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ABSTRACT

Mosaic crystals, with their high integrated reflectivities, are widely employed in spectrometers used to diagnose high energy density
systems. X-ray Thomson scattering (XRTS) has emerged as a powerful diagnostic tool of these systems, providing in principle direct
access to important properties such as the temperature via detailed balance. However, the measured XRTS spectrum is broadened by the
spectrometer instrument function (IF), and without careful consideration of the IF one risks misdiagnosing system conditions. Here, we
consider in detail the IF of 40 and 100 μm mosaic Highly Annealed Pyrolytic Graphite crystals, and how the broadening varies across the
spectrometer in an energy range of 6.7–8.6 keV. Notably, we find a strong asymmetry in the shape of the IF toward higher energies. As
an example, we consider the effect of the asymmetry in the IF on the temperature inferred via XRTS for simulated 80 eV CH plasmas
and find that the temperature can be overestimated if an approximate symmetric IF is used. We, therefore, expect a detailed consideration
of the full IF will have an important impact on system properties inferred via XRTS in both forward modeling and model-free
approaches.

© 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0222072
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I. INTRODUCTION

Warm dense matter (WDM) is ubiquitous in the universe: it
is prevalent in astrophysical environments such as Jovian, solar,
and white dwarf objects,1–3 and it is routinely produced in the lab-
oratory at laser4 and free electron laser (FEL)5 facilities. It is, there-
fore, a state of matter that boasts huge physical interest, particularly
as its practical applications in inertial confinement fusion6–8 and
the development of new materials9,10 continues to mature.
However, the rigorous diagnosis of conditions in WDM produced
in experiments remains a persistent challenge. The extreme condi-
tions that characterize WDM—high temperatures, pressures, and
densities—are highly transient and destructive, requiring the need
for in situ diagnosis.

A multitude of techniques have been developed to infer WDM
conditions based on the interaction of x rays with the target. In
that respect, x-ray Thomson scattering (XRTS) has long been a
workhorse of plasma diagnostics.11 By probing the electronic
dynamic structure factor (DSF) of the system, XRTS measurements
contain the full details of the plasma temperature, density, ioniza-
tion, and electronic correlations of the system, if one knows how to
extract this information. Typically, the XRTS intensity I(q, E) is
expressed as the convolution of the DSF S(q, ω) with the
source-and-instrument function (SIF) ξ(E0) of the experiment,11,12

I(q, E) ¼ (S ~ ξ)(q, E), (1)

where q is the scattering vector, E is the energy of the scattered
photon measured on the spectrometer, E0 is the energy of the inci-
dent photon, and �hω ¼ E0 � E is the energy loss. The SIF contains
all the effects that broaden the measured XRTS spectrum, specifically
the spectrum of the incident probe beam (the source) and the instru-
ment function of the spectrometer. The temperature kBT ¼ β�1 of a
system in thermal equilibrium, for example, may in principle be
extracted using the detailed balance relation of the DSF,

S(q, � ω) ¼ e�β�hωS(q, ω), (2)

while other properties may be derived from the frequency moments
of the DSF.13,14 Of course, in order to access these properties, one
needs to remove the broadening by the SIF. Since numerical decon-
volution is unstable due to the finite spectral windows and noise,
so-called forward modeling has emerged as the standard approach
for interpreting XRTS data. In this approach, the XRTS spectrum is
fitted using a model of the DSF that has been broadened by the SIF,
with the various plasma parameters being optimized to achieve the
best fit. Of course, this leads to the inferred conditions being depen-
dent on the chosen DSF model, such as the decomposition of the
system into effectively bound and free electronic populations within
the popular Chihara approach.15–17 More recent developments have
proposed to deconvolve the DSF using the two-sided Laplace trans-
form and represent the DSF in the imaginary time (τ) domain as the
imaginary time correlation function (ITCF) F (q, τ),18

F (q, τ) ; L[S](q, τ) ¼ L[S ~ ξ]
L[ξ] ¼ L[I]

L[ξ] : (3)

By definition, the ITCF contains the exactly same information as
the DSF, so it can also be used to infer system conditions—for
example, detailed balance is expressed by the symmetry of the
ITCF around τ ¼ β=2,19

F (q, τ) ¼ F (q, β � τ): (4)

Since this approach does not require an input model for the DSF,
the ITCF method provides an in-principle model-free interpreta-
tion of XRTS experiments for arbitrarily complex materials and
mixtures. However, while some contributions to the SIF can be
directly measured in experiments (such as the beam profile), the
spectrometer IF is typically not measured and is instead approxi-
mated by some model. The chosen model for the SIF will affect
the results inferred from both the ITCF approach and forward
modeling.

An x-ray spectrometer typically consists of two components: a
dispersive crystal and a photosensitive detection method (diode,
scintillator, detector, etc.). As the light emanating from a target is
polychromatic, in order to measure the spectrum the different
photon energies need to be separated from each other. This is often
done using a crystal with an appropriate lattice spacing to disperse
the x rays in angle, which are then detected spatially offset in the
detection plane. The spatial position of a photon on the detector
can be related to its energy via Bragg’s law and the geometry of the
spectrometer.20,21

Mosaic crystals are a popular choice for the dispersive crystal.
While perfect crystals consist of uniform layers of atoms, mosaic
crystals consist of small perfect crystallites with normal vectors ran-
domly distributed about the surface normal.21–24 As a result, in
contrast to perfect crystals where the Bragg condition will only be
satisfied in a certain region in the crystal depending on the rocking
curve, on a mosaic crystal it can be satisfied anywhere on its
surface. The solid angle coverage of a mosaic crystal is, therefore,
substantially higher than that of a perfect crystal, resulting in a
much higher integrated reflectivity.25,26 In the diagnostics of WDM
systems in the laboratory, where these systems are often transient,
this higher reflectivity has led to the widespread adoption of
mosaic crystals as they collect more photons in a given shot. But
this increased reflectivity comes at the cost of spectral resolution as
the distribution of the crystallites also broadens the measured spec-
trum. For example, in widely used Highly Annealed Pyrolytic
Graphite (HAPG) crystals, the distribution of crystallites is approxi-
mately Lorentzian,24,27 and, therefore, the crystal broadening of
spectra has often been treated as a convolution of the source spec-
trum with a Voigt profile.28,29

However, recent ray tracing simulations30,31 and experimental
data32–34 indicate that the actual broadening by mosaic crystals is
very asymmetric toward higher energies. An asymmetric SIF would
have consequences on conditions derived from XRTS measure-
ments if an approximate SIF that is symmetric—or one without
sufficient asymmetry—were used in its place. A clear example
would be that the temperature extracted via the detailed balance
would be incorrect as the upshifted side of the DSF would be
inferred to be larger to compensate for the increase in intensity by
the SIF.
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On a more basic level, a further question also arises as to the
validity of the assumption that the SIF is applied to the DSF as a
convolution. As the interaction of x rays with materials depends on
the photon energy of the x ray,26,35 the spectrometer instrument
function (IF) must depend on the x-ray photon energy as a param-
eter and not simply on the energy loss,

I(q, E) ¼
ð1
�1

ξ(E � E0; E0)
ð1
�1

S(q, ω)B(E0 � �hω) dωdE0 , (5)

where the broadening by the probe beam profile B(E) has been sep-
arated from the spectrometer IF ξ(E � E0; E0). In general then, the
removal of the SIF will be a kernel problem that will be extremely
challenging to invert, unless the photon energy parameterization is
sufficiently weak within the spectral range that Eq. (5) may be
approximated by a convolution.

In this paper, we present a systematic analysis of the broaden-
ing by mosaic crystals and the effect it has on plasma conditions
inferred in XRTS measurements. To do so, we use the multi-
reflection mosaic crystal model of Schlesiger et al.36 to calculate the
differential reflectivity along paths a photon can take from the
source to the detector. The model is found to have good agreement
with experimental measurements taken at the European XFEL on
ambient Al and polypropylene (PP). Notably, we find the mosaic
broadening and depth broadening result in highly asymmetric
broadening toward the higher energies. The instrument function is
also found to be extremely extended, with substantial intensity even
more than 100 eV away from the central photon energy.
Furthermore, it is demonstrated that such strong asymmetry in the
beam has implications on conditions inferred from XRTS via
forward modeling and the model-free method if an approximate
symmetric SIF is used. Finally, we investigate the validity of the
approximation of the SIF as a convolution problem rather than a
kernel problem.

The paper is organized as follows: in Sec. II, we introduce the
model for the mosaic crystal instrument function; in Sec. III, we
compare the model to experimental data and examine the effects of
the IF on inferred experimental conditions; and finally in Sec. IV,
we provide concluding remarks.

II. BROADENING BY MOSAIC CRYSTALS

To start, we consider some of the important contributions to
the crystal function, namely, the depth broadening, the mosaic
broadening, and the intrinsic rocking curve (IRC). Note that the
first and last contributions are universal to (finite thickness) crys-
tals. We also describe here the model used to estimate the crystal
broadening.

For simplicity and practicality, we consider a spectrometer in
von Hámos geometry20 (see Fig. 1). In this geometry, a cylindrically
bent crystal is used to focus the dispersed x rays onto a single dis-
persion axis on the detector. By collecting all the scattered photons
onto a single line, it is easier to observe events above the detector
noise. As the bending process severely degrades the resolution of
perfect crystals anyway, mosaic crystals are often used in von
Hámos spectrometers to further increase the efficiency of the detec-
tor by taking advantage of their high reflectivity, and because the

geometry allows one to utilize mosaic focusing,28 as shown in
Fig. 1. Due to their very high collection efficiency, mosaic crystal
von Hámos spectrometers are widely employed at FEL and laser
facilities; therefore, the choice of von Hámos geometry here is rele-
vant for typical applications of mosaic crystals, though we expect
the results in this work can be generalized to alternative geometries.
In von Hámos geometry, the distance from the source to a point
on the detector Xcam can be readily converted to a photon energy
using the dispersion equation20

Ecam ¼ hc
2d

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ X2

cam

4r2

r
, (6)

where d is the crystal lattice spacing, r is the distance of the crystal
below the source–detector axis, h is Planck’s constant, and c is the
speed of light.

For further simplicity and efficiency, we only treat the spec-
trometer in two dimensions, as is shown in Fig. 1. In other words,
the source is treated as a point, the detector and the crystal are
treated as lines along the dispersion axis, and the crystal has a
finite thickness. We note this two-dimensional setup inherently
does not explicitly treat any broadening effects off the dispersion
axis on the detector and along the bent crystal. Nevertheless, as will
be demonstrated, this simplified treatment of the spectrometer still
provides good agreement with experimental measurements.

While we focus here on the effects of the crystal broadening,
some mention should be given to the effect of the detection
method on the measured spectrum. As an area detector has a finite
size, its most immediate effect is to force the measurement to a
finite spectral window. The continuous photon energy distribution
is discretized into the finite-size pixels—usually, though, the pixel
size is small enough that the produced spectrum will look smooth
and continuous. By using the dispersion relation of the spectrome-
ter, the spectrum on the detector represents the number of photons
detected at a specific photon energy. The pixels also subtend a
finite solid angle, which can also be readily accounted for, though
typically the broadening introduced by this is much less than that

FIG. 1. A two-dimensional schematic of a von Hámos detector with a mosaic
crystal, with the paths of two different photon energies, E1 and E2 . E1, to the
detector also shown. In full von Hámos geometry, the crystal is cylindrically bent
with a radius of curvature r , while Xcam is the distance from the source to a
point on the detector. Mosaic focusing in this geometry is represented by
photons incident on the crystal at different angles reflecting off crystallites at
angles to the surface normal, which then focus back to the same point on the
detector. In the present two-dimensional geometry, the crystal and detector are
lines along the dispersion axis, with the crystal having a finite thickness.
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intrinsically from bent crystals. In short, while the detector does
form part of the spectrometer IF, its effects are generally
well-understood.

Finally, to clarify the terminology used in this section, note
that we distinguish the crystal rocking curve and the IRC: the
former accounts for all effects (including the mosaicity and the
IRC) that allows for scattering to occur off the Bragg condition,
while the latter refers only to the rocking curve of a perfect
crystal.21

A. Depth broadening

Depth broadening is simply the broadening that results from
the photon traveling into a finite depth of the crystal before scatter-
ing. The reflection event, therefore, occurs at a distance slightly
further away from the source than when reflecting off the surface,
so the photon will be incident on the detector slightly further away
from the source. From Eq. (6), the depth broadening is, therefore,
toward higher energies. As the finite thickness of a crystal provides
more opportunities for a photon to scatter off a crystal layer,
thicker crystals will have a higher integrated reflectivity at the cost
of resolution.

In the context of mosaic crystals, Schlesiger et al.36 described a
model for multiple reflections within the crystal; that is, the photon
scatters off the crystal layers multiple times before exiting the
crystal. In this model, which we will briefly outline here, the differ-
ential reflectivity for a reflection of order p is given by the equation

Rp(αin, zeff , γC , Tc, E0) ¼ GTc
p (zeff )σ

2p�1exp(�μeff zeff ), (7)

where an odd (2p� 1) number of reflections is required for the
photon to leave the front surface of the crystal and be detected. In
Eq. (7), αin is the angle of incidence of the photon on the crystal,
zeff is the effective depth a photon travels through the crystal, Tc is
the thickness of the crystal, γC is the full width at half-maximum
(FWHM) of the rocking curve of the crystal, and E0 is the energy
of the incident photon. GTc

p (zeff ) is a degeneracy factor that
accounts for the number of paths that produce the same zeff . The
reflecting power σ of a crystal or crystallite with thickness dT is
given by21

σdT ¼ e2FH
mec2V

����
����
2

λ3
1þ cos2 (2αB)
2sin(2αB)sin(αB)

W(Δα, γC)dT , (8)

where FH is the structure factor for the Miller indices H, V is the
volume of the unit cell, λ is the wavelength of the incident photon,
αB is the Bragg angle for the photon energy E0, W(Δα, γC) is the
rocking curve function, and Δα ¼ αB � αin. Lastly, the term μeff is
the effective attenuation coefficient36

μeff ¼ μ0
1

sin(αin)
þ 1
sin(αout)

� �
þ 2σ, (9)

where μ0 is the attenuation coefficient of a photon with energy E0
into the material and αout ¼ 2αB � αin is the angle of the outgoing
diffracted ray.

The sum of the differential reflectivity in Eq. (7) over the
reflection orders p, R(αin, zeff , γ, Tc, E0), provides the probability
of a photon with an angle of incidence αin will travel an effective
depth zeff into the crystal. As these parameters also determine the
path along which the photon leaves the crystal, it also provides the
photon distribution at the detection plane.

For a crystal with no mosaicity, the differential reflectivity
from the depth broadening in 40 μm graphite is plotted in
Fig. 2(a). For first order reflections of a monochromated beam, the
depth broadening effect is essentially a convolution with an expo-
nential that has hard cuts at distances associated with the front
surface (first opportunity to reflect) and back surface (when the
photon has been transmitted through the crystal) of the crystal.
The higher order reflections are present, though in practice these
decay very quickly with increasing reflection order due to the
σ2p�1exp(�μeff zeff ) terms. Indeed, in Fig. 2(a), the only notable
reflections are those of the first order. It should also be noted that
even in the absence of mosaicity, the depth broadening introduces
asymmetry into the crystal instrument function as it only broadens
to higher energies.

Even at just the level of depth broadening, for a polychromatic
beam, we can begin to observe some deviations of the broadening
from a simple convolution. Notably, σ depends directly on the
photon energy (via λ); and σ and μeff depend on the Bragg angle,
which depends on the photon energy too. Additionally, the angle
of approach affects how far a photon needs to travel through the
crystal before it is detected, and indeed how far it can travel before
it reaches the back surface. These effects together explain the differ-
ences between the three photon energies plotted in Fig. 2(a). An
overall conclusion that will be observed in this section is that, in
general, broadening effects will depend on the photon energy and
the geometry of the spectrometer.

B. Mosaic broadening

The mosaic broadening is a result of the distribution of the
crystallites to the surface normal. In the differential reflectivity Rp,
the mosaicity of the crystal appears in the W(Δα, γ) term in σ,
where W is the angular distribution function of the crystallites; γ is
the mosaicity, typically denoting the full width at half maximum
(FWHM) of the distribution; and Δα now also represents the
angular deviation of a crystallite from the surface normal. This
function can be measured by measuring the reflectivity at different
angles of incidence along the crystal.24 For example, in HOPG, the
graphite crystallites have a Gaussian distribution;37,38 while in
HAPG, they have a distribution that resembles the sum of two
Lorentzians.24 For the purpose of the work presented here, we con-
sider the HAPG crystallite distribution to be a single Lorentzian as
this has been observed to be quite accurate in previous works,27,36

and it greatly simplifies the fitting procedure given the lack of
actual measurements of the mosaic function in the relevant
crystals.

As is usually the case, the higher integrated reflectivity of a
mosaic crystal comes at the cost of a worse resolution as the
angular distribution of the crystallites also broadens the measured
spectrum—while the Bragg angle is satisfied across the crystal, the
point at the photon arrives on the detector is still shifted from its
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nominal position. The mosaic broadening function has previously
been considered to resemble the mosaic distribution function.28

However, in von Hámos geometry, the mosaicity actually only
results in broadening toward higher energies, which can be demon-
strated trigonometrically. In von Hámos geometry, a scattered
photon will hit the detector at a distance,

Xcam ¼ r cot (αin)þ cot (αout)½ �
¼ r cot (αB � Δα)þ cot (αB þ Δα)½ �, (10)

away from the source. This equation is plotted in the left panel of
Fig. 3. When αin ¼ αB, the nominal position of the photon on the
detector is obtained, X0 ¼ 2r cot (αB). Generally speaking, Δα will
be very small across a crystal, so Eq. (10) can be expanded as a
Taylor series,

Xcam ¼ r 2 cot (αB)þ 2 cot (αB) csc
2 (αB)Δα

2 þO(Δα4)
� �

¼ X0 þ X0 csc
2 (αB)Δα

2 þO(Δα4): (11)

From this quadratic, it is clear Xcam � X0, for all αB and Δα, which
is what is observed in the left panel of Fig. 3.

The relationship in Eq. (10) also implies that there are cutoffs in
the spectrum when the edges of the crystal are reached as this func-
tion is not one-to-one with respect to the angle of incidence. This
effect is plotted in the right panel of Fig. 3, which shows this effect in
HAPG across a realistic detector range (Ecam � 7800�8700 eV).
Evidently, there are quite pronounced differences in the reflectivity
across the detector range due to these cutoffs.

What is particularly noteworthy in Fig. 3 is that the energy
broadening is extremely extended due to the Lorentzian nature of
the HAPG crystallite distribution. While the distribution does

cover a range of orders of magnitude, for sufficiently bright features
such a large deviation would be detectable: as shall be demon-
strated later, the quasi-elastic signal from a monochromated beam
can still be meaningfully detected out to energies .150 eV away. So
while the most apparent broadening from a mosaic crystal may
appear relatively narrow (e.g., �2:5 eV in HAPG28), the tails of the
spectrum are still important to consider as they do not decay
quickly.

Another consequence of mosaic broadening is that it affects
the shape of the depth broadening as well, in particular enhancing
the prominence of the higher order reflections relative to the first
order. An example is shown in the comparison of Figs. 2(a)
and 2(b), where the overall shape of the depth broadening is dramat-
ically changed with a finite mosaicity. Indeed, the position of the
first order cutoff depends on the relative thickness and mosaicity of
the crystal.36 Also shown in Fig. 2(c) is the depth broadening when
changing the angle of incidence away from the nominal Bragg angle.
Due to the mosaicity, the differential reflectivity is still finite though
reduced because of the crystallite distribution function.

Like the depth broadening, the mosaicity also depends on the
incident photon energy though it is a quite weak dependence.24,27

Overall, it is apparent that the mosaic broadening has quite a
strong dependence on the spectrometer geometry, specifically the
relative positions of the source, crystal, and detector. It is also clear
that the mosaic and depth broadening only contribute to higher
energies, meaning that the final crystal instrument function must
be asymmetric toward higher photon energies.

C. Intrinsic rocking curve

So far, the broadening effects considered have only shown
broadening to higher photon energies, yet there is also evidently

FIG. 2. The differential reflectivity from depth broadening in three scenarios involving a 40 μm thick graphite crystal, considering up to p ¼ 4 reflections. Note the marked
increase in reflectivity when mosaicity is taken into account. In all cases, the circular markers indicate the energy difference on detector that a photon can be reflected to.
(a) Depth broadening for a photon with different energies incident at its Bragg angle on a crystal without mosaicity. Note that the shift on the detector is only for ΔE . 0
and that the maximum ΔE is different for each photon energy. (b) The same as (a), but now the crystal has a mosaicity γ ¼ 0:08�. (c) Depth broadening for a fixed
photon energy on a mosaic crystal at different angles of incidence.
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broadening toward lower photon energies.28 This broadening
comes from the intrinsic rocking curve (IRC) of the crystallites.21

The IRC, WRC(αB � αin, Γ), allows for diffraction to occur even
when the Bragg condition is not satisfied, and it is a property of
the crystallites themselves. In general, it is a very narrow function.
Indeed, for HAPG, it is approximately an order of magnitude nar-
rower than the mosaic distribution function.24 Nevertheless, it pro-
vides a very important contribution to the crystal instrument
function in that it is the only source of broadening toward lower
energies. Mechanically, this is because the mosaic broadening in
isolation still requires the Bragg condition to be satisfied for a given
crystallite, while the IRC allows this condition to be broken. For the
IRC in isolation, the reflection rule is still followed, i.e., αout ¼ αin,
hence there is broadening in both directions (cf. Fig. 5).

In the context of temperature extraction via detailed balance,
the IRC is a very important contribution as the broadening toward
the downshifted part counteracts the increase in intensity in the
upshifted part from mosaic and depth broadening in the deconvo-
lution. Furthermore, even if the full SIF is symmetric in energy,
and the deconvolution in the Laplace domain can still lead to a
reduction in the inferred temperature. For example, if the full SIF is
a single Gaussian with variance s2, then its two-sided Laplace trans-
form is /exp(s2τ2); hence, deconvolution with a Gaussian SIF still
leads to a reduction in the inferred temperature as the minimum of
the ITCF is shifted toward higher τ.

The rocking curve for a crystal with a certain thickness can be
calculated using dynamic diffraction theory,21 and the IRC of the
crystallites in HAPG has been measured previously.23,24 An
example of the theoretical diffraction pattern for a graphite

crystallite of thickness Tc ¼ 750 nm is shown in Fig. 4 alongside
the measurement of the IRC extracted from Ref. 24. Evidently, the
oscillations in the theoretical curve for a single thickness are absent
in the wings of the experimental measurement (including Ref. 23),
and indeed no single thickness reproduces the experimental data.
This may be due to the fact that the HAPG crystallites are not a
single thickness, but have a distribution of sizes.26,30 One would,
therefore, expect the rocking curve measurement to measure the
average curve over a range of thicknesses. The rocking curve when
averaged over uniformly distributed different crystal thicknesses
shows better agreement with the experimental data, but it is still
not perfect. As the distribution of the crystallite thicknesses is likely
to depend on the conditions in which the crystal is grown, the spe-
cific intrinsic rocking curve is likely to vary for each crystal. Indeed,
it was found here that when trying to compare the fitted average
function in Fig. 4 to the experimental data presented later, the
wings of the IRC were greatly overestimated.

The experimental measurement of the IRC, as well as the aver-
aged theoretical curve, implies that the IRC has a functional form
with tails between that of a Lorentzian and a Gaussian—the former
being unable to capture the shape near the peak of the IRC, while
the latter decays in the tails far too quickly. We note that a recent
ray tracing treatment of mosaic crystals considered a rectangular
function for the IRC;31 however, we found this function could not
reproduce extended tails seen in the scattering data as, like the
Gaussian, it decays far too quickly in the tails. Natural choices then
for fitting the entire distribution are those which lie between a
Gaussian and Lorentzian, such as a Voigt profile (the convolution
of a Gaussian and Lorentzian) and the Student’s t-distribution. The

FIG. 3. A break down of the effects contributing to mosaic broadening, just for reflections from the surface of an 80 mm long HAPG crystal. Left: A plot of Eq. (10) in von
Hámos geometry for different incident photon energies E0, showing the energy shift on the detector vs the shift in the angle of incidence on the crystal from the photon’s
Bragg angle. The mosaic broadening is toward higher energies on the detector than the photon energy, and there is an overlap in the position on the detector that the
crystal will reflect to. The vertical dotted lines indicate the edges of the crystal. Right: The mosaic function as it appears on the detector. The drops in the reflectivity are
when the edges of the crystal are reached.
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t-distribution is essentially a generalization of the Lorentzian
profile to higher powers and connects between the Gaussian and
Lorentzian distributions in parameter limits. However, for
jα � αBj . 0:008�, the fitted t-distribution in Fig. 4 begins to decay
faster than the experimental and theoretical curves. Indeed, it was
found that the t-distribution tended to underpredict the far wings
of the broadening toward lower energies in quasi-elastic scattering
data. The Voigt profile, also shown in Fig. 4, decays very slowly in
the wings. In comparison to the theoretical curves, the Voigt
profile captures the slow decay of the wings better than the
t-distribution. Indeed, the Voigt profile was found to be able to reli-
ably fit the wings of the quasi-elastic peak, even to large energy
shifts below the peak. We, therefore, choose to approximate the
IRC using the Voigt profile (SCIPY.SPECIAL.VOIGT_PROFILE from the
SciPy package for Python39), where the Lorentzian and Gaussian
FWHMs are left as free parameters in the fitting. While this choice
is motivated by the need for a curve that provides good fits to the
quasi-elastic peak, evidently it would be preferable to have addi-
tional measurements of the HAPG IRC to higher rocking angles so
that the decay of the wings could be better modeled, either with an
approximate function as done here or with diffraction theory.

Like the mosaicity, the IRC also depends on the photon
energy, with photons of higher energy observing an IRC with a
smaller width,21,24 though like the mosaicity the IRC width
depends quite weakly on photon energy. An additional complica-
tion is that the shape of the IRC of a crystallite also depends on the
photon energy.21 But, for the photon energies of interest here
(6.90–7.7 keV, 7.8–8.7 keV), both of these dependencies are
assumed to be sufficiently weak that the IRC can be approximated
as a Voigt profile across the entire detection range.

In Fig. 5, an example Voigt profile IRC is plotted both in
terms of the angular difference and the energy on the detector, but
assuming the width is fixed. In terms of the angle of incidence, the
curves have the same shape except for the position of the cutoffs
due to the crystal edges. This is complicated when the mosaicity is
introduced as the IRC now allows for the Bragg condition to be
broken for the crystallites. As a result, for a given angle of incidence
there are now a number of crystallites which a photon can reflect
off. For the present work, at each angle of incidence on the crystal,
we multiply the mosaic distribution function by the IRC to account
for the probability of encountering a crystallite at a given angle
from the surface normal, and the reduction in reflectivity from
being away from the Bragg condition. In terms of energy observed
on the detector, we observe some differences in the IRC due to the
different positions of the central Bragg angle [cf. Eq. (10)]. In other
words, even keeping the angular IRC the same for a fixed photon
energy, the geometry of the setup still results in variations in the
broadening.

D. Model application

In this work, we examine the instrument broadening of
mosaic HAPG crystals with parameters similar to those available at
the European XFEL (EuXFEL) in Germany.28,40 Specifically, we
consider the crystals that have a radius of curvature of 80 mm, a
length of 80 mm, and thicknesses of 40 and 100 μm. In the present
mosaic model, the source is treated as a point at the origin; the
crystal is a line at a fixed distance below the source r, but can be
varied in size and distance along the dispersion axis; and the detec-
tor is likewise a line parallel to the crystal that can be varied in

FIG. 4. A comparison of the HAPG
rocking curve using a single crystal
thickness (orange dashed), a uniformly
averaged curve for different thickness
(green dashed-dot), and experimental
measurements of the rocking curve
from Ref. 24 (red points). The experi-
mental curve has an FWHM of
116 μrad. The theoretical and experi-
mental curves are for an 8.048 keV
photon. Note that the theoretical curves
have been shifted down in angle by
32.3 μrad to center on zero arising
from dynamical diffraction theory.21

Also shown are fits to the experimental
data using a Voigt profile (blue solid)
and Student’s t-distribution (gray
dotted). Inset: Focused plot on the
wings of the curves. The scale of both
axes is shared with the main plot.
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height and distance from the source; see Fig. 1. As mentioned pre-
viously, this explicitly neglects any broadening effects off the dis-
persion axis on the detector by taking a narrow region of interest
around the focus line, and along the bent crystal because the crystal
is narrow at only 30 mm. There are also additional effects, e.g., the
strain within the crystallites or from the bending process,23 that are
not explicitly accounted for in the model. Nevertheless, this simpli-
fied treatment of the spectrometer still provides good agreement
with experimental measurements.

In order to converge the shapes of the curves, 450 angles of
incidence on the crystal were sampled, and the IRC was linearly
sampled across 3750 angles between +1:5�. For the Gp term in
Eq. (7), we considered up to p ¼ 4 and 30 reflection layers. While
it is obvious that depth effects must be considered, multiple reflec-
tions within the crystal did not change the IF significantly, as can
be observed in Fig. 6. For the 40 μm crystal, there was no observ-
able difference between the IF whether considering a maximum
order of p ¼ 1 or p ¼ 4. For the 100 μm crystal, slight differences
in the IF can be observed in the far wings.

As the distribution of the crystallites in the EuXFEL’s HAPG
crystals has not been measured directly, we treat their distribution
to be a single Lorentzian24 and the mosaicity as a free parameter to
be fitted. Likewise, the Gaussian and Lorentzian components of the
Voigt profile IRC are also free parameters. These three parameters
were found by performing a non-linear least squares fit of the loga-
rithmic crystal IF to the logarithm of the quasi-elastic signal in
experimental x-ray Thomson scattering data (presented in Sec. III)
using the OPTIMIZE.CURVE_FIT routine in the SciPy package for
Python.39 By using the logarithm in the fitting, we consider the rel-
ative error instead of the absolute error so that the very low inten-
sity wings still contribute to the fitting procedure.

The procedure to calculate the crystal reflectivity is as follows:
the extent and position of the crystal and detector compared to the
source are defined, and the energy of the incident photon E0 is also
chosen. Additionally, pixels on the detector are defined for later
binning the instrument function. The crystal is then divided into a
large number of sections with co-ordinates (xcrys, r), which are then
associated with different angles of incidence αin. For each αin, the
differential reflectivity vs zeff is calculated using Eq. (7). To deter-
mine the crystal broadening observed on the detector, the shift
within the crystal is first estimated to be Δxcrys ¼ zeff= tan (αin), as
is done in Ref. 36—that is, a photon is treated as traveling its full
effective depth into the crystal before it encounters the crystallite it
reflects off. It is also at this depth that the effect of the IRC is
applied. The final position of the photon on the detector axis is
then traced and binned into the detector pixels to develop the
instrument function as observed by the detector, which allows for
direct comparison with experimental measurements of the instru-
ment function.

III. RESULTS

A. SIF model vs experiment

We start by comparing the HAPG crystal IF fit using the
model on experimental measurements of the IF in order to verify
the applicability of the model. To do this, we compare the IF pre-
dicted by the model to the quasi-elastic scattering signal from
XRTS measurements. Except for very high resolution setups,41–43

the quasi-elastic feature is essentially a delta function and so it
reproduces the SIF, assuming Eq. (5) is a convolution. A material
that produces no inelastic scattering would be ideal as it would give
direct access to the SIF. In practice, we must settle with using

FIG. 5. AVoigt profile intrinsic rocking curve in terms of the angle of incidence on the crystal (left) and the energy on the detector (right). The vertical dotted lines indicate
cutoffs due to the edges of the crystal. The FWHM of the IRC is 55.7 μrad, with a Gaussian FWHM of 50.4 μrad and a Lorentzian FWHM of 9.48 μrad.
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materials that have very weak inelastic scattering in the vicinity of
the quasi-elastic feature for the particular scattering vector exam-
ined. Note that this means there is inevitably some uncertainty in
the IF in the vicinity of the inelastic features. Plastics such as
PMMA and polypropylene (PP) have very prominent quasi-elastic
features relative to the inelastic scattering, while Al in backscatter-
ing geometry has inelastic features that are very far from the
quasi-elastic signal. In combination with a monochromated beam
that allows the source contribution to the SIF to be neglected, here
we will use PP and Al to measure the spectrometer instrument
function for experiments that were performed at the EuXFEL.

The experimental data presented in this section were collected
as part of two different experiments at the EuXFEL. While the
primary goals of the experiments were not to measure the instru-
ment functions of the HAPG crystals, the experiments nevertheless
provided high quality data of the quasi-elastic feature. In both
cases, the FEL beam was self-seeded and then passed through a
four-bounce Si (111) monochromator with an acceptance range of
0.8 eV. The monochromator has been shown to result in beams
with an FWHM of �500 meV.44 The broadening of the signal by
the beam is, therefore, negligible, which was verified by broadening
the modeled IF by a 500 meV and not observing any difference in
the spectrum. Additionally, in both experiments, the spot sizes on
the targets were 10 μm. In von Hámos geometry, there is a
one-to-one imaging of the spot on the detector, so the finite spot
size broadening in the dispersive direction is smaller than the pixel
size of the detectors used. The broadening by these small spot sizes
was, therefore, also found to be negligible. We may, therefore, focus
on the broadening by the crystal itself. In all cases, the XRTS signal

was collected in ambient conditions—there is, therefore, no upsh-
fited part to the DSF allowing for detailed examination of the
broadening up to high energies above the quasi-elastic signal. The
thickness of the HAPG crystals of interest have a standard devia-
tion of 2 μm, so the broadening due to crystal surface roughness is
negligible and not included in the model. Finally, the samples were
thin so that broadening due to scattering from different points
across the sample depth was found to be negligible.

The first measurement we compare against is on 50 μm Al at
a scattering angle of 167� and a photon energy of 7.7 keV, plotted
in Fig. 7(a). The spectrum was collected using a 40 μm HAPG
crystal. The first inelastic feature is �72 eV below the quasi-elastic
feature, allowing for the broadening toward lower energies to be
examined without much influence from the inelastic scattering. We
find good agreement between the model and the experimental data.
Notably, the slow decay of the quasi-elastic peak to lower energies
further supports the notion that the IRC decays in a manner
described by a Voigt function. As for the upshifted broadening, we
also find good agreement in the spectral region that was measured;
however, the spectrum is only detected up to 34 eV above the
elastic, and this limited range in the upshifted part of the spectrum
makes it difficult to assess whether this tail has been accurately
modeled. Still, both the experimental data and the model suggest
that the quasi-elastic signal is substantial and comparable to the
detectable signal level—2:5� 10�4 weaker than the elastic peak in
this dataset—even .100 eV away from the elastic peak. Therefore,
in order to meaningfully measure the full instrument function of
the spectrometer, the elastic peak needs to be positioned relatively
far from the detector edges.

FIG. 6. A comparison of the crystal instrument functions for different maximum reflection orders in 40 μm (left) and 100 μm (right) of HAPG. The green dashed-dot curve
shows the IF when neglecting depth broadening. For the mosaicities considered here, for the 40 μm crystal shows little difference in the broadening from only p ¼ 1 reflec-
tions (red solid) and when including up to p ¼ 4 (blue dashed) reflections, while for the 100 μm crystal the multiple reflections have some noticeable contribution to the
wings of the IF.
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The second measurement of the crystal IF is on 8 μm PP with
a photon energy of 8.5 keV in both backward (166�) and forward
(17�) scattering, plotted in Figs. 7(b) and 7(c), respectively. The
backscattering data were collected on the 40 μm thick crystal while
the forward scattering data were collected on the 100 μm thick
crystal. Like Al, PP has relatively weak inelastic scattering, although
it is much closer to the quasi-elastic signal than in Al. As a result,
the downshifted broadening is harder to distinguish from the elastic
peak. However the main shape of the quasi-elastic peak and the
upshifted wing is unaffected by the broadened inelastic scattering
contributions as the inelastic scattering is orders of magnitude
weaker than the elastic feature. In this dataset, the elastic scattering
was positioned 150–200 eV below the high-energy edge of the detec-
tor so that the upshifted broadening can be examined. The experi-
mental data indicate that there is a substantial signal in the wings
even some 200 eV away from the quasi-elastic peak. In both spectra,
we find the model is able to reproduce the main peak of the
quasi-elastic feature. For the 40 μm crystal, the model reproduces
the upshifted broadening quite well. Above 8.53 keV, the spectrum
becomes quite noisy, making it difficult to assess the quality of the
model. Above 8.6 keV, the noise level of the data is reached, which
explains the gaps in the spectrum as the data are collected in the
single photon regime. More shots would be required to unambigu-
ously assess the quality of the model in this region.

The final fit parameters for the mosaicity γ and FWHM for
the Lorentzian FL and Gaussian FG components of the IRC are
given in Table I. Note that due to the depth broadening being akin
to an exponential, it results in a small shift of the maximum away
from the elastic peak by �1:6 eV, which is corrected for before the
modeled and experimental spectra are compared to evaluate the fit.
The three fitted mosaicities are all & 0:1�, which is expected for
HAPG.24 In all three cases, the Gaussian component of the IRC is

larger than the Lorentzian component, but the presence of the
latter means the tails will be extended to high angles and at large
energies shifts.

Also provided in Table I are the FWHM of the Voigt profiles
FV using Kielkopf’s approximation.45 The two widths from the PP
data are quite similar, but narrower than the measurements of the
IRC on Al. Measurements of the IRC presented in Ref. 24 suggest
that, at the two photon energies examined here, the IRC of HAPG
would be �104+ 5 μrad. The PP measurements are substantially
narrower than this, and fixing the IRC width to 104 μrad leads to
an overestimation of the main peak of the quasi-elastic feature.

In all three cases, we find that the instrument functions are
highly asymmetric, as is shown in Fig. 8. Near the central photon
energy, the broadening is strongly asymmetric toward the upshifted
side of the spectrum. Once the mosaicity drops off as the edges of
the crystal are reached at very high energy shifts, the broadening is
then strongly asymmetric toward the downshifted side of the spec-
trum. However, the intensity is so low at such large energy shifts it
may not be detectable. Additionally, such large energy shifts may
also fall outside the spectral range of the detector. In general then, the

FIG. 7. A comparison of the crystal IF model (red dashed) fitted to experimental measurements (black) of the quasi-elastic signal of a monochromated beam with
(a) E0 ¼ 7:7 keV on 50 μm thick Al with 40 μm HAPG, (b) E0 ¼ 8:5 keV on 8 μm thick polypropylene (PP) with 40 μm HAPG, and (c) E0 ¼ 8:5 keV on 8 μm thick PP
with 100 μm HAPG. The angles in the brackets are the scattering angles at which the spectra were taken. The gray shaded regions indicate the uncertainty in the experi-
mental spectra. The theoretical SIFs are plotted on energy axes that extend beyond the experimental spectral range of the detector.

TABLE I. Fit parameters for the γ and FWHM for the Lorentzian FL and Gaussian
FG components of the IRC for the simulated instrument functions shown in Fig. 7.
Also given is the FWHM of the Voigt profile FV for these FL and FG.

Figure 7
label

Tc
(μm)

E0
(keV)

γ
(deg.)

FL
(μrad)

FG
(μrad)

FV
(μrad)

(a) 40 7.7 0.067 23.4 83.8 97.0
(b) 40 8.5 0.075 9.42 50.4 55.7
(c) 100 8.5 0.078 9.77 61.1 66.5
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bulk of the broadening will be toward higher energies. In the context
of XRTS, where the ratio of the upshifted to downshifted intensity is
related via the detailed balance relation, the asymmetry of the SIF will
lead to an enhancement of the upshifted side of the spectrum. If a
symmetric SIF is then used to infer temperature in forward modeling,
or in the deconvolution step of the imaginary-time domain, then a
detailed balance of a higher temperature may be inferred in order to
compensate for the asymmetry of the actual SIF.

B. Convergence of the model-free analysis

In the ITCF method, the deconvolution of the SIF from the
XRTS spectrum is achieved using the convolution theorem for the
two-sided Laplace transform; cf. Eq. (3). More explicitly, the ITCF
is calculated by the following equation:12

F (q, τ) ¼ L[I]
L[ξ] ¼

Ð x
�x I(ω)e

��hωτ dωÐ x
�x ξ(ω)e

��hωτ dω
, (12)

where the two-sided Laplace transforms in the numerator and
denominator are defined when the integration limits x ! 1, and
we assume the effect of the SIF maybe accurately approximated as a
convolution. In practice, as the spectral window is finite, the ITCF
and derived quantities such as temperature are determined by their
convergence with respect to x.12,19 For convergence to be achieved,
the spectral range examined must contain a sufficient portion of
the spectrum and the SIF.

The mosaic crystal IF has been observed here to be
extremely extended, predominantly because of the Lorentzian

components of the mosaicity and the IRC. This raises two poten-
tial issues for the model-free analysis. First, the two-sided Laplace
transform of a Lorentzian is not finite, and so the integrals do
not converge with increasing x. It is not immediately clear then
that the ITCF should converge when performing a deconvolution
in the Laplace domain to remove a SIF with Lorentzian contribu-
tions. Second, if the SIF is very extended then the spectral range
[� x, x] that needs to be integrated over will also be large in
order to capture a sufficient portion of the IF. If x needs to be
very large to observe convergence, then it may fall outside the
spectral range of the spectrometer before convergence is observed.
Even if it does not, the exponential enhancement of noise on the
upshifted side of the spectrum eventually leads to instability in
the calculation of the ITCF. It is, therefore, pertinent to check
that the ITCF can be converged within a reasonable spectral
window.

In Fig. 9, the convergence of the ITCF and the inferred tem-
perature are plotted with respect to increasing integration limits x.
First, it is clear that the ITCF does show convergence behavior
despite the Lorentzian contributions, which is promising in the
context of removing a generic SIF. Second, within a very reasonable
spectral range of x , 200 eV, the temperature shows convergence
toward the actual temperature of the system. Third, we note that
the ITCF converges rapidly for lower values of τ with respect to
increasing x. This is promising for the determination of the gradi-
ents of the ITCF at τ ¼ 0, which physically correspond to the fre-
quency moments of the DSF.46–48

We, therefore, find that, in the case that the SIF can be treated
as a convolution, the slow-decaying IF of a mosaic crystal can be

FIG. 8. Ratio of the upshifted to down-
shifted broadening for the instrument
function of the 100 μm crystal at differ-
ent photon energies. The black dotted
line indicates unity, i.e., the ratio for a
symmetric instrument function.
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reliably removed from the XRTS spectrum within a reasonable
spectral window. Furthermore, convergences can be observed with
respect to the integration range in this region, allowing for the
determination of physical properties of the system from the ITCF.

C. Source-and-instrument function as a convolution

As previously discussed, the crystal IF does not apply as a
convolution to the spectrum, but it is instead a kernel with the
functional form of the IF depending on the incident photon
energy; cf. Eq. (5). However, a measurement of the SIF at multi-
ple energies is infeasible for most experiments, and a convolution
is more convenient for forward calculations rather than trying to
model the full SIF across the entire spectral range. As a result, in
forward modeling, the SIF is generally applied as a convolution to
the DSF. Furthermore, underpinning the ITCF analysis is the idea
that the effect of the SIF can be removed via the convolution
theorem in the two-sided Laplace domain; cf. Eq. (3). The alter-
native of solving the kernel equation to remove the effect of the
SIF is a very challenging problem. However, in both cases, so
long as the SIF does not vary in energy substantially across the
spectral range of the spectrometer, then its effect is essentially a
convolution.

In Fig. 10, we compare calculations of simulated XRTS spectra
using the convolution and for a full kernel calculation. The simu-
lated spectra are for a CH plasma at a temperature T ¼ 83:1 eV,
mean ionization state Z ¼ 3:51, and mass density ρ ¼ 1:2 g/cm3

calculated using the multi-component scattering simulation
(MCSS) code,49 with the DSF probed with a monochromated
8.5 keV beam and measured at scattering angles of 17� and 166�.
In the case of the convolution calculation, the convolution of the

DSF with the SIF performed externally to produce the final XRTS
spectrum. To estimate the energy dependence of the mosaicity and
IRC, we use linear fits to the data reported Ref. 24, maintaining the
gradients but shifting the values to match the mosaic spread and
IRC widths we report in Table I (b).

For the 40 μm crystal, the forward scattering spectra are visu-
ally extremely similar to each other, with differences only notice-
able far from the elastic where the intensity is already very low.
Examining the relative difference between the two calculations
shows that they are generally the same to within �5% near the
elastic, and around to 5%–10% at larger energy losses. The shape of
the K-edge shows differences of almost 20% as it is a very sharp
feature that will strongly reflect the shape of the SIF. Regardless, the
absolute difference between the kernel calculation and the convolu-
tion is very small so that the results of forward fitting and model-
free approaches are likely to be quite similar.

In backward scattering, the differences between the full
kernel calculation and convolution become more apparent, with
the relative difference increasing further from the quasi-elastic
feature. This is because, compared to forward scattering, there is
a substantial signal at energy losses far from the quasi-elastic
feature in backward scattering which will contribute to the differ-
ences in shape across the spectrum. Additionally, there is a
notable drop in intensity above 8.6 keV—this is because the
crystal position was set only to measure up to �100 eV above the
elastic [cf. Fig. 7(b)], so it is perhaps not surprising to see sub-
stantial differences between the two approaches. Nevertheless, this
highlights the need to ensure spectrometer geometry still allows
the full intensity of the signal to be captured within the spectral
region of interest, as a sharp drop off such as this would certainly
lead to different conclusions from the actual conditions.

FIG. 9. Convergence of the (a) the ITCF and (b) the inferred temperature with respect to the integration limits x in Eq. (12) in forward scattering [see red-dashed curve in
Fig. 10(a)]. The dashed curves in each plot represent the exact result from the Laplace transform of the calculated DSF. The solid curves in plot (a) are the ITCF for the
different x, indicated by the color of the curve. The black points in plot (b) are the temperatures inferred from the minima of these ITCF curves.
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Furthermore, the relation in the position of the source, crystal,
and detector is important to the specific shape of the spectrome-
ter IF.

Of course, a number of materials have important features
– such as their ionization edges—that require very large spectral
windows to capture, and at some point within this spectral range
the SIF will be substantially different, particularly due to the drop
off in reflectivity if the crystal position is not optimized for a given
photon energy. For example, Fig. 11 shows an IF for a fixed crystal
position for different photon energies. While there are notable dif-
ferences for 7.9 and 8.5 keV photon energies (both of which were
intended to fall in the spectral range), the 6.7 keV photon has a
substantially different SIF as it is not efficiently reflected by the
crystal for this position. This effect will be mitigated to some extent
by moving the crystal, though this would change the SIF for all
photon energies in the spectrum as the SIF is geometry-dependent,
and there are still differences that emerge because of the energy
dependence of the mosaicity and IRC.

We conclude then that within a sufficiently limited spectral
range, the crystal IF may be approximated as a convolution, though
the applicable range and error will be dependent on the scattering
and spectrometer geometry.

D. Temperature via detailed balance

Finally, we consider the effect of ignoring the asymmetry in
the crystal IF on plasma conditions inferred from an XRTS spec-
trum in experiment. In Fig. 12, the simulated spectra are the same
as the red-dashed curve in Fig. 10(a). We consider here the effect
of the SIF as a convolution to isolate the effect of the asymmetry in
a single SIF, noting that the relative differences plotted in Fig. 10
indicate that the full SIF can show further asymmetry between the
upshifted and downshifted sides of the spectrum vs a simple
convolution.

The quasi-elastic feature of this spectrum visually does not
show any obvious asymmetry and resembles a Gaussian with a
4 eV FWHM. One may, therefore, infer that this is a reasonable
estimate of the IF, as shown in the inset. The red-dashed curve in
Fig. 12 shows an attempt to fit to the original spectrum using the
4 eV Gaussian, with Z and ρ fixed to their original values. The best
fit produced requires a higher temperature of 108.6 eV; however,
there are very clear differences between the two spectra that show
the fitting is not perfect. Allowing the other two parameters to be
free may result in some improvement. We also plot in this figure
the original spectrum with Gaussian noise applied to approximate
an experimental spectrum,12,50

FIG. 10. Top: A comparison of simulated XRTS spectra at two scattering angles—(a) 17� and (b) 166�—for the full SIF calculation (black solid) vs a convolution using the
SIF for an 8.5 keV photon energy incident on the 40 μm crystal (red dashed). The DSF was calculated for a CH plasma at a temperature T ¼ 83:1 eV, mean ionization
state Z ¼ 3:51, and mass density ρ ¼ 1:2 g/cm3 using MCSS. Bottom: Relative difference between the convolution and full SIF calculations.
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FIG. 11. Comparison of the crystal IF
for the 40 μm crystal [cf. Fig. 7(b)] at
different photon energies.

FIG. 12. Comparison between a simu-
lated experimental spectrum [red-
dashed curve in Fig. 10(a)] of CH at
83.1 eV using the 40 μm crystal SIF
(black solid), and a fit to this spectrum
but with a 4 eV FWHM Gaussian as
the estimated SIF (red dashed); a com-
parison of these two SIFs is shown in
the inset. Also plotted are the DSF for
the original black solid curve convolved
with the 4 eV Gaussian (green dot-
dashed), and the original solid black
curve with Gaussian noise [cf.
Eq. (13)] with standard deviation
s ¼ 0:05 applied (blue dotted).
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Inoise(E) ¼ I(E)þ ζ(ω; s)
ffiffiffiffiffiffiffiffi
I(E)

p
, (13)

where ζ(ω; s) is a Gaussian random variable centered on zero with
standard deviation s ¼ 0:05. In comparison to the noisy spectrum,
the higher temperature fit visually seems to be a good fit. Lastly, we
also plot the original DSF now convolved with the 4 eV Gaussian.
Again, there are notable differences compared to the original
smooth spectrum, but with the noise applied the Gaussian SIF
seems to give reasonable fits, even with the constraints on Z and ρ.

The fact that all those plots give reasonable looking fits to the
noisy data is not entirely surprising—the forward modeling of
XRTS spectra is a notoriously unstable inverse problem when the
spectrum has noise.51 However, recently laser systems at XFEL
facilities have been implemented with repetition rates comparable
to the XFEL (�1–10 Hz), such as ReLaX52 and DiPOLE-100X53 at
the HED instrument at EuXFEL. It is, therefore, now possible to
rapidly collect 1000s–10 000s of shots of warm and hot dense
matter systems produced using the laser and probed with the
bright FEL beam. The photon collection statistics in these setups
will, therefore, greatly improve, and the noise diminish. As such,
these subtle differences in the fitting may become more apparent,
particularly as techniques to reliably remove the background to the
spectra become more developed. It is anticipated the accurate deter-
mination of the SIF will become increasingly important to the
accurate forward fitting of the XRTS spectrum.

We also consider the effect of using a symmetric estimate SIF
on the ITCF analysis in Fig. 13. The figure shows the convergence
in the ITCF and temperature when deconvolving the black curve in
Fig. 12 when using the 4 eV Gaussian SIF. Evidently, neither the
ITCF nor the temperature show convergence with the integration

limits. The lack of convergence is because of the Lorentzian com-
ponents of the mosaic crystal IF, which as described previously will
not show convergent behavior with an increasing integration range
x; cf. Eq. (12). Furthermore, because the large asymmetry of the
underlying SIF is not captured by the Gaussian SIF, even if the SIF
is assumed to be at some point decay rapidly and thereby converge,
the inferred temperature will still be greatly overestimated. In com-
parison, it has been observed in Fig. 9 that the application of the
correct SIF does result in the ITCF and temperature converge to
their exact values.

It is worth noting that considering instead the noisy spectrum
does not improve the ITCF or temperature determination, unlike
for forward modeling where it is superficially beneficial. The two-
sided Laplace transform is very stable to noise, and so a similar
lack of convergence and temperature overestimation were observed
when deconvolving the noisy spectrum with the 4 eV Gaussian.

Some care is needed in the comparison of these results from
the forward modeling and the model-free analysis. It may be
tempting to conclude that the forward modeling is more robust
than the model-free analysis on the basis that regardless of the SIF
you use, you will be able to find reasonable looking fits from a
forward model. Meanwhile, the ITCF approach requires one to
have much better knowledge of the SIF in order to extract proper-
ties from an XRTS spectrum. However, this apparent robustness of
the forward modeling belies the fact that an incorrect SIF still intro-
duces an error in derived conditions. If the spectrum has noise,
this error may be hidden in the fitting, but a full Markov chain
Monte Carlo (MCMC) error analysis of the forward fitting51 may
nevertheless reveal differences in derived conditions between an
estimate symmetric SIF and the true SIF. On the other hand, the
ITCF still yields meaningful and important information – the very

FIG. 13. Convergence plots of (a) the ITCF and (b) the inferred temperature of the black curve in Fig. 12 when deconvolving a 4 eV FWHM Gaussian. Neither the ITCF
nor the temperature show convergence to the correct temperature when using the Gaussian SIF. If the full mosaic SIF is used, both the ITCF and temperature converge to
the exact value, as shown in Fig. 9.
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fact that we do not see convergence even though it is expected
implies that the estimated SIF is not good enough to attempt to
extract plasma conditions.

Lastly, here we have only considered the effect of the asymme-
try on the inferred temperature. However, we anticipate that it gen-
erally has an effect on all inferred properties (e.g., density and
ionization), which should be investigated in dedicated future works.

IV. CONCLUSION

We have presented detailed calculations of the IF of mosaic
crystals. Previously, the benefit of using mosaic crystals has been
between their very high integrated reflectivities vs their relatively
poor resolution. However, we have demonstrated that the IFs of
these crystals are very asymmetric to higher energies in the geome-
tries considered here. The asymmetry arises due to the depth
broadening and the mosaic distribution of the crystallites, both of
which, when isolated, only result in broadening toward higher
energies. Broadening toward lower energies is facilitated by the
intrinsic rocking curve of the crystallites. If this asymmetry is not
accounted for, it has a strong impact on the inferred plasma condi-
tions even when the IF may appear to look reasonably symmetric
in a spectrum. Notably, we find the temperature inferred via the
detailed balance relation for an XRTS spectrum can be substantially
higher when using a symmetric function, as the DSF needs to com-
pensate for the true IF boosting the upshifted side of the spectrum.
This applies to both the forward modeling and ITCF analysis.

We also find that the instrument function is not a convolu-
tion, but is instead a kernel that depends on the photon energy in a
non-trivial manner. Furthermore, the specific shape of the IF
depends on the geometry of the setup, which results in even greater
deviations and some notable features within the IF that vary across
the detector. Nevertheless, for a sufficiently narrow spectral range
the kernel integration can be approximated as a convolution, which
greatly simplifies forward model fitting to XRTS spectra, and allows
the model-free ITCF method to be employed with high accuracy.
However, the applicable energy range is still relatively narrow and
will depend on the spectrum being measured. Furthermore, the
geometry dependence of the spectrometer IF suggests that while
detailed studies of the spectrometer components are very useful for
understanding the behavior of the spectrometer, a measurement of
the specific IF for a given experiment is still important.

Here, we have only considered the effect of the asymmetry of
the SIF on the inferred temperature. Further work is required to
investigate the influence of the full SIF on the inference of other
plasma properties inferred via XRTS, such as the frequency
moments of the DSF,46 the plasma density, and ionization.
Nevertheless, we expect that the choice of SIF model will have an
effect on properties inferred.

Lastly, while we have focused on the effects of the crystal IF
on the XRTS spectra, it will also be important to other forms of
analysis. For example, where lineshapes are used to determine
plasma conditions the instrument function will evidently have an
impact on the shape of the measured spectrum. Additionally,
recently reported resonant inelastic x-ray scattering (RIXS) mea-
surements on Fe and Fe2O3

54 show clear differences in the experi-
mentally measured vacant density of states of the materials, but the

resolution and shape of these features is constrained by the IF of
the mosaic crystal used in the spectrometer.

Therefore, as an overarching conclusion, we find that it is
important to take accurate measurements of the spectrometer
instrument function in experiments where its shape ultimately
determines the analysis.
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