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ABSTRACT
Ab initio modeling of dynamic structure factors (DSF) and related density response properties in the warm dense matter (WDM) regime is
a challenging computational task. The DSF, convolved with a probing X-ray beam and instrument function, is measured in X-ray Thom-
son scattering (XRTS) experiments, which allow the study of electronic structure properties at the microscopic level. Among the various
ab initio methods, linear-response time-dependent density-functional theory (LR-TDDFT) is a key framework for simulating the DSF. The
standard approach in LR-TDDFT for computing the DSF relies on the orbital representation. A significant drawback of this method is the
unfavorable scaling of the number of required empty bands as the wavenumber increases, making LR-TDDFT impractical for modeling XRTS
measurements over large energy scales, such as in backward scattering geometry. In this work, we consider and test an alternative approach to
LR-TDDFT that employs the Liouville–Lanczos (LL) method for simulating the DSF of WDM. This approach does not require empty states
and allows the DSF at large momentum transfer values and over a broad frequency range to be accessed. We compare the results obtained
from the LL method with those from the solution of Dyson’s equation using the standard LR-TDDFT within the projector augmented-wave
formalism for isochorically heated aluminum and warm dense hydrogen. Additionally, we utilize exact path integral Monte Carlo results
for the imaginary-time density-density correlation function (ITCF) of warm dense hydrogen to rigorously benchmark the LL approach. We
discuss the application of the LL method for calculating DSFs and ITCFs at different wavenumbers, the effects of pseudopotentials, and the
role of Lorentzian smearing. The successful validation of the LL method under WDM conditions makes it a valuable addition to the ab initio
simulation landscape, supporting experimental efforts and advancing WDM theory.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0263947

I. INTRODUCTION

The physical and chemical processes occurring in matter at ele-
vated temperatures and densities are of great interest owing to their
relevance in fields such as astrophysics,1 materials science,2 and iner-
tial confinement fusion.3–5 The state of materials characterized by
strongly correlated electrons at temperatures around the electron
Fermi temperature is commonly referred to as warm dense matter
(WDM).6–8

Experiments designed to explore matter under extreme condi-
tions are routinely conducted at various research centers, including

the European XFEL in Germany,9,10 SLAC in the USA,11 SACLA
in Japan,12 the OMEGA laser facility in the USA,13 the Z Pulsed
Power Facility (Z-Machine) at Albuquerque in the USA,14 and the
National Ignition Facility at Livermore in the USA.15 The diagnos-
tics of material properties in these experiments is a highly chal-
lenging task that often requires significant postprocessing efforts
to extract relevant information, and typically involves the use of
computer simulations.16 An important example of such a diag-
nostic tool is X-ray Thomson scattering (XRTS).17–19 When the
shape of the probing X-ray beam is known (specifically, the com-
bined source-and-instrument function20), XRTS measurements can
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provide access to the dynamical structure factor (DSF) of the elec-
trons, S(q, ω). This information enables one to infer key infor-
mation such as the temperature,21,22 Rayleigh weights,23 and mass
density.15,23,24

Interpreting the XRTS spectrum necessitates a theoretical anal-
ysis, which can be performed using straightforward and compu-
tationally efficient approximate models.25 However, these models
often result in significant uncertainties in accuracy, due both to
the dependence of conditions on the model used26 and to the abil-
ity of a wide range of conditions to produce similarly plausible
fits to the spectrum.27 Alternatively, high-fidelity (but computa-
tionally intensive) ab initio calculations can be employed, such as
Kohn–Sham density functional theory (KSDFT) and path integral
quantum Monte Carlo (PIMC).16 In this work, we focus on time-
dependent Kohn–Sham density functional theory (TDDFT)28 to
calculate the DSF of electrons from first principles.

Two flavors of TDDFT are utilized to calculate the DSF
in the WDM regime: one approach is real-time propagation of
Kohn–Sham orbitals (RT-TDDFT),29,30 while the other employs
linear-response theory formulated using Kohn–Sham orbitals (LR-
TDDFT).31–34

In partially ionized WDM, the number of orbitals required in
the KSDFT simulations increases rapidly with temperature. In this
context, RT-TDDFT is generally considered more computationally
favorable than LR-TDDFT for systems with a large number of ther-
mally occupied orbitals.16 This observation holds true when com-
paring the conventional LR-TDDFT method, which directly solves
Dyson’s equation using the orbital representation. This method
requires a significant number of unoccupied bands in addition to
the fully and partially occupied orbitals of the equilibrium (ground)
state.35 We refer to this approach as standard LR-TDDFT. In the
standard LR-TDDFT method, solving Dyson’s equation involves
time-consuming inversions and multiplications of large matrices for
each frequency value, which is also highly memory-intensive. Con-
sequently, this limits the standard LR-TDDFT method in the WDM
regime to relatively small systems, typically of the order of ten atoms
in the simulation cell.

An alternative approach for computing the DSF is based
on density-matrix representations of LR-TDDFT using the
Liouville–Lanczos (LL) approach, which is also known as time-
dependent density-functional perturbation theory.36–38 This method
circumvents the expensive matrix inversions and multiplications
associated with standard LR-TDDFT.39 Moreover, unlike standard
LR-TDDFT, the LL approach does not require additional empty
(virtual) bands for calculating the DSF and can access a wide energy
(frequency) range, which includes the core-loss region (produced
by exciting inner-shell electrons) defined by the utilized pseu-
dopotential. The LL approach for modeling the dynamic density
response function of electrons in solids has been implemented as a
component in Quantum ESPRESSO under the name turboEELS,39

which uses a recursive Lanczos algorithm demonstrating efficient
scalability and parallelization over k-points, band groups, plane-
wave schemes, and allows for restarting from previously interrupted
calculations.40 The LL approach for computing the electronic energy
loss spectrum (EELS) under ambient conditions has shown good
agreement with standard LR-TDDFT results derived by solving
Dyson’s equation for gold,41 bismuth,42 carbon,39 silicon, and
aluminum.43

Despite its advantages, the LL method has been largely over-
looked in the WDM community and has not been utilized to its
full potential. To fully exploit the capabilities of the LL method
for high-accuracy calculations of the DSF, as well as other related
density response and dielectric properties in the WDM regime, the
first step is to benchmark and validate the LL approach at elevated
temperatures and high densities.

In this work, we benchmark the DSF computed using the
LL method against exact PIMC reference results44 and standard
LR-TDDFT under typical WDM conditions. First, we consider iso-
chorically heated electrons in aluminum (Al) with a face-centered
cubic (fcc) lattice. This example is relevant for X-ray-driven heat-
ing experiments, characterized by heated electrons in a cold ionic
lattice.45–48 For isochorically heated Al, we test the LL method
against the standard LR-TDDFT within the projector augmented-
wave (PAW) formalism49 by considering DSFs at different
wavenumbers and by considering various types of pseudopoten-
tials. The second test case examines partially degenerate equilibrium
warm dense hydrogen at metallic and solid hydrogen densities.
These types of warm dense hydrogen are relevant for ICF and
hydrogen jet experiments.50,51 Since the computing dynamic prop-
erties from PIMC simulations is rather difficult,52,53 we benchmark
the LL approach using exact PIMC data for the imaginary-time
density–density correlation function (ITCF) of warm dense hydro-
gen.44 We also provide an analysis of the effect of Lorentzian
smearing used in the LR-TDDFT calculations of ITCF. Finally, as
an example of the utility of the LL approach, we examine finite-size
effects in the simulation of the DSF of the warm dense hydrogen at
the considered densities.

The remainder of the paper is organized as follows. In Sec. II,
we present a brief discussion of the theoretical methods and outline
the simulation details. The results of the simulations and their analy-
sis are discussed in Sec. III. Finally, in Sec. IV, we conclude the paper
by summarizing our findings and providing an outlook.

II. METHODS AND SIMULATION DETAILS
A. Dynamical structure factor and imaginary-time
density–density correlation function

The primary motivation for calculating the DSF of WDM are
XRTS measurements, which constitute a key method of diagnostics
for extreme states of matter.18,54,55 In these experiments, the XRTS
signal is a convolution of the combined source-and-instrument
function R(ω) with the DSF of electrons. Specifically, the function
R(ω) takes into account broadening from the detector setup and the
characteristics of the X-ray source.20

Without loss of generality, the electronic DSF can be broken
down into two components: a quasi-elastic contribution from bound
electrons and the screening cloud surrounding ions,56 and an inelas-
tic contribution that arises from electrons transitioning between
available states. In the Chihara approach, these are distinguished
into those various combinations of transitions between free and
bound states.26,57,58 The TDDFT method and KS-DFT-based molec-
ular dynamics (MD) of ions allow one to obtain the total electronic
DSF, including both the quasi-elastic and inelastic features,32 but
unlike the Chihara model, there is no need to distinguish bound and
free electrons, since all KS states are treated on equal footing. In prac-
tice, this is done by two separate sets of simulations. The quasi-elastic
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component of the DSF is calculated using the Rayleigh weight,23,56

which is determined by the static structure factors for electron–ion
and ion–ion pairs from KS-DFT MD. The inelastic part of the DSF
is then calculated using the TDDFT method. Using this approach
under WDM conditions is warranted owing to the significant differ-
ences in the characteristic times scales of electron and ion dynamics.
In this work, we limit ourselves to the inelastic part of the DSF from
LR-TDDFT.

In LR-TDDFT, the DSF is computed using the electronic
dynamic density response function χ(q, ω) in the fluctuation-
dissipation theorem:59

S(q, ω) = − h̵2

n
1

1 − e−h̵ω/kBT Im [χ(q, ω)], (1)

where ω is the frequency (or the energy loss in XRTS), n is the elec-
tronic density, T is the (electronic) temperature, h is the reduced
Planck constant, and kB is the Boltzmann constant. In the linear
response theory of extended systems with periodic boundary con-
ditions, χ(q, ω) is defined as the diagonal part of the microscopic
density response function χGG(k, ω), where q = G + k and G is a
reciprocal lattice vector (with k being restricted to the first Brillouin
zone).60,61 In the standard LR-TDDFT, χGG(k, ω) is given by the
solution of Dyson’s equation:61,62

χGG′(k, ω) = χ0
GG′(k, ω) + ∑

G1G2

χ0
GG1(k, ω)[vG1(k)δG1G2

+ Kxc
G1G2(k, ω)]χG2G′(k, ω), (2)

where χ0
G,G′(k, ω) denotes the Kohn–Sham (KS) response func-

tion,63 vG1(k) = 4π/∣k +G1∣2, and Kxc
G1 ,G2
(k, ω) is the exchange-

correlation (XC) kernel.64

The main computational burden of LR-TDDFT lies in solving
Dyson’s equation for the density response function. The standard
way is to compute χ0

GG′(k, ω) and use matrix inversion to solve
Dyson’s Eq. (2). An alternative approach is the LL method, which
finds the solution by employing an iterative approach derived from
time-dependent density-functional perturbation theory using the
quantum Liouville equation for the reduced one-electron KS density
matrix (see Refs. 37, 39, and 65).

The LL approach to LR-TDDFT utilizes the definition of the
density response function in terms of the reduced one-electron KS
density matrix:39

χ(q, ω) = Tr (n̂q(ω)δρ̂q(ω)), (3)

where δρ̂q(ω) = ρ̂q(ω) − ρ̂ 0 denotes the perturbation in the KS den-
sity matrix due to a weak perturbation δvext,q ∼ eiq⋅r applied to
an equilibrium state [defined by the unperturbed density matrix
ρ0(r, r′) and the KS Hamiltonian Ĥ0

KS], and n̂q denotes the response
of the q Fourier component of the charge-density operator.

To compute χ(q, ω), instead of the time-dependent KS equa-
tion, a quantum Liouville equation for the reduced one-electron KS
density matrix is considered in the LL method:

i
dρ̂(t)

dt
= [ĤKS(t), ρ̂(t)], (4)

where the KS Hamiltonian ĤKS = − 1
2∇

2 + vext(r, t) + vHXC(r, t)
contains the total external potential vext(r, t) due to the ions and
any additional perturbations, and vHXC(r, t) corresponding to the
Hartree and exchange-correlation contributions. The KS density
matrix is represented by the KS orbitals ϕi and corresponding
occupation numbers fi as ρ(r, r′, t) = ∑i fiϕi(r, t)ϕi(r

′, t).
Considering a weak perturbation δvext(q, ω), linearization of

Eq. (4) and subsequent Fourier transformation allows one to find

(ω − L̂) ⋅ δρ̂q(ω) = [δvext,q(ω), ρ̂ 0], (5)

where the Liouvillian superoperator L̂ is defined as

L̂ ⋅ δρ̂q(ω) = [Ĥ0
KS, δρ̂q(ω)] + [δvHXC,q(ω), ρ̂ 0]. (6)

From Eq. (3), we see that χ(q, ω) can be computed if one has the
solution of Eq. (5), which can be written as

δρ̂q(ω) = (ω − L̂)−1 ⋅ [δvext,q(ω), ρ̂ 0]. (7)

The LL approach is an iterative method computing a tridiagonal
form of the matrix L ≃ L(M) (defining L̂ in a given representation)
in terms of the Lanczos coefficients (with M being the number of
Lanczos iterations). More details of the Lanczos algorithm can be
found, for example, in Ref. 66, and specifics of the implementation
for TDDFT (the Liouville–Lanczos method) are presented in Refs.
37–39, 43, and 65.

In Dyson’s Eq. (2), calculating the response function χ 0
G,G′(k, ω)

requires matrix elements that represent transitions between states
with a momentum difference significantly larger than q and an
energy eigenvalue difference that is considerably greater than ω.35

This means that a substantial number of additional bands are needed
beyond those required to compute the equilibrium (unperturbed)
density matrix ρ0. By contrast, the Lanczos algorithm used in the LL
method relies only on information in ρ0 and does not require any
extra empty bands.

Theoretically, the standard LR-TDDFT method solving
Dyson’s equation and the LL approach should both yield the
same solution for χ(q, ω). However, variations in implementation
details—such as the choice of basis sets for wavefunctions, handling
of tightly bound electrons, and the numerical solvers used—can
introduce numerical differences that lead to deviations between
the results. As far as we are aware, the LL method for χ(q, ω)
has only been implemented in Quantum ESPRESSO,39 which
utilizes pseudopotential-based KS-DFT with norm-conserving
and ultrasoft pseudopotentials. This implementation is focused on
the applications at ambient conditions to model the energy loss
spectrum of electrons in solids. To test this implementation of the
LL method under WDM conditions, we compare its results for
the DSF with the data computed using the standard LR-TDDFT
based on the PAW formulation. Furthermore, we validate the LL
approach by examining the ITCF results and comparing them with
the data from PIMC simulations for warm dense hydrogen.

The connection between the DSF and the ITCF is

F(q, τ) = ∫
∞

−∞
dω S(q, ω)e−τω, (8)
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with −ihτ ∈ −ih[0, β] being the imaginary time argument in the
range defined by the inverse temperature β = 1/(kBT). For the cal-
culation of F(q, τ), the detailed balance S(q,−ω) = S(q, ω)e−βω is
used to compute the DSF at negative frequencies. High-accuracy
data for the ITCF can be obtained from various types of quan-
tum Monte Carlo simulations.53,67–74 The one-to-one connection (8)
between the DSF and the ITCF means that both contain the same
information.74,75 However, inverting Eq. (8) to obtain the DSF from
the ITCF poses a numerically challenging problem.76 This inversion
is ill-posed concerning the Monte Carlo error bars of F(q, τ) and is
associated with potential numerical instabilities.52,77 Consequently,
instead of inverting Eq. (8), we compute the ITCF from the DSF
results obtained using the LL method and subsequently compare it
with the ITCF data acquired from PIMC simulations.

As mentioned above, LR-TDDFT does not capture the quasi-
elastic part of the DSF, which translates to a constant shift of the
ITCF that does not depend on τ. To circumvent this aspect, we
compare the shifted ITCF values:

F̃(q, τ) = F(q, τ) − F(q, τ = 0), (9)

which still allows testing of all dynamic features translated to the
imaginary-time domain.74,75,78

In practice, the Lorentzian smearing parameter η is introduced
into the LR-TDDFT calculations to regularize χ(q, ω) (both in the
standard LR-TDDFT and in the LL method). This is done by adding
a small imaginary part to the frequency, transforming it from ω to
ω + iη. As a result, discrete spectral features (lines) in the DSF are
broadened.37 In the real-frequency domain, this technique serves
as a method to compute a continuous χ(q, ω), with a negligible
impact on the shape and features of the DSF S(q, ω). However,
the effect of Lorentzian smearing on the ITCF F(q, τ), computed
using S(q, ω) from LR-TDDFT, has not been considered in previ-
ous studies. This is a relevant question because XRTS measurements
can be analyzed in the Laplace domain, which helps to circum-
vent the deconvolution problem of the XRTS spectrum with the
source-and-instrument function R(ω).74,79 Therefore, we also exam-
ine the impact of Lorentzian smearing employed in LR-TDDFT
on the ITCF. We note that the broadening parameter η is a fea-
ture of LR-TDDFT and is not needed in the PIMC simulations
of the ITCF.

B. Simulation details
The standard LR-TDDFT calculations based on the solution

of Dyson’s Eq. (2) within the PAW method have been performed
using the GPAW code,35,80–84 which is a real-space implementa-
tion of the PAW method.49 For the LL approach to computing
DSF, we used Quantum ESPRESSO.39,40,85–87 A static (adiabatic)
approximation Kxc

G1 ,G2
(k, ω = 0) for the XC kernel was used in all

calculations.
For Al, considering the [100] crystallographic direction, we

used a 20 × 20 × 20k-point grid and an energy cutoff of 500 eV.
A conventional unit cell with a lattice parameter of the fcc crys-
tal a = 4.05 was considered.88 The electron temperature in Al was
set to T = 6 eV. The results were computed using the Lorentzian
smearing parameter η = 0.5 eV, which is small enough to dis-
tinguish differences between the LL method and the standard

LR-TDDFT. The local density approximation (LDA) and gener-
alized gradient approximation (GGA) level XC functionals were
considered. We used Nb = 200 KS bands. In GPAW calcula-
tions, we utilized the LDA and PBE PAW setups provided by
GPAW, which were generated using the Perdew–Wang89 and
Perdew–Burke–Ernzerhof (PBE)90 functionals, respectively. For the
LL calculations, the Perdew–Zunger LDA functional91 was used
with the AL.PZ-VBC.UPF pseudopotential, and the GGA level PBE
functional was used in combination with the norm-conserving pseu-
dopotential AL.PBE-RRKJ.UPF. Both pseudopotentials are from the
Quantum ESPRESSO pseudopotential database.92

For hydrogen, we tested various types of pseudopoten-
tials in combination with the PBE XC functional. In the
calculations using Quantum ESPRESSO, the used pseudopo-
tentials are norm-conserving H.PBE-VBC.UPF92 and ultrasoft
H_PBE_v1.4.USPP.F.UPF.93 In addition, the PAW method was used
with the PBE setup for hydrogen from GPAW. We considered 14,
32, and 100 protons in the simulation cell. As a part of the anal-
ysis of the behavior of the ITCF computed from the DSF values,
we varied the Lorentzian smearing parameter in the range from
η = 0.2–3.0 eV. The DSFs were computed for warm dense hydro-
gen in equilibrium at densities ρ = 0.08 g/cm3 (T = 4.8 eV) and
0.34 g/cm3 (12.528 eV). These correspond to density parameters
rs = 3.23 and 2.0, with rs being the ratio of the mean interparticle
distance to the Bohr radius (Wigner–Seitz radius).94 The considered
temperatures provide a partially degenerate state with the system
temperature T equal to the Fermi temperature of electrons TF .
We choose these densities and temperatures to benchmark TDDFT
results against the available PIMC results for the ITCF.44 The size
of the simulation box is determined by the density rs (or ρ) and
the number of protons N, expressed as L = rs( 4

3 πN)1/3 (in atomic
units). We set the Monkhorst–Pack k-point grid to 10 × 10 × 10 for
N = 14, 8 × 8 × 8 for N = 32, and 2 × 2 × 2 for N = 100. The DSF
results were averaged over 10 snapshots for N = 14 and N = 32 at
rs = 2. For N = 100 at rs = 2, the DSF values were averaged over five
snapshots. At rs = 3.23, we computed the DSF values using N = 14
and 32 protons with averaging performed over 20 snapshots. The
snapshots of the position of protons were chosen randomly from the
particle trajectory obtained by the KSDFT-based MD simulations.
In all calculations of the DSF, we used a bi-constant extrapolation
scheme after the computed number of LL iterations N iter to obtain
104 Lanczos coefficients.39 For Al, we used N iter = 3 × 103 and for
warm dense hydrogen, N iter = 1.2 × 104.

III. RESULTS
A. Isochorically heated aluminum

We begin by analyzing the DSF of isochorically heated Al,
which has cold ions arranged in the fcc lattice structure and hot
electrons at a temperature T = 6 eV. Such a transient state is gener-
ated and examined in experiments that utilize X-ray-driven heating
used for XRTS measurements.46,47,95,96 In these experiments, the
incident X rays do not interact directly with the nuclei, keep-
ing them cold during a free-electron laser pulse that lasts less
than 100 fs.

The simulations were performed for wavenumbers
q = 0.155Å−1, 0.7757 Å−1, and 1.396 Å−1 along the crystallographic
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direction [100]. In the standard LR-TDDFT method, the wavenum-
bers must correspond to the difference between two k-points.
The LL method does not have this constraint. We note that the
greater flexibility in choosing q values in the LL method provides
an additional advantage for analysis of the experimental XRTS data,
where a wavenumber blurring effect occurs owing to the finite size
of a detector.97 To compare the results from Quantum ESPRESSO
and GPAW, we select the wavenumber values in the LL calculations
to correspond with those derived from the differences between two
k-points at the specified parameters.

In Fig. 1, we show the convergence of the results for isochori-
cally heated Al with respect to the number of iterations N iter in the
LL calculations at q = 1.396 Å−1. It is evident that the LL results
have converged after N iter = 2000 iterations. In Fig. 2, considering
the LDA-level description of the XC functional, the LL results com-
puted using N iter = 3000 are compared with the exact solution of
Dyson’s equation within the PAW formalism. Overall, we find good
agreement between the different approaches. At q = 0.155 Å−1, one

FIG. 1. Convergence with respect to the number of Lanczos iterations in LL cal-
culations of the electronic DSF of isochorically heated Al at T = 6 eV. The LL
calculation results with 2000 Lanczos iterations (blue curve) are visually nearly
indistinguishable from the results with 3000 Lanczos iterations (red curve).

FIG. 2. Comparison of the DSF of isochorically heated Al computed using the LL
method and the standard LR-TDDFT at different momentum transfer values for
T = 6 eV.

FIG. 3. DSF results for isochorically heated Al at T = 6 eV using LDA
and GGA level XC functionals in the LL method employing norm-conserving
pseudopotentials and the standard LR-TDDFT within the PAW framework.

can see a well-defined plasmon feature, which becomes broader
with increasing wavenumber, indicating a stronger Landau damp-
ing effect.98 The pair continuum (strong plasmon damping) for Al
corresponds to q > 1.3 Å−1, where the plasmon is no longer well
defined.59,99 The small spikes at ω < 10 eV for q = 0.7757 Å−1 and
1.396 Å−1 are due to lattice effects leading to energy gaps at Bril-
louin zone boundaries.100 An interesting observation from Fig. 2 is
a noticeable difference in the magnitude of the DSF maximum for
q = 0.7757 Å−1 between the LL method and Dyson’s equation solu-
tion within the PAW formalism. To analyze this aspect further, we
compare the results of the DSF computed using the PBE XC func-
tional with those obtained using LDA-level functionals, as shown
in Fig. 3. The calculations were performed using norm-conserving
pseudopotentials and PAW setups consistent with the XC function-
als used. The PBE-based results from the LL method are in close
agreement with the LDA-level calculations using the same method.
When examining the DSFs obtained by solving Dyson’s equation
within the PAW framework, we find that the maximum of the DSFs
calculated with the PBE functional are larger than those derived
from the LDA-level data. This larger value leads to closer agree-
ment with the results obtained from the LL method. We conclude
that the observed differences in the vicinity of the DSF maximum
are due to the differing methods (pseudopotentials) used to handle
core electrons.

B. Warm dense hydrogen at metallic density
As an example of WDM in an equilibrium state, we exam-

ine warm dense hydrogen. We start with a metallic density with
rs = 2 and at a degeneracy parameter θ = T/TF = 1. This is a typical
WDM regime where correlations, thermal excitations, and quan-
tum effects cannot be neglected. In Fig. 4, we show results for one
snapshot of 14 protons at q = 1.376 Å−1. Figure 4(a) shows the
considered snapshot along with the density distribution of elec-
trons n, expressed in terms of the mean electron density n0. We
can observe the characteristic electron structure in WDM, where
the distinction between electrons that are localized around ions and
those that are quasi-free is not clearly defined.101 In Fig. 4(b), we
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FIG. 4. (a) Density distribution in simulation cell (in units of mean density n0) with
N = 14 protons at rs = 2 and T = 12.58 eV. (b) Illustration of convergence of the
DSF calculations of warm dense hydrogen with respect to the number of Lanc-
zos iterations in the LL method. (c) Comparison of DSF results computed using
ultrasoft and norm-conserving pseudopotentials in the LL method with standard
LR-TDDFT within the PAW framework.

illustrate the convergence of the results with respect to the num-
ber of iterations N iter in the LL calculations at q = 1.376 Å−1

and smearing parameter η = 0.5 eV, where one can see that the
results have converged after N iter = 8000 iterations. In Fig. 4(c), we

provide a comparison of the data computed using norm-conserving
and ultrasoft pseudopotentials in the LL method with the results
computed by solving Dyson’s equation using the PAW approach.
From this comparison, we see perfect agreement between the dif-
ferent approaches considered at 0 eV ≤ ω ≤ 80 eV. Using a log-
arithmic scale, in Fig. 5, we show the same data in the range
0 eV ≤ ω ≤ 500 eV. From Fig. 5, it can be seen that the DSF
calculated using the standard LR-TDDFT method shows a drop
starting around 150 eV. This drop results in a strong devia-
tion from the results obtained using the LL approach. Besides
that, the standard LR-TDDFT is limited to 180 eV at the num-
ber of orbitals used (Nb = 200). These features are attributed
to the dependence on the number of unoccupied states in the
standard LR-TDDFT method, where the maximum value of ω
is limited to the largest difference in the energy of computed
states. By contrast, the LL method does not require extra empty
states for computing the DSF at large frequencies (energies) ω, as
demonstrated in Fig. 5.

The demonstrated limitation in the frequency ranged caused
by the finite number of empty states in the standard LT-TDDFT
method restricts its use in predicting the DSF to relatively small
energy losses. In practice, this means that many interesting features
and cases are beyond the reach of the standard LR-TDDFT. For
example, all elements beyond boron have at least one excitation edge
beyond 200 eV.102,103 Similarly, examining the complete DSF at high
q is inaccessible to standard LR-TDDFT simulations. An increase in
q leads to a shift of the DSF maximum position ω0 to larger values,
which leads to an increase in the number of required empty orbitals
in the standard LR-TDDFT. In WDM, as well as metals and some
nonmetallic systems, where electrons exist in or are easily excited
into the conduction band, the energy of the DSF maximum, ω0,
shows ω2

0 − ω2
p ∼ q2 scaling at small wavenumbers, transitioning to a

quadratic dependence ω0 ∼ q2 at large wavenumbers,97,104–106 where
ωp denotes the electron plasma frequency. To accurately compute
the DSF, it is necessary to have a sufficient number of empty bands
whose energy differences cover the range ε≫ ω0. By using the den-
sity of states for a free-electron gas as an approximation, the number
of electron orbitals within a specified energy range ε can be estimated
as Nb ∼ ε3/2, leading to cubic scaling Nb ∼ q3 at large wavenumbers.

FIG. 5. The same as in Fig. 4(c), but presented over a wider frequency range ω
using a logarithmic scale.
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This cubic scaling of the required number of bands results in sig-
nificant memory demands for parallel computations in the standard
LR-TDDFT method. This makes the standard method impractical
for modeling the DSF at large wavenumbers using a meaningful
frequency grid and range. For example, at very high q, where the
single-particle limit is being probed, the DSF is characterized by a
Compton feature, which can be positioned at frequencies in excess
of 100 eV and have a width of more than 100 eV (see, e.g., Ref. 55),
which would require a huge number of bands to model. Simulating
the DSF at very high q with standard LR-TDDFT would therefore
be even more challenging. Furthermore, modeling the DSF of disor-
dered systems incurs additional computational costs due to the need
to average over multiple snapshots.

An example of averaging over snapshots is illustrated in
Fig. 6(a) for q = 1.528 Å−1 using η = 0.2 eV. Here, we present the
DSF values computed from ten different snapshots, along with the
corresponding averaged results. The results for warm dense hydro-
gen are compared with data from the uniform electron gas (UEG)
model, which was computed using an effective static approximation
for the local field correction.107,108 From Fig. 6(a), we observe that

FIG. 6. (a) DSF of warm dense hydrogen computed using ten different snapshots
of N = 14 protons (red lines) and corresponding averaged result (green line). (b)
Shifted ITCF results defined by Eq. (9) from the calculations using the LL method
and PIMC. The DSF and ITCF results are compared with the data computed for
a UEG model.107 The LR-TDDFT and PIMC results were computed at rs = 2,
T = 12.58 eV, and q ≃ 1.528 Å−1, and using the Lorentzian smearing parameter
η = 0.2 eV.

the UEG model significantly overestimates the DSF magnitude at its
peak and exhibits a faster decay at frequencies ω beyond the DSF
maximum. In Fig. 6(b), we compare the shifted ITCF F̃(q, τ) [as
defined in Eq. (9)] calculated using the DSF values obtained from
LL-based LR-TDDFT simulations—both averaged and from indi-
vidual snapshots—against the F̃(q, τ) from the PIMC simulations
of warm dense hydrogen44 and the data from the PIMC simulation
of the UEG. This comparison reveals that the averaged LR-TDDFT
data for F̃(q, τ) align excellently with the PIMC results for warm
dense hydrogen. By contrast, the UEG model exhibits substantial
differences from the results for warm dense hydrogen, particularly
around τ = 0.5β.

The shape of the LR-TDDFT results depends on the chosen
Lorentzian smearing parameter η. A larger η leads to a stronger
broadening of the DSF results. To demonstrate that the observed
agreement between the LR-TDDFT results (calculated using the
LL method) and the PIMC data for F̃(q, τ) is not an artifact of
the selected η value, we investigate the effects of varying η on
S(q, ω) and F̃(q, τ). The results for S(q, ω) and F̃(q, τ), averaged
over snapshots, for the range 0.1 eV ≤ η ≤ 0.9 eV are presented in
Fig. 7. It is evident that decreasing η leads to noisier results for
the DSF, alongside a greater magnitude of the maximum in the

FIG. 7. Simulation results of (a) DSF and (b) shifted ITCF for warm dense hydrogen
at rs = 2 and T = 12.58 eV. The Lorentzian smearing parameter is varied in the
range 0.1 eV ≤ η ≤ 0.8 eV. The calculations were performed by averaging over
ten different snapshots of 14 protons.
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FIG. 8. (a) DSF of warm dense hydrogen computed using ten different snapshots
of N = 14 protons (red lines) and corresponding averaged result (green line) at
η = 2 eV. (b) Effect of variation of the Lorentzian smearing parameter in the range
0.1 eV ≤ η ≤ 3.0 eV. (c) Shifted ITCF results defined by Eq. (9) from calculations
using the LL method (with different η values) and PIMC. The DSF and ITCF results
are compared with the data computed using the UEG model.107 The results are
presented for rs = 2 and T = 12.58 eV.

DSF. However, for F̃(q, τ), a decrease in η results in closer agree-
ment between the LR-TDDFT results obtained using the LL method
and the PIMC data. It is noteworthy that the Laplace transform
acts as a noise filter,109 resulting in smooth ITCF results even at
smaller η values.

As previously mentioned, the LL approach to LR-TDDFT is
particularly valuable for DSF calculations at large wavenumbers. To
test the application of the LL method for large q values, we conducted
simulations for q = 4.584 Å−1. The results for this wavenumber, at
rs = 2 and θ = 1, are presented in Fig. 8. In Fig. 8(a), we show results
for ten individual snapshots at η = 2 eV, along with the averaged
value over these snapshots and data from the UEG model. It is evi-
dent that the differences between the DSFs of individual snapshots
and the averaged value are much less pronounced compared with the
case of q = 1.528 Å−1. Furthermore, at q = 4.584 Å−1, the deviation
of the UEG model results from the LR-TDDFT data is significantly
smaller than that observed at q = 1.528 Å−1. Both of these find-
ings are readily explained in terms of the characteristic length scale
λ = 2π/q. Specifically, the limit of large q corresponds to the struc-
tureless single-particle regime, where correlations between electrons
and nuclei effectively vanish.

In Fig. 8(b), we present the results for the snapshot-averaged
DSF at q = 4.584 Å−1 for 0.1 eV ≤ η ≤ 3.0 eV. Notably, we observe
significantly stronger quasi-periodic noise in the DSF for η < 1 eV
compared with that at q = 1.528 Å−1 (see Fig. 7). A smooth curve
for the DSF is produced using η ≳ 2 eV. We note that the magni-
tude of η should be gauged taking into account the characteristic
frequency (energy) scale ω of the DSF. For example, the full width
at half maximum (FWHM), denoted by Δω0, at q = 4.584 Å−1 is
∼3.5 times larger than that at q = 1.528 Å−1. The relative value of
η/Δω required for damping the noise in the DSF is similar for both
wavenumbers, with an optimal value around η0 = 10−2Δω0. This
degree of smearing results in a minor effect on the overall shape of
the DSF, with the magnitude of the DSF maximum being under-
estimated by about 5%. At η ≲ η0, the FWHM Δω0 and the posi-
tion of the DSF maximum, ω0, remain nearly unchanged for both
q = 4.584 Å−1 and q = 1.528 Å−1. An increase in η leads to a grad-
ually deterioration in the DSF maximum prediction, owing to the
DSF asymmetry relative to ω0.

In Fig. 8(c), we show the shifted ITCF F̃(q, τ) data computed
using the LL method, the PIMC results for warm dense hydrogen,

FIG. 9. Comparison of the DSFs of warm dense hydrogen computed using 14,
32, and 100 particles in the simulation cell at rs = 2.0 and T = 12.58 eV. The
Lorentzian smearing parameter was set to η = 0.3 eV for q ≃ 1.528 Å−1 and to
η = 3.0 eV for q ≃ 4.584 Å−1. The results were computed using the LL approach
to LR-TDDFT.
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and the ITCF data for the UEG model from PIMC simulations at
q = 4.584 Å−1 (with rs = 2 and θ = 1). It is evident that the agree-
ment between the LR-TDDFT results and the PIMC data for F̃(q, τ)
of warm dense hydrogen is very good when η < 0.5 eV. However,
the UEG model shows significant deviations from both of these
results. As the smearing parameter increases, the LR-TDDFT results
computed using the LL method diverge from the PIMC data for
hydrogen. This indicates that converged results for the ITCF can be
obtained by decreasing the value of η, despite the noise that arises in
the DSF.

We validated the results computed using the LL method by con-
sidering a system with N = 14 protons, for which the PIMC data are
available. Let us now test the effect of the system size on the DSF. In
Fig. 9, we compare the DSF results at rs = 2 and T = 12.58 eV com-
puted using 14, 32, and 100 protons at q = 1.528 Å−1 and 4.584 Å−1.
The overall shape of the DSF, the position of the maximum, and
the FWHM are in good agreement for the simulations with different
numbers of particles.

FIG. 10. Simulation results for (a) DSF and (b) shifted ITCF for warm dense hydro-
gen at q ≃ 0.946 Å−1, rs = 3.23, and T = 4.8 eV, with the Lorentzian smearing
parameter set to η = 0.3 eV. The LL method-based LR-TDDFT calculations were
performed by averaging over 20 different snapshots of 14 protons. The results are
compared with the data computed using the UEG model107 and with the PIMC
results for warm dense hydrogen.44

C. Heated solid density hydrogen
Next, we test the LL approach to LR-TDDFT by examining

the more challenging case of warm dense hydrogen at solid density,
with rs = 3.23 and T = 4.8 eV. This regime has stronger coupling
between particles and enhanced localization of electrons around
protons compared with the case with rs = 2.110

In Figs. 10 and 11, we present the LL-based LR-TDDFT results
for S(q, ω) and F̃(q, τ) at q = 0.946 17 Å−1 (with η = 0.3 eV) and
q = 2.838 Å−1 (with η = 0.5 eV), respectively. The calculations uti-
lized 20 snapshots, and we include the corresponding snapshot-
averaged values. The LR-TDDFT results are compared with the
PIMC results for warm dense hydrogen from Ref. 44. Additionally,
we provide data computed using the UEG model.

It is evident from Figs. 10 and 11 that the LR-TDDFT data
averaged over snapshots for F̃(q, τ) align excellently with the PIMC
results at both wavenumbers considered. By contrast, the UEG
model exhibits substantial discrepancies when compared with the
LR-TDDFT and PIMC results for hydrogen. We note that S(q, ω)

FIG. 11. Simulation results for (a) DSF and (b) shifted ITCF (9) for warm dense
hydrogen at q ≃ 2.838 Å−1, rs = 3.23, and T = 4.8 eV, with the Lorentzian
smearing parameter set to η = 0.5 eV. The LL method-based LR-TDDFT calcula-
tions were performed by averaging over 20 different snapshots of 14 protons. The
results are compared with the data computed using the UEG model107 and with
the PIMC results for warm dense hydrogen.44
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FIG. 12. Comparison of the DSFs of warm dense hydrogen computed using the LL
approach to LR-TDDFT with 14 and 32 particles in the simulation cell at rs = 3.23
and T = 4.8 eV. The Lorentzian smearing parameter was set to η = 0.3 eV for
q ≃ 0.946 Å−1 and to η = 0.5 eV for q ≃ 2.838 Å−1.

and F̃(q, τ) in this case exhibit similar dependences on η, as dis-
cussed in Sec. III B. These findings for solid density hydrogen further
validate the LL approach to LR-TDDFT under warm dense matter
conditions, characterized by strong localization of electrons around
ions.101,111

To investigate the effect of system size on the DSF of hydro-
gen at rs = 3.23, we compare the results for 14 particles with those
obtained using 32 particles at q = 0.946 17 Å−1 and 2.838 Å−1 in
Fig. 12. The results indicate that increasing the wavenumber reduces
the sensitivity of the results to system size as we eventually reach the
single-particle limit. The DSF data for 14 and 32 particles show close
agreement at q = 2.838 Å−1. At q = 0.946 17 Å−1, the DSF results
for 14 and 32 particles exhibit only minor deviations from each other
to the left of the DSF maximum, with the data for 14 particles being
somewhat noisier.

IV. CONCLUSIONS
We have validated and tested the LL method, as implemented in

Quantum ESPRESSO (compatible with both CPUs and GPUs), for
WDM applications. This step is crucial for expanding the resources
available for modeling matter under extreme conditions, given the
importance of XRTS measurements as a diagnostic tool in WDM
experiments.

To test the LL method, we first considered isochorically heated
Al, which features hot electrons in an fcc lattice structure of cold
ions. Such transient states are generated and examined in experi-
ments that utilize X-ray-driven heating46,47,95,96 (see also Ref. 48 for
detailed discussions). For the fcc Al, we found good overall agree-
ment between the results from the LL method and the solution of
Dyson’s equation in the standard LR-TDDFT within the PAW for-
malism. However, we noted differences in the DSF values near the
DSF maximum between the two methods. This discrepancy arises
from the different approaches in approximating the interaction of
core electrons with valence electrons. Specifically, the pseudopo-
tential or PAW setup employed defines the interaction of valence
electrons with the crystal lattice, affecting the band structure and

consequently the DSF as well as EELS.48,112–115 Our analysis of the
DSF for fcc Al demonstrated that if relatively subtle features of
the DSF are of interest, particular care must be taken by cross-
validating results using different approaches to TDDFT calculations.
This has also been pointed out in a recent work by Hentschel et al.116

considering pseudopotentials with 3 and 11 valence electrons.
Second, we considered warm dense hydrogen as an example of

WDM in equilibrium. We tested the results from the LL method by
comparing them with LR-TDDFT data computed within the PAW
formalism. Additionally, by examining the ITCF derived from the
DSF results, we confirmed the high quality of the LL method by
benchmarking the data against the PIMC results for hydrogen. This
opens the door for further detailed studies of warm dense hydro-
gen properties such as the DSF, density response functions, and
the dynamic dielectric function using the LL method across a wide
range of parameters. This direction of research is important given
the relevance of warm dense hydrogen for ICF and astrophysical
applications.

Moreover, our analysis of the effects of pseudopotentials, the
number of iterations in the LL method, and the Lorentzian smearing
parameter provides a valuable foundation for future applications of
the LL method in the WDM regime.

The primary computational limitation of standard LR-TDDFT
arises from the memory requirements to store matrices on simu-
lation cores.117 This can reach several terabytes when around 103

bands are used. When a relatively small number of bands is required,
such as for wavenumbers q ≲ qqF and small-sized systems (typ-
ically containing about N ∼ 10 atoms), the standard LR-TDDFT
approach can be up to two orders of magnitude more efficient
than the LL method. However, in cases involving a large number
of bands or atoms, as discussed in this work, employing standard
LR-TDDFT becomes computationally unfeasible or highly imprac-
tical. By contrast, the LL method has lower memory requirements
and does not require empty states, allowing efficient parallelization
over thousands of cores. This makes it capable of handling larger
wavenumbers, broader frequency ranges, and larger systems. A
detailed comparison of computational costs between the LL method
and LR-TDDFT, using bulk diamond as an example, can be found
in Ref. 39.

We would like to emphasize the utility of the LL method for
calculating the DSF at large wavenumbers. In the standard approach
to solving Dyson’s equation within LR-TDDFT, increasing the
wavenumber requires a significant increase in the number of empty
bands and memory resources for calculations. Consequently, the
standard LR-TDDFT method faces considerable challenges when
calculating the DSF at large wavenumbers. By contrast, the LL
method does not require empty orbitals, enabling the DSF calcula-
tions at large wavenumbers. The XRTS spectra at large q values are
particularly important for WDM experiments, since backward scat-
tering geometry measurements are essential for diagnostics at key
facilities, including the NIF,15,118 which operates the most powerful
laser platform for WDM studies in the world.

In summary, the LL approach to LR-TDDFT is valuable for
ab initio simulation of WDM properties, with applications in XRTS
analysis and the calculation of dielectric properties. For instance, the
LL method can be employed to plan and design new experiments.
Furthermore, it can be used to test other TDDFT implementations,
such as stochastic RT-TDDFT119 and orbital-free TDDFT,119–121
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for calculating the linear response properties of WDM across var-
ious parameters. Finally, we note that LR-TDDFT provides access
to a wide range of density response functions (including the ideal
Kohn–Sham response and the random phase approximation with
and without local field effects), which is helpful for methodological
advances in fundamental WDM theory.
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