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ABSTRACT

Warm dense matter plays an important role in astrophysical objects and technological applications, but the rigorous diagnostics of
corresponding experiments is notoriously difficult. In this work, we present a model-free analysis of x-ray Thomson scattering (XRTS) mea-
surements on isochorically heated graphite obtained at the Linac Coherent Light Source at multiple scattering angles. We demonstrate that
the recent imaginary-time thermometry technique works for scattering data that have been measured in both forward and backward scatter-
ing geometry. This opens up the way toward a rigorous quantification of nonequilibrium effects in future experiments, where XRTS measure-
ments are being obtained from multiple scattering angles from the same sample.

VC 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (https://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0248230

The accurate understanding of matter under extreme densi-
ties, pressures, and temperatures constitutes a highly active frontier
at the interface of plasma physics, laser science, and quantum
chemistry.1–3 In nature, these conditions abound in astrophysical
objects such as giant planet interiors,4 brown dwarfs,5 and the
outer layer of neutron stars.6 On Earth, such warm dense matter
(WDM) plays an important role in cutting-edge technological
applications such as material synthesis and discovery,7–9 and hot-
electron chemistry.10 A particularly prominent example is given by
inertial confinement fusion (ICF),11 where the fuel capsule has to
traverse the WDM regime on its compression path toward
ignition.12

Consequently, WDM is nowadays heavily studied in experiments
using different techniques, see, e.g., the overview by Falk.13 On the one

hand, this has led to a number of important achievements, such as the
pioneering observation of plasmons in warm dense beryllium at
OMEGA14 and the very recent in-depth experimental observation of
partial K-shell ionization at the National Ignition Facility (NIF) also
for Be.15 On the other hand, the extreme conditions render the rigor-
ous diagnostics of these extreme states a difficult challenge. Indeed,
even basic parameters like temperature or density generally cannot be
measured directly, and, instead, have to be inferred indirectly from
other observations.

In this situation, x-ray Thomson scattering (XRTS) has emerged
as a commonly used diagnostic method16 as it is, in principle,
capable to give one access to the equation of state (EOS) of a given
material.17–19 More specifically, the measured scattering intensity is
usually expressed as20
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Iðq; EÞ ¼ Sðq; E0 � EÞ»RðEÞ; (1)

i.e., as a convolution of the dynamic structure factor Sðq; �hxÞ with the
combined source and instrument function (SIF) R(E) that takes into
account both the shape of the probing x-ray source and detector
effects.21 Here, E and E0 are the energy of the scattering photon and
the incident beam energy, and the energy change is �hx ¼ ðE � E0Þ.
The corresponding momentum transfer is to a very good approxima-
tion only a function of the scattering angle h at the conditions
considered in the present work.20 This implies that XRTS does not
give direct access to the physical information about the system of inter-
est as the deconvolution that is required to solve Eq. (1) for Sðq; �hxÞ is
generally rendered highly unstable by the presence of noise in the
experimental data. We note that even in cases where the deconvolution
has been assumed possible,22 its outcome and interpretation remain
controversial.23

In practice, the interpretation of a given XRTS dataset is thus usu-
ally based on the construction of a forward model Smodelðq; �hxÞ for the
dynamic structure factor, which is subsequently convolved with the
SIF and then compared with the experimental observation.15–17,24,25

Unfortunately, no reliable method that is capable of giving an exact
description over the entire WDM parameter space exists, and one has
to rely on de facto uncontrolled approximations such as the ad hoc
decomposition into effectively free and bound electrons within the
popular Chihara model.17,25,26 As a consequence, the quality of the
extracted EOS generally remains unclear. First-principles simulations,
such as time-dependent density functional theory (TD-DFT),27–29 can,
in principle, improve this situation, but this comes at the cost of a dras-
tically increased computational demand that might render required
parameter scans unfeasible. In any case, it is clear that the forward-
modelling based analysis of I(q, E) constitutes a difficult inverse prob-
lem by itself, and the inferred conditions (e.g., temperature T or mass
density q) might not be unique.30 Finally, the utility of different meth-
ods of generating WDM samples in the laboratory to probe the EOS
may be limited by the presence of non-equilibrium31 and/or inhomo-
geneity effects.32

Recently, it has been suggested to analyze the two-sided Laplace
transform of the scattering intensity,20,33

L Iðq; EÞ½ � ¼
ð1
�1

dE Iðq; EÞe�Es: (2)

In combination with the well-known convolution theorem
L½Sðq; EÞ»RðEÞ� ¼ L½Sðq; EÞ�L½RðEÞ�, Eq. (2) gives one direct access
to the dynamic structure of the system in the imaginary-time domain,

Fðq; sÞ ¼ L Sðq; EÞ½ � ¼ L Sðq; EÞ»RðEÞ½ �
L RðEÞ½ � : (3)

In particular, Fðq; sÞ corresponds to the usual intermediate scattering
function F(q, t), but evaluated for an imaginary-time argument
t ¼ �i�hs, with s 2 ½0; b� and b ¼ 1=kBT the inverse temperature in
energy units. This imaginary-time correlation function (ITCF) natu-
rally emerges in Feynman’s powerful imaginary-time path integral
framework for statistical mechanics34 and, by definition, contains the
same information as S(q, E), only in an unfamiliar representation.35–37

For example, the detailed balance relation38,39 Sðq;�EÞ ¼ Sðq; EÞe�Eb

connects the up-shifted part of the scattering intensity where the
scattered photon has gained energy from the system with the

down-shifted side that describes a corresponding energy loss. In ther-
mal equilibrium, it gives, in principle, access to the temperature of the
probed system without the need for explicit models or approximations.
In practice, its direct application to scattering data is usually prevented
by the convolution with the SIF, see Eq. (1). The latter, however, is not
a problem in the imaginary-time domain, where the detailed balance
manifests as the symmetry relation,33

Fðq; sÞ ¼ Fðq; b� sÞ; (4)

which implies that Fðq; sÞ is symmetric around s ¼ b=2, where it
attains a minimum. In other words, switching to the imaginary-time
domain gives one model-free access to the temperature of arbitrary
complicated systems in thermodynamic equilibrium. Subsequently,
this idea has been extended to infer other properties such as the elec-
tronic static structure factor,40 various frequency moments of S(q, E),41

and the Rayleigh weight WRðqÞ that describes electronic localization
around the ions.42

An additional strength of the Laplace method is its utility for the
model-free detection of general non-equilibrium effects.43 Simply put,
Eq. (4) only holds in thermal equilibrium and any deviation from this
relation within the given confidence interval implies non-equilibrium
effects if other sources of error, such as the characterization of the
SIF,44 can be excluded. In practice, this method is substantially more
robust if one has access to multiple scattering angles. For example, by
collecting the scattering intensity both in a forward (FWD) and back-
ward (BCK) direction, one effectively probes the system on large (col-
lective) and small (single-particle) length scales.45 In thermal
equilibrium, this should result in the same set of free parameters as
there is only a single density and temperature in the system, even
though different angles are likely more sensitive to different parame-
ters. In contrast, Vorberger et al.43 have shown that Eq. (4) is strongly
violated even in the presence of a small fraction of non-thermal elec-
trons based on synthetic spectra.

In the present work, we apply this idea to real scattering spectra
that have been measured for isochorically heated graphite at the Linac
Coherent Light Source (LCLS). We note that such a self-scattering
setup constitutes a particularly interesting example for multiple rea-
sons. First, isochoric heating means that the density is a priori known,
which reduces the set of free parameters potentially simplifying the
inference of an EOS.25 Second, x-ray pumping is both efficient in terms
of energy deposition and can be expected not to induce strong temper-
ature gradients due to partial heating. Third, the measured scattering
intensity constitutes a time-average over different conditions during
the x-ray heating process, resulting in a non-equilibrium signal. The
degree of non-equilibrium thus crucially determines the value of self-
scattering to learn something about the true EOS of WDM. Therefore,
as we would expect some degree of non-equilibrium in these datasets,
they make an excellent testcase for the ITCF thermometry method at
multiple scattering angles.43

Two different datasets were analyzed here, with the experimental
setup remaining the same (beam energy Eb ¼ 5:9 keV, laser energy
EL¼ 3 mJ, and focus spot size � 5 lm). Two detectors were placed at
29 and 160 degrees to measure a forward and backward signal, respec-
tively. A small CSPAD camera coupled to a HAPG crystal was used
for the backward signal, while the forward spectrum was measured
using a similar HAPG crystal and a PI camera.25 The input spectrum
was measured using a silicon crystal and YAG detector upstream. A
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linear fit was used to subtract the background noise. The first dataset
analyzed was averaged over seven shots in the forward and three shots
in the backward direction, since the remaining backscattering spectra
from that run were unavailable. These will henceforth be referred to as
dataset #1. The second was averaged over �40 shots taken during the
same run. No backward signal was recorded during this run. This will
from now on be referred to as dataset #2.

In Fig. 1, we show the measured scattering intensities that have
been obtained by averaging over three independent shots, resulting in
a dynamic range of over three orders of magnitude. The backscattering
signal is given by the red line; on the down-shifted side, it extends sig-
nificantly beyond the K-edge, although there is a gap around
�hx ¼ �200 eV due to a malfunctioning detector segment. On the up-
shifted side, we obtain a significant signal beyondx ¼ 100 eV, indicat-
ing the presence of hot electrons. In Ref. 25, Kraus et al. inferred a
nominal temperature of T ¼ 21:7 eV based on a Chihara model fit,
although this estimate is subject to considerable uncertainties as the
actual SIF (green line in Fig. 1) might have additional wings.
Subsequently, B€ohme et al.24 have shown that a temperature of
T ¼ 16:6 eV is more realistic if one takes into account the physically
mandated, but previously neglected contributions of free-bound transi-
tions; this is a process where the scattered photon gains energy from
the system by de-exciting an initially free electron to a bound state.
The intensity measured on the forward detector is indicated by the
blue line in the same plot, averaged over seven shots. We observe the
same general trend on the up-shifted part of the spectrum in the col-
lective regime as for h ¼ 160�. Heuristically, this indicates a consistent
signature of the hot electrons upon probing the system on substantially
different length scales. The light blue line in Fig. 1 shows a similar
spectrum averaged over significantly more individual runs for the sec-
ond dataset, nominally taken at the same conditions. The SIF plotted
here in light green corresponds to the one measured for the second

dataset and averaged over the corresponding shots. For both the for-
ward and backward analysis on the first dataset, a similar SIF was used
taking into account the relevant shots. Since there was no backscatter-
ing signal recorded in the second dataset, we instead focus on analyz-
ing the forward scattering in greater detail.

In Fig. 2, we show the model-free temperature extraction based
on Eq. (4) for both forward and backward scattering intensities. In par-
ticular, we plot the temperature derived using the minimum of the
Laplace transform (i.e., s ¼ b=2 ¼ 1=2T) as a function of the sym-
metrically truncated integration range. This is necessary as Eq. (2)
assumes an infinite integration interval, whereas the available spectral
range on a detector is always finite. First, we consider the simultaneous
forward and backward temperature analysis of dataset #1, shown in
the dark blue and red curves in Fig. 2. The effect of the SIF is taken
into account here by convolving the measured source signal with an
asymmetric HAPG response. For more details on the construction of
the SIF, see Ref. 21. While the inferred temperature appears to con-
verge around x ¼ 65 eV for the BCK signal (red), the forward signal
(dark blue) shows a similar trend but does not converge as clearly.
This gives an estimate of the temperature for T ¼ 18 eV for dataset #1,
although the forward scattering appears significantly less converged
and certain. In comparison, looking at dataset #2 in Fig. 2 (light blue),
which contains higher statistics, a significantly clearer temperature
convergence is observed at x¼ 50 eV, giving a best estimate for the
temperature at T¼ 14 eV.

Let us conclude our investigation by actually investigating the
deconvolved Laplace transform [Eq. (3)] of the forward scattering
intensity in Fig. 3 for each dataset. Corresponding results for the back-
scattering data have already been presented in Ref. 20 and are here
repeated for completeness in the bottom panel. All curves have been
computed for different symmetrically truncated integration intervals
and have been normalized arbitrarily to Fðq; 0Þ � 1. We note that it is
in principle possible to extract the proper normalization of the ITCF
from the f-sum rule in the imaginary-time domain,40 but this would

FIG. 1. XRTS intensity as a function of photon energy. Solid dark blue: forward
scattering at h ¼ 29�; solid light blue: forward scattering taken from the second
dataset for h ¼ 29�; solid red: backward scattering at h ¼ 160�; and dashed
green: source spectrum. The source spectrum was arbitrarily scaled to match the
measured spectra. The SIF plotted here is used in the forward analysis for the sec-
ond dataset. Spectra were averaged over different runs taken at the same condi-
tions, and a corresponding source spectrum was used for each.

FIG. 2. Inferred temperature as a function of the symmetrically truncated integration
range x for simultaneous backward and forward measurements for the spectra
shown in Fig. 1. The dark blue FWD line corresponds to the spectrum taken for
dataset 1, whereas the light blue line is the forward data taken from the second
dataset.
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require a spectral range of I(q, E) beyond the K-edge. First, we note for
the forward analysis in the top panel, that the ITCF has evidently not
converged for x¼ 60 eV or x ¼ 70 eV, and the position of its mini-
mum is shifting to larger values (i.e., lower temperatures). This con-
firms observations from Fig. 2. In contrast, the ITCF plotted at
different integration limits for the backward spectrum (bottom panel)
has very clearly converged to a temperature, as the position of the min-
imum does not significantly shift for increasing x. For the middle
panel, representing the second dataset in the collective regime, we sim-
ilarly see a converged temperature with increasing x. Second, consider-
ing the mirrored ITCF indicated by the dashed black lines for each
case, one can clearly see that Eq. (4) is noticeably violated for the mid-
dle panel, whereas it seems to hold in the non-collective regime repre-
sented in the bottom panel. Notably, the asymmetry observed appears
to increase with increasing x. On second thought, Fðq; sÞ for s > b=2
is predominantly shaped by the up-shifted side of the scattering inten-
sity (see Ref. 20 for an extensive discussion of the underlying mechan-
ics), which exhibits a sharp drop around x ¼ 60 eV. We also note that
any uncertainty for large s is likely amplified by uncertainties in the
SIF, making the symmetry of Fðq; sÞ investigated in Fig. 3 a less robust
criterion for non-equilibrium compared to the comparison of temper-
atures extracted from different scattering angles as it is shown in Fig. 2.

In this work, we have presented a model-free analysis of an XRTS
measurement of isochorically heated warm dense graphite at two inde-
pendent scattering angles. From a physical perspective, probing the
systems on the correspondingly different length scales offers a gamut
of advantages. First, XRTS measurements at different q are likely sensi-
tive to different parameters. This fact can be exploited in future works

to constrain the uncertainty in forward models.30 Moreover, having
independent data describing the same system allows one to check the
consistency of the inferred parameters, and to learn more about a pri-
ori hidden uncertainties. The latter point is particularly valuable to
detect possible signatures of non-equilibrium, which is a serious con-
cern for self-scattering experiments. In the present case, we find indica-
tions of consistency regarding the temperatures extracted from dataset
#1, with T � 18 eV in both scattering directions, but a definitive
conclusion is obstructed by the limited data quality. Notably, there is
no clear temperature convergence in the forward scattering direction,
unlike the backward, although the trends are indicative of similar
behavior. When comparing against the second dataset, taken at
nominally the same conditions but with much higher statistics and
exclusively in forward direction, we observe a clear temperature conver-
gence. Specifically, we find an estimated temperature of T � 14 eV, dif-
fering from the first dataset by � 20%. A potential attribution of this
discrepancy as a signal of non-equilibrium due to the self-scattering will
be possible from simultaneous forward and backward measurements
with the data quality of dataset #2 in future experiments.

This proof-of-principle study has thus demonstrated that the
ITCF method is well suited for diagnosing non-equilibrium in XRTS
experiments without any model-dependent assumptions. Further, the
analysis has shown that the dynamic range of the measured spectra
and SIF significantly constrains the convergence of the ITCF method,
particularly in the forward direction. An accurate temperature in this
regime can only be derived for a dataset averaged over a larger number
of individual shots. Potential signatures of non-equilibrium, which do
in principle also manifest as an asymmetry in the converged ITCF, are
likely hidden either by the uncertainty in the SIF, or by the limited
available dynamic range for the present experimental observations.

We are convinced that improved experimental setups that are
based on existing capabilities will allow one to extract system parame-
ters with even higher accuracy, and, in particular, to more reliably
resolve even small signatures of non-equilibrium in the measured scat-
tering intensity.43 An important component of these efforts will likely
be given by the utilization of seeded and monochromated x-ray beams
(and potentially diced crystal analyzers46), which, in combination with
improved SIF characterization, will reduce the uncertainties due to the
source function. This will be beneficial both for the detection of non-
equilibrium, and for the resolution of lower temperatures in EOS mea-
surements.20 In addition, we advocate for the measurement of a broad
spectral range, which is important to extract additional observables
such as the electronic static structure factor40 and the Rayleigh
weight.42 Finally, we stress the importance of a large dynamic range,
which, usually, is the limiting factor when it comes to the model-free
extraction of lower temperatures (i.e., T � 1 eV). In addition to more
reliable EOS measurements, such improved capabilities would also
allow for the model-free study of relaxation rates at modern XFEL
facilities with unprecedented resolution.

Indeed, many of the required experiment capabilities outlined
above are now routinely available at XFEL facilities. For example, the
large detection area and dynamic gain switching of Jungfrau detec-
tors47 provides both a large dynamic range (with single photon sensi-
tivity) in single shots and a large spectral range when coupled with
commonplace dispersive crystals, e.g., highly annealed/oriented pyro-
lytic graphite.48 Furthermore, the recent introduction of the DiPOLE-
100X49 and ReLaX50 laser systems at the HED Scientific Instrument at

FIG. 3. Deconvolved Laplace transform [cf. Eq. (3)] of the forward scattering inten-
sity for two different symmetrically truncated integration intervals x. The correspond-
ing dashed black lines have been mirrored around the minimum s ¼ b=2
according to the relation Fðq; sÞ ¼ Fðq; b ¼ sÞ, cf. Eq. (4). Minima are indicated
using the dotted horizontal lines.
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the European XFEL51 now allows for HED systems to be reproducibly
produced at repetition rates of 1–10Hz—a rate consistent with the
probing FEL—allowing for the rapid accumulation of data. This latter
point is critical for the improvement of the dynamic range as it allows
for averaging of spectra from the same system over a large number of
shots, thereby improving the sampling of spectral regions in the single
photon regime. We therefore anticipate that in the near future that
there will be exciting developments in the model-free interpretation of
XFEL experiments.
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