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The two-dimensional photon-excitation photon-emission (PhexPhem) map of the archetypal H, molecule,
constructed from dispersed-fluorescence measurements after energy-scanning excitation by small-bandwidth
photons, displays complete systems of its Condon diffraction bands. They originate from spontaneous radiative
dissociation of individual bound electronically excited rovibronic levels, one of the most relevant processes for
the destruction of H, in space. For the B-X system of electronic states, we show that specific measured spectral
characteristics of individual bands are extremely sensitive to the difference AR of the internuclear distances,
where the two potential energy curves each have their minimum. Using data from recorded H,-PhexPhem maps,
it is possible to experimentally validate the calculations of AR down to an accuracy of at least 50 fm. This
accuracy may be used as a sensitive experimental test to calculational accuracy. It is well feasible to improve the
currently achieved experimental accuracy, for an even more accurate benchmark of advanced potential energy

curve calculations.

DOI: 10.1103/PhysRevResearch.7.023027

I. INTRODUCTION

One of the most peculiar characteristics of H, is its large
probability of spontaneous radiative dissociation, a process in
which bound electronically excited rovibronic levels relax by
photon emission into the dissociation continuum of a lower-
lying bound electronic state. The emitted radiation exhibits an
oscillatory intensity variation in its spectrum as a function of
emission wavelength after an excitation of a discrete bound
rovibronic level of the excited electronic state. This process
has been predicted already by Condon [1] who called the
related spectral features diffraction bands. The oscillatory in-
tensity variation results from the varying overlap between the
bound-state nuclear probability amplitude (henceforth called
nuclear wave function) of the excited electronic state with
the one of the dissociation continua of the lower-lying state,
whose wavelength decreases with increasing kinetic energy
of the fragments, weighted by the dipole transition moment at
the corresponding internuclear distances.

In Figs. 1 and 2 this process and its spectral charac-
teristics are illustrated by calculations carried out in the
present study. The B-X potential energy curve system with the
B'SH (v =11, J' = 0) nuclear wave function and four ex-
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emplary continuum wave functions of the ground state are
plotted in Fig. 1(a). Here, X is the ground state of H, and B its
first electronically excited state. v’ describes the vibrational
quantum number of the electronically excited state, and J’
its rotational quantum number. The corresponding Condon
band is depicted in Fig. 1(b). The same band is shown in
Fig. 2(c) together with a two-dimensional map of all Con-
don band intensities of the H, B-X potential energy curve
system. The map has been plotted in a nonlinear color scale
as a function of both the energy of the photons exciting the
individual rovibronic levels of the B state and the emitted pho-
ton energy, respectively [Fig. 2(b)]. This (monochromatized)
photon-excitation (dispersed) photon-emission (PhexPhem)
map is a simulated representation of the data [2] used in this
work for benchmarking. Figure 2(a) shows a magnified part of
the PhexPhem map containing the Condon band of Fig. 2(c)
labeled P, 11, 0. The P, 11, 0 label designates transitions of
the P branch (J' —J” = —1) into the excited B state with
vibrational quantum number v’ = 11 and rotational quantum
number J' = 0.

The first experimental evidence of the diffraction bands
was reported more than 40 years after Condon’s work by
Dalgarno et al. [3], who measured dispersed photon emission
spectra of Hy and D, flash discharges, where a manifold of
excited state levels have been populated at the same time due
to broad-band excitation. Although the individual emissions
of the excited levels overlap spectrally, these authors observed
an undulating intensity with respect to the emission wave-
length (superposed on characteristic discrete spectral lines).
They attributed this observation to spontaneous radiative
dissociation by comparing it to the theoretical model of

Published by the American Physical Society
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FIG. 1. (a) Calculated bound nuclear wave function of the H,
B'Z (v =11, J' = 0) level and continuous (dissociative) nuclear
wave functions of the ground state for four selected kinetic energies
of the dissociation fragments together with the corresponding po-
tential energy curves. (b) Interpolation of the discretely calculated
intensities of emitted photons as a function of emitted photon energy
due to transitions into the X continuum from the upper bound level
H, B'SF(v =11, J =0).

Dalgarno and Stephens [4] using the electronic transition
dipole moment of Wolniewicz [5].
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FIG. 2. (a), (b) Calculated two-dimensional photon-excitation
photon-emission (PhexPhem) map convolved with a simulated ex-
perimental bandwidth of 4 meV for the excitation containing only
the Condon diffraction bands from the H, B 12;’ (v, J') rovibronic
states radiatively dissociating into the continuum of the X state. The
intensities are shown using a nonlinear color scale. (a) Magnification
of the map with labels (P/Q branch,v’, J') assigned to the individual
Condon bands. (¢) Condon band of the B 1Zj(v’ =11, J' = 0) state
excited through the P branch [same as Fig. 1(b)].

Later, by applying narrow bandwidth monochromatized
synchrotron radiation, selective excitation of a few individual
upper rovibronic levels of the H, B and C states became
possible [6-8]. The observation of the subsequent dispersed
photon emission at those discrete exciting-photon energies
revealed differences in the diffraction bands emitted by ex-
cited levels of different rotational quantum numbers. These
differences have been explained by rovibrational interactions
and intensity perturbations due to rotational mixing of the
B and C electronic states [8,9]. A comparison between syn-
thetic spectra and high-resolution experimental ones obtained
after electron-impact excitation [10] further substantiated the
influence of rovibrational interactions and B and C state mix-
ing in the spontaneous radiative dissociation of the B and
C electronic states of Hj. Studies of radiative lifetimes by
Stephens and Dalgarno [11] confirmed comparable lifetimes
to bound-bound emissive decays in the slightly longer than
1 ns range. In astrophysics, this mechanism is a major pathway
for destruction of H; in interstellar clouds, commonly referred
to as Solomon process [12,13].

As the spectral features of Condon bands result from the
overlap of the excited bound-state nuclear wave function with
the ground state continuum (dissociative) wave function in the
transition matrix elements, they are sensitive to fine details of
the difference between the two involved electronic potential
energy curves including (i) the difference AR between the two
minimum potential energy internuclear distances and (ii) the
precise shape of the difference potential. In this contribution
we show that the observed spectral features in the Condon
diffraction bands can be used to experimentally benchmark
calculated AR of otherwise unchanged Born-Oppenheimer
potential energy curves available from the literature down to a
precision of 50 fm. This benchmark can be used to experimen-
tally test calculations of electronic potential energy curves to
unprecedentedly high accuracy.

II. DESCRIPTION OF THE CALCULATIONS

In the following, the concept of potential energy curves in
Born-Oppenheimer approximation is used. The total molec-
ular wave function of a diatomic molecule is then written as

ul(R)
R

V= 1e(r;R) Ypgm, (9, @) ey

Here . is the electronic part of the wave function, which
depends on the coordinates of all electrons (represented by

r) and parametrically on the internuclear distance R. The

J
product @ x Y s.m, (0, @) describes the wave function of

nuclear motion with the rotational part Y, ;m, (9, ¢) and
eigenfunctions x;/(R) = @ describing nuclear vibration
and dissociation. The rotational nuclear wave function de-
pends on the projection A of the electronic orbital angular
momentum onto the internuclear axis, the angular momen-
tum J of the molecular rotation and its projection M, onto
the internuclear axis. The vibrational part depends on the
vibrational quantum number v and the quantum number
of molecular rotation J and satisfies the radial Schrédinger

023027-2



EXPERIMENTAL BENCHMARKING OF RELATIVE ...

PHYSICAL REVIEW RESEARCH 7, 023027 (2025)

equation
Bd? i
{ ~ i V(R = s+ 1) szz]}x,{an
=E!x!(R), 2
where 1 = 113/,1 ‘ﬁ;z is the reduced mass of the two nuclei, E; is

the energy of nuclear vibration (or dissociation) and U x (R)
is the electronic potential at fixed nuclei positions R with
electronic angular momentum projection 2 = A 4+ X onto
the internuclear axis [A is the total orbital electronic angular
momentum projection, X is the total spin angular momentum
projection, Hund’s case (a) is assumed]. For the B and X
electronic states involved in the present study €2 = 0. This
equation describes discrete bound vibrational states x;(R)
below the dissociation energy D, of the respective electronic
potential energy curve with energies E; < D,. For energies
above D, the spectrum is continuous. The respective wave
functions converge towards plane waves of a free particle,
are no longer bound, and represent the dissociation of the
molecule. They may be characterized by the momentum of
the dissociating atoms expressed in terms of the continuous
wave number k, i.e., xx(R) with corresponding energies Ej.

Using an alternative expression for the nuclear kinetic energy
A 2 2 2 . .
operator T, = — g—ﬂ ddﬁ = f—ﬂ, the Schrodinger equation for the

radial nuclear wave function reads

ﬁZ h2 S
— 4+ Upp=05=0(R) — JUJ +1 R
[ZN« + Uea—oz=0(R) IR W+ )]XU( )

=E!x!(R). 3

The potential energy curves Ug,x (R) for the electronic states
of the present work have been taken for the ground state
from calculations by Wolniewicz [14] and for the excited B
state from calculations by Staszewska and Wolniewicz [15],
which take into account a variety of corrections to increase the
accuracy of the strict Born-Oppenheimer approximation. We
will use these potential energy curves to illustrate the power
of the suggested experimental benchmarking. Recently, new
calculations of potential energy curves have been published
[16—-18] giving rise to a variety of potential applications of the
proposed benchmarking method.

With the potential energy curves, the radial Schrodinger
equation for nuclear motion has been solved numerically,
by expressing its Hamiltonian as a discrete matrix H on a
finite grid of internuclear distances and solving the resulting
eigenvalue problem. With the obtained energies and nuclear
wave functions the Condon bands have been calculated (see
Appendix).

III. CONDON BAND SENSITIVITY
ON THE DIFFERENCE POTENTIAL

We will now investigate how sensitively the intensity dis-
tributions of the B-X Condon bands depend on the relative
distance AR between the minima R, and R, of the (other-
wise unchanged) potential energy curves and evaluate whether
experimental data may be used to test corresponding calcu-
lations within the necessary accuracy. To avoid influences
of rotational mixing between the B and C excited electronic
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FIG. 3. Sketch to illustrate the different overlaps of bound state
wave functions of the levels (v =32, J =0), (v =11, =0),
(v' = 3,J" = 0) with an arbitrarily selected continuum (dissociative)
nuclear wave function of the ground state with a kinetic energy of
0.29eV.

states we restrict the following discussion to levels with
J' = 0. Exemplarily, Fig. 3 shows the situation for the wave
functions of the B 'S+ (v' = 3, J' = 0) (large oscillation pe-
riod, bound-state wave function located largely above the po-
tential energy well of the ground state), B 'S (v =11, J' =
0) (intermediate oscillation period, bound-state wave function
extends over the internuclear distance range of the ground-
state potential energy well as well as over the dissociation
continuum), and the B 'Z 1 (v/ = 32, J' = 0) level (small os-
cillation period, wave function extending widely into the
dissociation potential of the ground state). As is obvious from
Fig. 3, the largest sensitivity of Condon diffraction band os-
cillations on AR is expected when the oscillation periods of
the two involved wave functions match over a wide range of
internuclear distance. Generally, for higher v’ this matching
will be better for higher kinetic energies of the dissociation
fragments (longer emitted photon wavelength).

The calculated ground-state potential energy minimum
internuclear distance has been published to be RX. =
1.4011a.u. [19], corresponding to 74.14pm. For the B
state the corresponding calculated quantity has been Rﬁin =
2.43 a.u. [20], corresponding to 128.6 pm. For both quantities
an uncertainty of £1 in the last given digit of the atomic
unit value will be assumed, although no uncertainty estimates
of these values in the corresponding calculations have been
given. AR, therefore, possesses an uncertainty of the less cer-
tain value, i.e., 20.01 a.u., corresponding to £0.5 pm. We will
now investigate whether experiments recording individual
Condon bands are able to corroborate calculations within such
a small uncertainty. In the present calculations AR is there-
fore varied around the literature value of ARy = 54.46 pm
for each band and the change in the oscillation pattern is
evaluated as a function of AR. Figure 4(a) shows exemplary
results of the Condon band corresponding to emissive disso-
ciation of the (v = 11, J/ = 0) level of the electronic B state,
calculated for potential energy minima internuclear distance
differences of AR = ARy + dAR fordAR = —0.5pm, 0 pm,
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FIG. 4. (a) Calculated relative intensities as a function of emitted
photon wavelength of the Condon band of radiative dissociation
from the B'E(v' =11, J' = 0) level, for potential energy min-
ima internuclear distance differences AR between the X and the B
state, corresponding to the literature value ARy, = 54.46 pm (dAR =
0.0 pm) (solid), for AR = 54.96pm (dAR = 0.5 pm) (dashed) and
for AR =53.96pm (dAR = —0.5pm) (dash-dotted). The high-
lighted wavelength ranges are the same as in Fig. 5 for B'ZF (v =
11, J' = 0). (b) Differences of the spectra with respect to the un-
shifted (dAR = 0 pm) case for shifts from dAR = —1pm to 1 pm.

and 0.5 pm. To identify for each band at which wavelengths
the most sensitive effects occur, the differences of the calcu-
lated spectra between minima difference shifts of =dAR in
the range dAR = —1pmto 1 pm and the spectrum expected
from the literature value are shown in Fig. 4(b). For this
case, the presented calculations predict relative intensity dif-
ferences at specific emission wavelengths of up to 11% at a
shift of 0.5 pm. These possible intensity differences are well
suited for benchmarking the potential energy curves, because
they are observable for very narrow fluorescence wavelength
ranges and, therefore, do not require to include spectral and
positional variations of the quantum efficiency for the detec-
tion system.

In order to showcase the method the data of Schmidt ef al.
[2] is compared to the calculations. For the Condon bands of
the B(v' =8,9,...,13, J/ = 0) states a simultaneous maxi-
mum likelihood fit is performed in the most sensitive emitted
photon wavelength ranges (shaded areas in Fig. 5) extracting
an estimated shift dAR with respect to the theoretical litera-
ture value. This has been achieved by forcing the fit parameter
of the shift dAR to be the same for all bands during the
optimization. All other fit parameters are not shared between
the bands and adjust the intensity scaling (one scaling factor
for each individual Condon band). The uncertainties shown
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FIG. 5. Simultaneous maximum likelihood fit (solid lines) of
the calculated Condon diffraction bands to the experimental data
of Schmidt et al. [2] (squares) with only a joint shift dAR and
band-individual intensity scaling factors. The vertical error bars in-
clude the Poisson uncertainty and uncertainties propagated from the
calibration of the exciting-photon energy. The bin widths (horizontal
error bars) are approximately the 1o uncertainty of the detector
wavelength calibration. Only the highlighted ranges are included in
the fit.

in Fig. 5 (vertical error bars) are dominated by uncertainties
of the calibration of the exciting-photon energy and include
the Poisson uncertainty of each bin. The horizontal error bars
represent the bin widths, which approximately correspond
to the 1o uncertainty of the wavelength calibration of the
detector. Systematic errors from the normalization to the ex-
periment conditions and detector efficiencies are not included
and are regarded as negligible. The obtained shift between
the B and X potential energy curves that fits the experimental
data best is

dAR = 0.07(5) pm. “4)
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The benchmarking with the available experimental data re-
sults in a suggested shift of the potential energy curves by
0.07(5) pm towards longer internuclear distance with respect
to the literature value. The suggested shift, however, is within
the assumed uncertainty of the used potential energy curve
calculations [14,15].

IV. CONCLUSION AND OUTLOOK

This study has evaluated the sensitivity of spectral intensity
features in individually observed Condon bands of the H, B-X
system on variations of AR, the difference between the inter-
nuclear distances of the minima of the two involved potential
energy curves. The analysis strategy for benchmarking po-
tential energy curve calculations has been demonstrated with
available experimental data [2] using artificially introduced
shifts dAR of published potential energy curves [14,15]. We
show that an experimental benchmarking of dAR is possible
down to an unprecedented accuracy of 50 fm, which is in the
same order of magnitude as recently achieved by Rupprecht
et al. [21] for vibrations in SF¢ molecules. With optimized
measurements it is well possible to largely increase the current
accuracy. This will allow an even more sensitive benchmark
of potential energy curves calculation procedures of diatomics
down to length accuracies on the scale of the radius of the
proton. As this study has been restricted on Condon diffrac-
tion bands starting from J’ = 0 levels, nonadiabatic rotational
coupling between the B- and C-electronic states [9,22] can
be neglected. The influence of rotational coupling between
these states will be investigated in a separate study on Condon
diffraction bands starting at levels with J’ > 0 and promises
to further extend the capabilities of the presented method.
Finally, using the same method and modifying the shape of
calculated potential energy curves, we expect experimental
hints of long-range interactions between the two dissociating
H atoms.
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APPENDIX: CALCULATION OF THE CONDON
DIFFRACTION BANDS

Some details of the code have been described in Ref. [23].
Briefly, the radial Schrédinger equation of nuclear motion (3)
has been solved using a grid discretizing the nuclear coordi-
nate R in its range between [Ryin, Rmax] into an odd number
of N equidistant points located at

Ry = Rupin+(n—1dR, n=1,2,....,N (A1)

with a distance of

Rmax - Rmin
dR = —max  Tmin (A2)
N—1

Rumin has been chosen to be “7" (ap = Bohr radius) and Ry.x =
20 x agp in view of the rather wide electronic potential of the B
state. The individual matrix elements H,,, of the Hamilton op-
erator have been obtained using the Fourier grid Hamiltonian
(FGH) method [24,25] for discretized grids in position and
momentum space. As the Hamiltonian separates into its three
terms H = Hyj, + Ho + Hyo, the matrix elements of the
latter two terms may simply be expressed as diagonal matrices
in position space. The nuclear kinetic energy term, however,
is solved by the FGH method in momentum space. Using the
de Broglie relation p = hk the momentum is expressible by
the wave number k, for which also a grid of values

2
oy = Ay (A3)
Rmax - Rmin
can be introduced, where the odd number of integer values
2n—N —1
= n=1,2,...,N (A4)

may be regarded as the components of an N-dimensional
vector A. The used basis set can be expressed as an N x N
matrix ¢ with elements
¢ : (2 iA m) (A5)
= ——exp(27id, — ),
mn \/E p nN
where the discretized k, and R, vary along its columns and
rows. In this way the matrix elements of the nuclear kinetic
energy operator are just matrix operations between ¢ and
vector A:
Hyi, =

2 2
p_T ! . $*ATAP. (A6)

2“’ 2“ (Rmax - Rmin

The eigenvalues E; and eigenvectors xﬁi’sjcr(R) of the final
matrix H are numerically determined [26] with the QR algo-
rithm for Hermitian matrices [27]. The eigensystem contains
both bound rovibrational levels up to the dissociation limit
as well as unbound continuum levels understood as discrete
samples of the continuum.

The bound-state wave functions X]{@“[““(R) (Viimit 18 the
quantum number of the energetically highest bound state)
need to be square integrable, i.e., with a proper normalization
factor the condition

o 2
/ |X1{§U1imn (R)‘ dR =1 (AT)
—00
is fulfilled. For the discrete approximations to the wave func-
tions this translates to

g P "]
X(;)is(;;]lmu (R)

Xzfévnmn(R) ~ <or ] .
VX i (R)aR

Nuclear wave functions describing the dissociation contin-
uum x}~"""/(R) cannot be normalized in the same way as
the discrete bound ones. Their probability densities extend to
R — oo with finite values. Instead, if their eigenvalues grow
exponentially with their vibrational quantum number v, i.e.,
they follow an exponential function with parameters Ey, K, y

of the form

(A8)

E! = Ey + Ke", (A9)
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FIG. 6. Energies of vibrational levels (J/ = 1) numerically ob-
tained as described in the text for the H, X ]E; ground state. The
levels (X, v”) < (X, viimiy = 14) are bound states, while (X, v”) >
(X, vjimic = 14) describe discretized levels in the dissociation contin-
uum. At the boundary between bound and continuum levels (dashed
vertical line in inset), the energy levels (dots in inset) possess a
negligible slope. The energetic spacing between the continuum levels
grows exponentially with the vibrational quantum number v”.

the normalization may be performed using a density of eigen-

states p(E!) around any eigenvalue E’ in the continuum
: : imit »J

[28]. The. properly normalized wave function X;};’;‘ (R) of

a discretized continuum state can then be obtained from the

unnormalized wavefunction ¥ gi:;“‘““’J(R) by

dei:Cl;]imitv](R) = p(El{) X X(;Ji:(:l;limi[,‘l (R)

For y < 2, i.e., for small energetic spacings between the sam-
pled energies, the density may be approximated by

2
EJ

_EJ
v+1 Ev—l

(A10)

p(E J ) ~ (A1D)

Using the described method, probability amplitudes have
been calculated for the discretized continuum levels (v’ =
15, J" =1) to (v =150, J” = 1) of the H, X 'E} ground
state and for the bound levels (v =8,J =0) to (v' =
13, J/ = 0) of the excited H, B 12: state. Figure 6 demon-
strates the validity of the normalization of the discretized
continuum levels by estimating the value y =~ 0.011, which
fulfills the condition of small energy spacing, with a least-
squares fit.

For each combination of excited B 'Z;F(v/, J' = 0) and
relaxed X 12;'(11”, J” = 1) states an intensity

2

Loy o (Ey — Eyr )3‘ / o xediyRYAR| (A12)

is calculated by numerically integrating the overlap (elemen-
twise multiplication) of the two corresponding eigenvectors
Xgi”scr and xg;scr (Franck-Condon factor) weighted with the
electronic transition moments dyz(R) [29]. The Condon
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FIG. 7. Comparison between the present calculations (solid line),
the experimental results, digitized from Noll and Schmoranzer [7]
(dashed line), and analyzed data of the measurements of Schmidt
et al. [2] (histogram). In the calculation only the spectral features
corresponding to emissive dissociation are shown, bound-bound
transitions have been omitted. The highest maxima of measured and
calculated intensities have been normalized to each other for better
comparison (similarly as in Ref. [7]).

diffraction bands are then obtained by linearly interpolating
the discrete intensities.

The results are compared to the published measurement
results digitized from the plots of Noll and Schmoranzer [7]
and with our own measurements described in Schmidt et al.
[2] (see Fig. 7). Satisfactory agreement between the calcu-
lational results and both measurements for the chosen state-
selectively excited rovibronic levels of the B state has been
achieved.
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