 45% is found for

FIG. 2. Gain calculated with HK (blue) and BKW (red), for the
1.5 GeV (top) and 10 GeV linac (bottom), in one- (left) and two-
stage compression (right), see also Table I.

TABLE II. χ-parameter [Eq. (13)] calculated for the configu-
rations in Fig. 1. LSC is the only collective effect included.

1.5 GeV 10 GeV

χHK χBKW χHK χBKM

One-stage 2.9 3.0 0.1 0.1
Two-stage 99 107 0.3 0.4

FIG. 3. Gain of the 10 GeV linac after BC1 (dashed, peak at
shorter wavelengths) and after BC2 (solid), according to HK (left)
and BKW (right). The gain driven by LSC-only is increased by
CSR after BC2 and further increased by CER in the BKW.

FIG. 4. Total gain of the 1.5 GeVone-stage (top) and two-stage
set (bottom), from HK (left) BKW (right). Collective effects
include LSC and CSR. IBS is modeled according to Eqs. 14
(constant Clog), (16) (integral form), and (17) (closed form).
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the two-stage. The IBS effect is gradually overestimated,
passing from the integral form [(Eq. (16)] to the closed
form [Eq. (17)], to the constant Clog [Eq. (14)]. This is not
totally unexpected. A closer inspection of Eqs. (14), (16),
and (17) for the simplified scenario in which kðγÞ ≅ const
and γ ≫ γ0, shows that the IBS-induced energy spread goes
like σ2δ;IBSðγ → ∞Þ ∝ gffiffi

γ
p , with g a numerical coefficient

equal to 4=3 for the constant Clog, 2=3 for the closed form,
and < 2=3 for the integral form. In the remaining of this
article, the integral form for IBS is used, unless differently
specified.

D. Laser heater

The modification to the gain by beam heating is studied
in Fig. 5 for three heating levels (weak, moderate, and
large), and for the electron and laser beam transversally
matched, and mismatched by a factor BLH ¼ σl=σe ¼ 1.5.
We keep considering the 1.5 GeV linac two-stage

compression, as it still shows the largest gain in the
presence of LSC, CSR, and IBS (see Fig. 4).
Figure 5 confirms the good agreement of HK and BKW

for any laser heater setting. A mismatched laser pulse
generates a richer spectral distribution of the gain at short
wavelengths when σE;LH ≫ σE;0, consistently with the
trend observed in [78]. It is also slightly more effective
(lower peak gain) than for a perfectly matched beam when
σE;LH ≈ σE;0, as also experimented in [79].
According to Eqs. (11) and (12), the agreement in the

prediction of the gain has to reflect in the final slice energy
spreador,equivalently, in theχ-parameter,as indeedshownin
Fig. 6-top plot. Figure 6-bottom shows the “optimum” laser
heater setting, i.e., the energy spread induced by the heater in

TABLE III. χ-parameter [Eq. (13)] and final slice energy spread [Eq. (12)] calculated for the 1.5 GeV linac in one-
and two-stage compression, in HK and BKW, and with IBS according to Eqs. (14), (16), and (17); see also Fig. 4.

IBS model χHK σHKE (keV) χBKW σBKWE (keV)

One-stage
Integral form [Eq. (16)] 2 53 2 52
Closed form [Eq. (17)] 2 53 2 52
Constant Clog [Eq. (14)] 2 55 2 54

Two-stage
Integral form [Eq. (16)] 18 421 19 446
Closed form [Eq. (17)] 13 320 14 345
Constant Clog [Eq. (14)] 9 223 10 248

FIG. 5. Total gain of the 1.5 GeV two-stage set, from HK (left)
and BKW (right), in the presence of LSC, CSR, IBS [Eq. (16)],
and laser heater. The laser transverse size is matched (top) and
mismatched (bottom) to the electrons.

FIG. 6. χ-parameter (top) and final slice energy spread (bottom)
corresponding to Fig. 5, as a function of the uncorrelated energy
spread induced by the laser heater, for HK (blue) BKW (red),
matched (solid), and mismatched beams (dashed).
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correspondence of which the final slice one is minimized,
though the instability is not fully damped (χ ≈ 1).
For completeness, Fig. 7 shows the excellent agreement

of HK and BKW also in the prediction of the spectrum of
the energy modulation, for the same configuration of Fig. 5.
Not shown for brevity, the same agreement is found for all
cases considered so far, when all collective effects are
included. We note that the largest deviation in gain and final
energy spread between the matched and mismatched LH is,
as expected, for moderate heating levels, i.e., when the LH
is active but the instability is still strong. This corresponds
to the setting σE;LH ¼ 2 keV in Figs. 5 and 6. In such case,
the peak gain is reduced from approximately 2800 to 2350,
χ varies from 6.5 to 5, and the final energy spread from 235
to 190 keV.

E. Linear and nonlinear gain corrections

Having assessed the good agreement of HK and BKW in
a wide range of parameters and configurations once all
major collective effects are included, the impact of low gain
terms [Eq. (5)] and second-order correction to the gain
[Eq. (10)] is evaluated below with HK only, since it is
particularly well suited to switch each individual contri-
bution on and off in the calculation. Figures 8 and 9 show
the final gain for the 1.5 and 10 GeV linac, respectively,
with and without beam heating. All four cases in Fig. 2,
now including the full set of features, i.e., LSC, CSR, and
IBS, are illustrated.
It turns out that low gain terms can be neglected when the

peak gain is ∼Oð10Þ or larger (see Fig. 8). For any given
(small) gain, low gain terms are more relevant at longer
wavelengths and, for the two-stage compression, still
proportional to the product CR56 in BC1 (compare
Figs. 8 and 9). By virtue of their relevance at small gain
and long wavelengths, low gain terms tend not to contribute
to the final slice energy spread directly, although they can
modify further developments of the instability (see
more later).
The second-order correction to the gain does not change

the picture substantially even. When the linear gain is high,
the final slice energy spread is increased by the second
order by 10% or so. When the linear gain is low, and in
proportion to the productCR56, the second-order correction

can further amplify the linear gain by a factor of ∼5–10.
Nevertheless, the energy spread remains substantially
unaffected owing to the fact that the instability is damped
in this case.
The second-order correction dominates the gain, and

therefore, becomes essential to the final energy spread, in a
scenario where a large CR56 product and a high linear gain
coexist (see also [69]). This, however, is not a realistic
picture since it can only be obtained in the absence of IBS,
as shown in Fig. 10.
A final check of the self-consistency of the implemen-

tation of HK and BKW is carried out by looking to the

FIG. 7. Energy modulation amplitude corresponding to the gain
in Fig. 5-bottom row, from HK (left) and BKW (right).

FIG. 8. Total gain for the 1.5 GeV linac, without (top) and with
beam heating of 10 keV rms (bottom), for one- (left) and two-
stage compression (right). LSC, CSR, and IBS are all included.
Low gain terms and second-order correction are incrementally
added. The low gain contribution (lightest blue) is basically null
without beam heating (top). The second-order correction (dark
blue) is barely visible with beam heating (bottom).

FIG. 9. Same as in Fig. 8, here for the 10 GeV linac and 5 keV
rms heating level (bottom).
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dependence of the final gain from the initial bunching, the
initial peak current, and to the validity of linearization of
the Bessel function in the expression of the gain of Eq. (5).
According to Eq. (5), G1 is independent from b0, and

hence, the final bunching is linearly proportional to that.
The same behavior is expected for G2, which, for any fixed
initial current I0, inherits the same dependence of G1 from
b0 [see Eq. (10)]. Indeed, this is confirmed in Fig. 11 (only
the set with largest gain in Fig. 2, i.e., 1.5 GeV two-stage, is
illustrated for brevity).
While expected, this result is in contrast with the

conclusion in [80], where a nonlinear theory of MBI
predicts a dependence of the gain from b0. The discrepancy
can be attributed to the fact that the authors, while still
modeling the instability as a linear superposition of Fourier
components, do not linearize the gain [Bessel function in
Eq. (5)], which can therefore imply a less obvious residual
dependence of G1 from b0. At the same time, one could
argue that any deviation from monochromaticity makes the
use of the Bessel function, which implies a linear super-
position of purely sinusoidal monochromatic modulations,
inconsistent, as shown in [69]. The license to linearization
in our implementation of HK and BKW is discussed below.

The dependence of the gain from the initial peak current
is even less immediate since the evolution of the bunching
through multiple energy-to-density conversion stages can
make bf ∝ Iα0 , with α ≥ 1. This is investigated in Fig. 12
with HK for the linear and nonlinear gain (the 1.5 and the
10 GeV two-stage sets, without IBS to maximize the gain,
are considered).
A fit to the numerical data of the 1.5 GeV (10 GeV) linac

provides α ≅ 1.5 (2.2) for the bunching, 2 (2.1) for the
linear gain, and 2.1 (2.9) for the nonlinear gain. This is
consistent with the observation, drafted from Figs. 8 to 10,
that the 1.5 GeV linac is insensitive to the second-order
correction, while the 10 GeV linac largely is. In such case,
the numerical results also agree well with the prediction of
Eq. (10), according to which, if G1 ∝ Iα0 , then G2 ∝ Iαþ1

0 .
Finally, the validity of the linearization of the Bessel

function in Eq. (5) is justified a posteriori in Fig. 13, where
the argument ζðλ̃Þ is calculated at the entrance of the
compressors, for the wavelength at which the gain is
maximum, λ̃ ¼ 2πCR56σδ;i, and σδ;i is the relative uncorre-
lated energy spread at the entrance of the compressor. In
such case, one simply has ζðλ̃Þ ¼ ζc ¼ ΔEðλ̃Þ=σE;0. The
calculation is conducted for all four cases in Fig. 1, now
including LSC, CSR, and IBS. The calculation is possibly
overestimating ζ, not only because beam heating is not
included (which would make ζc much smaller) but also
because the argument is much smaller at wavelengths
slightly longer than λ̃, where the gain is still high (see
Figs. 8 and 9, top row).

FIG. 10. Same as in Fig. 9, with neither heating nor IBS. The
final slice energy spread is almost doubled by the second-order
correction in the two-stage compression. In both plots, the low
gain contribution (yellow) is barely visible.

FIG. 11. Peak value of the final bunching (solid) and gain
(dashed) for the 1.5 GeV two-stage set vs initial bunching factor
normalized to shot noise level. LSC and CSR only included.
Result from HK (blue) and BKW (red) superimpose.

FIG. 12. Peak value of the final bunching (blue), linear
(yellow), and nonlinear gain (orange), for the 1.5 GeV (top)
and 10 GeV two-stage set (bottom), as a function of the
normalized initial peak current. LSC and CSR only included.
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We conclude that the linearization of the Bessel function
is overall justified, with the exception of the 1.5 GeV, two-
stage set. In this case, owing to the relatively large energy
modulation at the entrance of BC2, the final gain could be
overestimated by the linearization. In addition, one could
reasonably argue that the inclusion of second-order cor-
rection to the gain [Eq. (10)] in the presence of gain
linearization [Eq. (5)], whenever the latter is admitted by
virtue of small electrons’ phase slippage, is not a fully self-
consistent procedure. In such a case, the gain at second
order tends to illustrate a pessimistic scenario.

IV. BENCHMARK OF MEASUREMENTS

A. FERMI high charge

The HK formalism was first and successfully applied in
[18] to explain the observed ∼100 keV slice energy spread
at the end of the FERMI linac in a low charge regime
(100 pC), for which IBS was shown to play a critical role in
limiting the MBI gain. The exercise is repeated here for the
slice energy spread measured at the same facility in high
charge regime (600 pC) and reported in Fig. 2 of [81].
Figure 14 compares σE;tot predicted by HK and BKW to

the slice energy spread σE;m measured at the entrance of the
FERMIFELundulator line, at the energy of 1.32GeV, for the
three peak currents of 0.8, 1.1, and 1.3 kA.The comparison is
carried out for no heating and for heating inducing 5 keV rms
energy spread (approximately 1 μJ laser pulse energy). The
modeling includes the 25-m-long FERMI high energy
transfer line connecting the linac to the undulator: it is
treated as a straight section, neglecting its small jR56j <
1 mmand henceCSR in the four dipoles, while LSC and IBS
are included. Doing so, the present modeling is missing the

potential impact of phase mixing, energy or emittance
damping developing through the transfer line [13,17,82,83].
The initial peak current is estimated to be

∼600 pC=8 ps ¼ 75A, and thereby the compression factor
in BC1 results in C ≅ 11ð0.8 kAÞ, 15 (1.1 kA), and 17
(1.3 kA). Assuming that σE;m with no heating is weakly
affected by the instability, the uncorrelated energy spread at
the entrance of BC1, at a beam energy of 300 MeV, is
estimated as the minimum among the values σE;BC1 ¼
minðσE;m=CÞ¼minð3.0;3.3;3.7Þ¼ 3.0 keV, where σE;m ¼
41, 50, 53 keV respectively. To retrieve the uncorrelated
energy spread at the exit of the photoinjector, ∼20 m
upstream BC1 and at the beam energy of 100 MeV, we
subtract in quadrature from σE;BC1 the minimum energy
spread induced by IBS along that region, i.e., 1.8 keV, and
eventually fix the initial energy spread to σE;0 ¼ 2.4 keV.
Figure 14 confirms the mutual agreement of HK and

BKWand of their prediction with measurements [81], with
and without beam heating. The height of the vertical blue
bars corresponds to the experimental uncertainty reported
in [81]. The height of the orange and red bars corresponds
to the peak-to-peak variation of the prediction over all three
IBS models in Eqs. (14), (16), and (17), and for average
betatron functions along the FERMI beamline scanned in

FIG. 13. Argument of the gain Bessel function in Eq. (5),
calculated at the entrance of bunch compressors, in correspon-
dence of the wavelength of maximum gain, for all four cases in
Fig. 2, and with LSC, CSR, and IBS included. The linearization
of the Bessel function in Eq. (5) is a good approximation
for ζc < 1.

FIG. 14. Slice energy spread at the entrance of the FERMI
undulator line predicted by HK (orange), BKW (red), and
measured [81] (blue), for laser heater off (top) and inducing
5 keV rms energy spread (bottom). See text for themeaning of bars.
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the range of 10–20 m. It is worth stressing that the models
do not imply any fitting procedure.
We observe that the prediction becomes more and more

insensitive to IBS and beam optics when the instability is
largely damped by the laser heater (shorter orange and red
bars in the bottom plot). Unlike for the low charge regime
reported in [18], the final energy spread is here basically the
same with and without IBS, apart from a redistribution of
the intrinsic and MBI-induced energy spread along the line.
This is confirmed independently from the IBS model
adopted. The maximum deviation in the final energy
spread, for any given linac configuration, is less than
2 keV. CSR, low gain terms, and nonlinear gain all
contribute to the increase of the final energy spread by
less than 3% (not shown).

B. LCLS low charge

In some cases, the inclusion of IBS is crucial to a reliable
prediction of the MBI gain and thereby of the final slice
energy spread, as suggested, e.g., by comparing Fig. 2 with
Figs. 4 and 5, and already reported in [18]. This is also
shown to be the case in Fig. 15, where the prediction from
HK theory, with IBS [solid line and orange lower triangles
for Eqs. (16) and (17); orange square dot for Eq. (14)] and
without IBS (dashed line, orange circle), is compared to
LCLS experimental data reported in [39]. A 180-pC bunch
charge is compressed in two-stage to 1 kA (C ≅ 35). The
final energy is 4.3 GeV, and the initial uncorrelated energy
spread is σE;0 ¼ 1 keV.

For σE;LH > 10 keV, the instability is largely damped,
σE;IBS; σE;MBI ≪ CσE;LH, and therefore one finds σE;f ≅
CσE;LH. At low beam heating, instead, the measured data
can only be recovered by including Landau damping from
IBS (compare dashed and solid line; the deviation in the
absence of IBS is not due to the approximation of linear
gain, as initially supposed in [39]).
It is worth pointing out that HK and BKW predict σE;f

also in this case with a deviation smaller than 5% in the
absence of heating and< 1% with heating. Both in HK and
BKW (but only HK shown), the IBS modeled with
Eqs. (16) and (17) provide the same result, while
Eq. (14) overestimates the IBS-induced energy spread,
therefore predicting a stronger damping of the instability
and σE;f twofold smaller at low heating (orange square dot).

C. SwissFEL low charge

The proposed modeling of MBI is further tested against
experimental data of slice energy spread collected at the
SwissFEL for an uncompressed 200 pC charge bunch, see
Fig. 16. The experiment is reported in [40], as a function of
the laser heater chicane R56, for the downstream BC1
chicane turned off and on, but still C ¼ 1. The theoretical
benchmark of measurements proposed in [40] adopts the
IBS model in Eq. (14), but with the Clog scaled by a fitting
coefficient α ¼ 2.4. It is shown below that the models
proposed in Eqs. (14)–(17) provide similarly good agree-
ment with the observations, without the need for any fitting.
Since the proposed IBS theory is derived for ultra-

relativistic beams, the SwissFEL beamline is modeled here
as an initial short drift section at 150 MeV, followed by the
laser heater chicane, then a linac accelerating to 300 MeV

FIG. 15. Final slice energy spread as function of laser-induced
energy spread at the LCLS. Experimental data (upper green
triangles) are from [39]. Orange symbols are from HK, in
correspondence of the experimental data, and they superimpose
for σE;LH > 10 keV (only lower triangles shown for illustration).
In particular, solid line and lower triangles are for IBS as in
Eqs. (16) and (17); the two IBS models provide the same final
energy spread to any meaningful numerical accuracy. Dashed line
and circles are from HK without IBS. Squares are from HK with
IBS as in Eq. (14).

FIG. 16. Final slice energy spread as function of R56;LH at the
SwissFEL. Experimental data with BC1 chicane turned on (upper
blue triangles) and off (lower red triangles) are taken from Fig. 6
in [40]. Theoretical data, including IBS, are from HK with (blue
lines for BC1 turned on and red lines for BC1 turned off) and
without low gain terms (orange circles, BC1 turned on).
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up to BC1, and eventually the diagnostic line. To take into
account the possible impact of IBS from the gun to the laser
heater area, and following [40], an initial energy spread of
4 keV at 150 MeV is assumed. The change in beam optics
downstream of BC1 when the chicane is turned off is
implemented as an effective 30% average larger beam size.
The predictions in Fig. 16 (lines) well reflect the

observed minimum of slice energy spread for R56;LH ¼
0.5 mm (upper triangles). The analysis reveals that the
minimum (also barely noticeable for BC1 tuned off, lower
triangles) shows up by virtue of the cancellation of low and
high gain terms in Eq. (5), in correspondence with which
the peak gain lowers to 60 at the wavelength of 8 μm (not
shown). To demonstrate this, the energy spread predicted
by using Eq. (17) without low gain terms and BC1 turned
on is also shown with orange circles (to be compared with
upper triangles and dash-dotted blue line).

V. OBLIQUELY INCIDENT LASER HEATER

A. Motivation and background

The aforementioned analysis suggests investigating
linac-FEL configurations in which the laser heater chicane
is removed so as to avoid any additional energy-to-density
conversion stage turning into a deleterious and uncontrolled
growth of energy spread at the FEL undulator. Strictly
speaking, the electron-laser interaction in the laser heater
undulator does not require per sé a chicane, and the laser-
induced energy modulation, in the range of ∼0.5–1 μm,
can be translated into uncorrelated energy spread by
smearing through the downstream BC1. To the best of
our knowledge, the FLASH laser heater system is the only
one implementing such a scheme [84,85]. However, a
minichicane is still present upstream of the undulator to
inject the laser collinear to the electrons.
In the following, we evaluate the increase in laser peak

power required by any predetermined induced energy
spread in the presence of an oblique superposition (e.g.,
in the horizontal plane) of laser and electrons. It is evident
that the proposed scheme can, on the one hand, save several
meters of space that would otherwise be occupied by the
laser heater chicane. Moreover, it can offer a more efficient
laser-electron interaction, thus a reduced laser power per
induced energy spread, by virtue of smaller electron and
laser beam spot size, owing to the absence of dispersive
electron motion. On the other hand, the increase of peak
power due to the larger effective interaction area has to
remain compatible with the available average laser power,
such as at superconducting linac-FELs requiring beam
heating up to MHz repetition rate.
The energy modulation amplitude of an electron bunch

induced by an external laser at an angle of interaction θ was
derived in [86]. Equations (21)–(23) describing the induced
energy modulation amplitude in that paper are recast here
for the reader’s convenience:

ΔγLHðθÞ ¼
�
eE0Nuλu
mec2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
IxðLuÞIyðLuÞ

q
· sin½−ςþ a sinð2ςÞ þ d cosðςÞ�
· ½oþ p sinðςÞ þ q cosð2ςÞ�ς

≡
�
eE0Nuλu
mec2

�
ΣJJðθÞ: ð24Þ

The following quantities have been introduced:

ς ¼ kuz

a ¼ K2

4þ 2K2 þ 4γ2θ2

d ¼ ksK sin θ
kuγ

o ¼
�
1

2γ2

�
1þ K2

2

�
− 1

�
sin θ

p ¼ −K cos θ
γ

q ¼ − K2

4γ2
sin θ

Ix;yðLuÞ ¼
1

Lu

Z
Lu=2

−Lu=2
dz

σLffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2eðx;yÞðzÞ þ σ2LðzÞ

q ; ð25Þ

where E0 is the laser peak electric field, Lu ¼ Nuλu the
number of undulator periods times the period length, z is
the longitudinal coordinate internal to the bunch,
ku ¼ 2π=λu, ks ¼ 2π=λs the laser wave number, and K
the undulator parameter planarly polarized. The correction
factors Ix;y ≤ 1 were introduced following [87] to describe
the hourglass effect of laser and electron beam at a waist in
the middle of the undulator.
The peak power PL and the peak intensity IL of a

Gaussian laser pulse, whose transverse size at the waist is
w0 ¼ 2σL, are

PL ¼ 1

2
ILπw2

0 ¼ πcε0E2
oσ

2
L. ð26Þ

With the definition of P0 ¼ 4πcε0
e2 ðmec2Þ2 ¼ 8.7 GW and

from Eq. (24), the rms-induced energy spread becomes

σE;LHðθÞ¼mec2
ΔγLHðθÞffiffiffi

2
p ¼mec2

ffiffiffi
2

p
Lu

σL

ffiffiffiffiffiffi
PL

P0

s ffiffiffiffiffiffiffiffi
IxIy

p
ΣJJðθÞ.

ð27Þ

The evaluation of ΣJJðθÞ through numerical integration
implies some relevant computation effort in case of
optimization studies, for which the overall MBI gain of
the beamline is to be minimized as a function of the beam,
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machine parameters, and laser heater setting. For this
reason, we provide below, as an alternative, a series
representation. The mathematical passages outlined below
are complemented by ancillary demonstrations in
Appendix B.

B. Series representation of induced energy spread

Let us introduce the following notation for the trigono-
metric terms in Eq. (24):

oh…io ¼ o · hsin½−ςþ a sinð2ςÞ þ d cosðςÞ�iς
ph…ip ¼ p · hsin½−ςþ a sinð2ςÞ þ d cosðςÞ� sinðςÞiς
qh…iq ¼ q · hsin½−ςþ a sinð2ςÞ þ d cosðςÞ� cosð2ςÞiς

ð28Þ

and o, p, q are taken out from the integration (averaging)
because independent from ς. Equation (28) is rewritten
with Euler notation; ph…ip is taken hereafter as an
example:

h…ip¼−1

4
heiasinð2ςÞeidcosðςÞ−e−2iςeiasinð2ςÞeidcosðςÞþcciς

≡1

4
½ðhli−htiÞþðhl�i−ht�iÞ�: ð29Þ

It can be shown that hli ¼ hl�i and hti ¼ ht�i so that
Eq. (29) simplifies to

h…ip ¼ − 1

2
ðhli − htiÞ

¼ − 1

4π

�Z
2π

0

dςeia sinð2ςÞeid cosðςÞþ

−
Z

2π

0

dςe−2iςeia sinð2ςÞeid cosðςÞ
�
: ð30Þ

The integrals in Eq. (30) can be calculated by means of
the Jacobi-Anger expansion in Euler form:

e�iz sinðςÞ ¼
X∞
n¼−∞

JnðzÞe�inς;

e�iz cosðςÞ ¼
X∞
n¼−∞

ð�iÞnJnðzÞeinς; ð31Þ

where Jn are Bessel function of first kind and order n.
Hence, the first integral in Eq. (30) results in

hli ¼ 1

2π

Z
2π

0

dςeia sinð2ςÞeid cosðςÞ

¼ 1

2π

Z
2π

0

dς

� X∞
n¼−∞

JnðaÞe2inς
�� X∞

m¼−∞
ðiÞmJmðdÞeimς

�

¼ 1

2π

X∞
n¼−∞

JnðaÞ
X∞

m¼−∞
ðiÞmJmðdÞ

Z
2π

0

dς eiςð2nþmÞ.

ð32Þ

The following equality is now considered:

Z
π

−π
dςcneiςðmþkÞ ¼ 2πcnδðmþkÞ;0. ð33Þ

This allows us to rewrite the integral in dς of Eq. (32):

hli ¼
X∞
n¼−∞

X∞
m¼−∞

ðiÞmJmðdÞJnðaÞδð2nþmÞ;0 ð34Þ

which, for the condition m ¼ −2n, reduces to

hli ¼
X∞
n¼−∞

ðiÞ−2nJnðaÞJ−2nðdÞ. ð35Þ

By recalling the Bessel functions’ property
J−nðzÞ ¼ ð−1ÞnJnðzÞ, and by taking ðiÞ−2n ¼ ð−1Þ−n,
we are able to recast Eq. (35) in a different notation:

hli ¼
X∞
n¼−∞

J−nðaÞJ−2nðdÞ: ð36Þ

Moreover, by definition of the multivariable generalized
Bessel function:

Jp;qn ðx; yÞ ¼
X∞
k¼−∞

JM−qkðxÞJNþpkðyÞ; ð37Þ

where n ¼ pM þ qN, Eq. (36) can be further manipulated
and rewritten as

hli ¼ J−2;10 ða; dÞ: ð38Þ

With the same procedure conducted above, one com-
putes
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hti ¼ 1

2π

X∞
n¼−∞

JnðaÞ
X∞

m¼−∞
ðiÞmJmðdÞ

Z
2π

0

dς eiςð2nþm−2Þ

¼
X∞
n¼−∞

X∞
m¼−∞

ðiÞmJmðdÞJnðaÞδð2nþm−2Þ;0

¼
X∞
n¼−∞

ðiÞ2−2nJnðaÞJ2−2nðdÞ

¼ − X∞
n¼−∞

J−nðaÞJ2−2nðdÞ ¼ −J−2;12 ða; dÞ. ð39Þ

Equations (38) and (39) provide the final form of
Eq. (29) in terms of Bessel functions only:

h…ip ¼ − 1

2
½hli − hti�

¼ − 1

2
½J−2;10 ða; dÞ þ J−2;12 ða; dÞ� n!

r!ðn − rÞ! : ð40Þ

It is worth pointing out that by virtue of the property of
Bessel functions Jnð0Þ ¼ 1 for n ¼ 0 and Jnð0Þ ¼ 0
otherwise, the terms in Eq. (28) evaluated for a collinear
superposition of laser and electrons, i.e., θ ¼ 0, reduce to
the form:

ph…ipjθ¼0
¼ K

2γ
½JJ� ð41Þ

and ½JJ� ¼ J0ð K2

4þ2K2Þ − J1ð K2

4þ2K2Þ is the usual coupling
constant. This is an intermediate confirmation of the
correctness of the above derivation.
The same passages lead (see Appendix B) to similar

expressions for the other two terms in Eq. (28):

h…io ¼ J−2;11 ða; dÞ

h…iq ¼
1

2
½J2;11 ða; dÞ − J−2;13 ða; dÞ�: ð42Þ

Accordingly, the coupling term introduced in Eq. (24) now
reads:

X
JJ

ðϑÞ ¼ −p
2
½J−2;10 ða; dÞ þ J−2;12 ða; dÞ�

þ q
2
½J2;11 ða; dÞ − J−2;13 ða; dÞ� þ o · J−2;11 ða; dÞ.

ð43Þ

Since the index n of the infinite series in Eq. (43) also
determines the order of the Bessel functions, successive
terms of the series will be smaller and smaller in value for
higher n. The convergence of the series is, in fact,
guaranteed already for jnj ¼ 4 (see Appendix B). One
should also be reminded that the dependence on the ϑ
parameter is hidden in the arguments a; d of the Bessel

functions. By dropping the interaction angle to zero, it
returns as expected:

X
JJ

ð0Þ ¼ K
2γ

½JJ�. ð44Þ

B. Numerical results

Electron beam and laser heater parameters are inspired to
[84]. In the absence of dispersive motion, we assume
electron and laser beam sizes at the waist in the undulator
squeezed to 100 and 150 μm, respectively, see Table IV.
The parameters allow beam heating in excess of 30 keV
with 0.5 MW peak power for the collinear interaction. The
maximum repetition rate assumed hereafter is 1 MHz.
Figure 17 shows the dependence from the interaction

angle of the LH-induced rms energy spread at fixed peak
power (top), and of the laser peak power at fixed induced
energy spread of 30 keV (bottom). Two sets of undulator
periods are considered to match the laser wavelength at the
fundamental wavelength and at the second harmonic,
respectively (see Table IV). The deviation of the series
representation [Eq. (43)] and of the integral [Eq. (24)] is
negligible for all angles, as also shown in Fig. 18, con-
firming that our analytical derivation is exact.
At the interaction angle of 3 mrad, the maximum heating

level of 30 keV can be obtained with 4 MW peak—50 W
average power at the second harmonic of the Yb-Nd laser,
or at 1 MW peak—11 W average, for the laser at the
fundamental harmonic (1.065 μm). The nominal peak
power reported in [85] at the laser second harmonic
is 2 MW.
By keeping θ ¼ 3 mrad as the maximum tolerable angle

for the laser power, and assuming a vacuum chamber iris

TABLE IV. Laser heater parameters.

Electron bunch
Mean energy 146 MeV
Normalized emittance, rms 0.6 μm
Betatron function at the waist 5 m
Transverse rms size at the waist 100 μm
Charge <1 nC
Duration, FWHM 8 ps
LH-induced energy spread, rms <30 keV
Undulator
Period length 43 mm
Number of periods 11
Undulator parameter K 1.43
Laser pulse
Central wavelength 532 1064 nm
rms size at the waist (x, y) 150 μm
Duration, FWHM 11 ps
Peak power at θ ¼ 0 <0.50 <0.12 MW
Average power at θ ¼ 0
and 1 MHz RR.

<5.5 <1.5 W
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radius of ∼10 mm, the laser injection port should be
approximately 4 m upstream the undulator. Assuming a
laser rms size of 150 μm at waist in the middle of the
undulator, the laser spot size at the port would be 230 μm or
170 μm, at the fundamental or at the second harmonic,
respectively. Neither the need for special focusing nor
interference with the linac layout emerges at this stage.

To make a connection with the aforementioned compar-
ative study, a 2D map of the MBI gain of the 1.5 GeV linac,
two-stage compression—whose gain is the largest among
all four setups considered so far, see Fig. 8—is produced in
Fig. 19. The spectral gain is function of the laser heater
peak power at the interaction angle of 3 mrad. The FERMI
laser heater parameters are adopted [16]. The feasibility of
the oblique interaction is confirmed in this case too.

VI. CONCLUSIONS

A systematic and comprehensive comparison of two
semianalytical models (HK and BKW) of microbunching
instability in XUV linac-FELs is presented. In concrete, the
spectrum of the bunching factor and of the energy modu-
lation amplitude is calculated with a script, following the
prescriptions introduced in [26,27]. The instability gain and
the beam slice energy spread are derived accordingly.
The original formalisms have been enriched with on-

demand features, including low gain terms, second order
correction to the linear gain, intrabeam scattering, and
arbitrary transverse mismatch of laser and electron beam
in the laser heater. The models have been benchmarked for
one- and two-stage compression, in a low and high energy
accelerator, so covering a wide range of parameters of
XUV FELs.
The agreement between the two models is good. The

deviation in gain, energy modulation, and slice energy
spread is typically smaller than 10% when all collective
effects, and primarily CSR and LSC, are included, regard-
less of the magnitude of the gain or beam heating, and with
the same modeling of IBS.
The comparative study suggests the tendency of the HK

formalism to predict a larger LSC-driven gain and a smaller
CSR-driven one than BKW. This can lead to a different
redistribution of gain and energy spread along the line, with
the largest local deviation in peak gain of ∼30% for C > 30

FIG. 17. Laser heater-induced energy spread (top) and laser
peak power (bottom) as a function of the interaction angle. The
laser heater is at the resonant condition at the fundamental and at
the second-harmonic of the IR laser. Series representation and
numerical integration superimpose.

FIG. 18. Numerical deviation of the series representation
[Eq. (43)] and of the numerical integration [Eq. (24)], in unit
of 10−17, as a function of the interaction angle.

FIG. 19. Contour plot of the spectral gain at the end of the
1.5 GeV, two-stage linac setting (see Table I and Fig. 8) as a
function of the laser heater peak power. The induced energy
spread is calculated for an interaction angle of 3 mrad.
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in one -stage, but reducing to < 10% in two-stage and total
C ∼ 150, for example. The contribution to the total gain
from the dipole exit-transient CSR field in bunch com-
pressors, modeled through CER impedance, is less
than 10%.
Numerical results from both models confirm the gain to

be independent from the initial bunching, also in the
presence of low gain terms and large initial modulation
amplitudes. The dependence of the linear and nonlinear
(second-order) gain from the initial peak current is in good
agreement with the theoretical expectation, i.e.,
G2=G1 ∝ Iα0, and α ≅ 1. Nevertheless, it is found that for
the nonlinear gain to become noticeable (say, > 10%
increase of the linear gain and energy spread), the unre-
alistic scenario of large compression factor and large
momentum compaction but in the absence of IBS should
be considered.
Three different models of IBS—one of which is intro-

duced anew in Eq. (17)—can lead to peak-to-peak
deviation in predicted gain and energy spread at the end
of the accelerator as large as ∼30% for very large gain
(G1 > 103). The largest deviation is systematically detected
between Eqs. (14) and Eq. (16). The deviation reduces to
< 15% when comparing Eqs. (16) and (17).
The proposed implementations of HK and BKW both

allow, within the aforementioned numerical uncertainties
and well within the experimental ones, the recovery of
agreement of predicted and measured slice energy spread in
cases so far never benchmarked with theory [81], in
disagreement with theory lacking IBS [39], or in partial
agreement by virtue of blind fitting of IBS parameters [40].
In the latter case, the analysis reveals the fundamental
contribution of low gain terms to the minimization of the
energy spread as a function of the laser heater chi-
cane’s R56.
While it was not possible, owing to the available

experimental data, to discriminate the degree of reliability
of the “closed form” [Eq. (17)] vs the “integral form” of
IBS [Eq. (16)]—the two providing the same prediction for
the experimental set of parameters under study—it emerges
that IBS modeled by “constant Clog” [Eq. (14)] tends to
overestimate the induced energy spread, hence the effect of
longitudinal Landau damping.
The observed interaction of the laser heater chicane with

the development of MBI at low energy suggests a scheme
in which beam heating is implemented without a chicane.
An approximated series representation for the energy
spread induced by an obliquely incident laser is found
and successfully compared to the numerical integration
introduced in [86]. The study shows the feasibility of the
oblique interaction in suppressing the instability for inci-
dent angles up to a few mrad. In this case, the oblique
interaction would save some meters of space along the linac
axis, at the expense of a laser power twofold to threefold

larger than in collinear laser-electrons geometry. Despite
the power increase, up to ∼30 keV rms energy spread can
be induced at beam energies < 200 MeV by an IR laser
average power < 50 W, up to MHz repetition rate.
We conclude that, despite several approximations and

effective beammodels, the presented implementations ofHK
and BKW formalism are equivalently capable of capturing
the salient MBI physics in a wide range of operational
parameters of XUV FELs. While the absolute numerical
accuracy of the predicted gain and energy spread certainly
depends, for example, on the accuracy of the experimental
data for the beam parameters at the injector exit and the beam
optics along the line, the models are well suited for a global
optimization of the linac setting in the presence of MBI. In
general, the inclusion of low gain terms and of IBS according
to Eq. (16) or (17) is recommended.
From a general perspective, we judge the BKW matrix

formalism better suited to the inclusion of new impedances
and to the modeling of magnetic dispersive insertions of
arbitrary geometry. At the same time, the BKW allows
neither to turn low gain terms off, unless the architecture of
the model is profoundly revised, nor to inspect the
instability strength at intermediate points of the beamline,
unless a sufficiently dense definition of matrices is intro-
duced to describe the accelerator. Thus, we expect the
choice of one or the other model to be primarily guided by
the specific configuration of the beamline under study.
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APPENDIX A: MICROBUNCHING-INDUCED
ENERGY SPREAD

Let us assume a longitudinal charge distribution function
ρðzÞ described by means of the Heaviside step function
HðzÞ, and whose duration Δzb is much longer than any
modulation wavelength λ under consideration. The ampli-
tude of the distribution function is such thatZ þ∞

−∞
ρðzÞdz ¼ 1

σz

Z þ∞

−∞
½HðzÞ −Hðz − σzÞ�dz ¼ 1. ðA1Þ

If ΔγðkÞ=γ is the energy modulation amplitude relative to
the final beam energy γ (in units of electron rest mass),
generated by the coupling of the bunching factor bðkÞ to the
path length-integrated impedance ZintðkÞ at wavenumber k
[see Eq. (6)], its anti-Fourier transform results:
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jΔγðzÞj2
γ2

¼
���� Xþ∞

m¼−∞
b0ðmÞGðmÞZintðmÞeimkz

����2
¼

X
m

b0ðmÞGðmÞZintðmÞeimkz
X
j

b�0ðjÞGðjÞZ�
intðjÞe−ijkz

¼
X
m¼j

X
j

jb0ðmÞGðmÞZintðmÞj2 þ
X
m≠j

X
j

b0ðmÞb�0ðjÞGðmÞGðjÞZintðmÞZ�
intðjÞeiðm−jÞkz; ðA2Þ

where it is intended:

jZintðkÞj ¼
����4πZ0

I
IA

Z
s

0

Zcollðk; s0Þ
γðs0Þ ds0

���� ðA3Þ

and Zcoll is the impedance of the beam collective effect per unit length. The equivalent rms energy spread is

σ2γ
γ2

¼ 1Rþ∞−∞ ρðzÞdz
Z þ∞

−∞
dz

jΔγðzÞj2
γ2

ρðzÞ

¼
Z þ∞

−∞
dz

X
m

jb0ðmÞGðmÞZintðmÞj2ρðzÞ þ
Z

dz
X
m≠j

X
j

b0ðmÞb�0ðjÞGðmÞGðjÞZintðmÞZ�
intðjÞeiðm−jÞkzρðzÞ. ðA4Þ

In the second addendum of Eq. (A4), eiðm−jÞkz
z ≈ 0, and the

equation is now brought to continuum, passing from
summation to integration over all frequencies, by making
use of hjb20ðkÞjiz ¼ 1=Ne, to eventually get

σ2γ
γ2

¼ 1

Ne

X
j

jGðjÞZintðjÞj2 ¼
1

NeΔk

X
j

jGðjÞZintðjÞj2Δk

→
σz

2πNe

Z þ∞

−∞
dkjGðkÞZintðkÞj2

¼ 2ec
I0

Z þ∞

0

dλ
jGð2π=λÞZintð2π=λÞj2

λ2
; ðA5Þ

and where we used Δk ¼ 2π=σz, I0 ¼ Neec=σz, and the
limit is taken for Δk → 0. Equation (A5) is the result in
Eq. (11) and consistent with Eq. (H2) in [39].

APPENDIX B: LASER HEATER-INDUCED
ENERGY SPREAD

It is shown below the full derivation of the quantities
reported in Eq. (42). Starting from …o in Euler notation:

h…io ¼
1

2i
ðhsi − hgiÞ

¼ 1

4πi

�Z
2π

0

dςe−iςeia sinð2ςÞeid cosðςÞþ

−
Z

2π

0

dςeiςe−ia sinð2ςÞe−id cosðςÞ
�

ðB1Þ

we rely again on the Jacobi-Anger expansion in Euler form,
together with the definition of the multivariate generalized
Bessel function, to compute the terms s; g:

hsi ¼ 1

2π

Z
2π

0

dς e−iςeia sinð2ςÞeid cosðςÞ

¼ 1

2π

Z
2π

0

dς e−iς
� X∞
n¼−∞

JnðaÞe2inς
�� X∞

m¼−∞
ðiÞmJmðdÞeimς

�

¼ 1

2π

X∞
n¼−∞

JnðaÞ
X∞

m¼−∞
ðiÞmJmðdÞ

Z
2π

0

dς eiςð2nþm−1Þ

¼
X∞
n¼−∞

X∞
m¼−∞

ðiÞmJmðdÞJnðaÞδð2nþm−1Þ;0

¼
X∞
n¼−∞

ðiÞ1−2nJnðaÞJ1−2nðdÞ

¼ i
X∞
n¼−∞

J−nðaÞJ1−2nðdÞ ¼ iJ−2;11 ða; dÞ;
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hgi ¼ 1

2π

Z
2π

0

dς eiςe−ia sinð2ςÞe−id cosðςÞ

¼ 1

2π

Z
2π

0

dς eiς
� X∞
n¼−∞

JnðaÞe−2inς
�� X∞

m¼−∞
ð−iÞmJmðdÞeimς

�

¼ 1

2π

X∞
n¼−∞

JnðaÞ
X∞

m¼−∞
ð−iÞmJmðdÞ

Z
2π

0

dς eiςð−2nþmþ1Þ

¼
X∞
n¼−∞

X∞
m¼−∞

ð−iÞmJmðdÞJnðaÞδð−2nþmþ1Þ;0

¼
X∞
n¼−∞

ð−iÞ2n−1JnðaÞJ2n−1ðdÞ

¼ 1

i

X∞
n¼−∞

J−nðaÞJ1−2nðdÞ ¼ −iJ−2;11 ða; dÞ: ðB2Þ

Making use of Eq. (B2):

h…io ¼
1

2i
½hsi − hgi� ¼ 1

2i
½iJ−2;11 ða; dÞ þ iJ−2;11 ða; dÞ�

¼ J−2;11 ða; dÞ; ðB3Þ

as reported in Eq. (42). The analogous derivation is conducted to retrieve the h…iq quantity in terms of Bessel functions:

h…iq ¼
1

4i
heiςeia sinð2ςÞeid cosðςÞ − e3iςe−ia sinð2ςÞe−id cosðςÞ

þ cciς ≡ 1

4i
½ðhhi − hfiÞ þ ðhf�i − hh�iÞ�: ðB4Þ

It can be shown that hh�i ¼ h−hi and hf�i ¼ h−fi so that Eq. (B4) reduces to

h…iq ¼
1

2i
½ðhhi − hfiÞ�: ðB5Þ

The evaluation of hhi; hfi leads to

hhi ¼ 1

2π

Z
2π

0

dς eiςeia sinð2ςÞeid cosðςÞ

¼ 1

2π

Z
2π

0

dς eiς
� X∞
n¼−∞

JnðaÞe2inς
�� X∞

m¼−∞
ðiÞmJmðdÞeimς

�
¼ 1

2π

X∞
n¼−∞

JnðaÞ
X∞

m¼−∞
ðiÞmJmðdÞ

Z
2π

0

dς eiςð2nþmþ1Þ

¼
X∞
n¼−∞

X∞
m¼−∞

ðiÞmJmðdÞJnðaÞδð2nþmþ1Þ;0

¼
X∞
n¼−∞

ðiÞ−1−2nJnðaÞJ−1−2nðdÞ

¼ 1

i

X∞
n¼−∞

J−nðaÞJ1−2nðdÞ ¼ i J2;11 ða; dÞ;
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hfi ¼ 1

2π

Z
2π

0

dς e3iςe−ia sinð2ςÞe−id cosðςÞ

¼ 1

2π

Z
2π

0

dς e3iς
� X∞
n¼−∞

JnðaÞe−2inς
�� X∞

m¼−∞
ð−iÞmJmðdÞeimς

�

¼ 1

2π

X∞
n¼−∞

JnðaÞ
X∞

m¼−∞
ð−iÞmJmðdÞ

Z
2π

0

dς eiςð−2nþmþ3Þ

¼
X∞
n¼−∞

X∞
m¼−∞

ð−iÞmJmðdÞJnðaÞδð−2nþmþ3Þ;0

¼
X∞
n¼−∞

ð−iÞ2n−3JnðaÞJ2n−3ðdÞ

¼ − 1

i

X∞
n¼−∞

J−nðaÞJ3−2nðdÞ ¼ i J−2;13 ða; dÞ: ðB6Þ

Equation (B5) now reads

h…iq ¼
1

2i
½hhi − hfi� ¼ 1

2i
½iJ2;11 ða; dÞ − iJ−2;13 ða; dÞ�

¼ 1

2
½J2;11 ða; dÞ − J−2;13 ða; dÞ�: ðB7Þ

In summary, Eqs. (B3), (B7), and (40) allow Eq. (28) to
be cast in the following form:

oh…io ¼ o · J−2;11 ða; dÞ
ph…ip ¼ −p

2
½J−2;10 ða; dÞ þ J−2;12 ða; dÞ�

qh…iq ¼
q
2
½J2;11 ða; dÞ − J−2;13 ða; dÞ�: ðB8Þ

The coupling factor introduced in Eq. (24) eventually
reads

X
JJ

ðϑÞ ¼ −p
2
· ½J−2;10 ða; dÞ þ J−2;12 ða; dÞ�

þ q
2
· ½J2;11 ða; dÞ − J−2;13 ða; dÞ� þ o · J−2;11 ða; dÞ.

ðB9Þ

The convergence of the series in Eq. (B9) to the original
integral expression in [86], as a function of the index n, is
shown in Fig. 20.
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