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The use of optical transition radiation (OTR) monitors is a standard technique to measure transverse
beam profiles at many electron accelerators. With modern accelerator technology it is possible to produce
and accelerate even ultrashort electron bunches with sub–femtosecond duration. Such bunches interacting
with the OTR target generate coherent optical transition radiation (COTR). For the COTR case, a
reconstruction of the bunch profile from a recorded image using a conventional optical scheme is a task
with inconclusive solution. In this paper an approach is proposed which is based on the strict propagation of
COTR fields through a focusing lens. As result a linear dependence of the measured rms image size on the
bunch size is obtained.
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I. INTRODUCTION

Optical transition radiation (OTR) monitors are widely
used for transverse profile measurements of relativistic
electron beams [1–4]. The authors of Ref. [5] have shown
that such a technique can provide a submicron spatial
resolution, using the so-called “point spread function
(PSF) dominated regime”. In order to take into account
the parameters of a real optical system, an approach was
developed in Ref. [6] based on theOTR characteristics using
the commercial ray tracing program Zemax Optic Studio©

[7]. However, it should be noted that OTRmonitors are able
to measure transverse beam profiles only for incoherent
radiation. In other words, bunch lengths or the scale of
inhomogeneities have to be much longer than the OTR
wavelength of observation.
Modern accelerator technologies (laser–driven plasma

accelerators or free–electron lasers) [8–10] allow us to
generate bunches with sub–femtosecond and even atto-
second bunch lengths. Evidently, radiation emitted from
such ultra–short bunches in the visible spectral region
becomes coherent. Therefore, conventional OTR based
diagnostic techniques cannot be applied any more and
new diagnostic approaches are required [11]. In the case of
coherent emission, the radiation intensity depends on the

square of the number of electrons inside the bunch, and the
spectral-angular distribution of coherent optical transition
radiation (COTR) is determined by the one of conventional
incoherent OTR and the bunch form factor [12]. A profile
image generated from a bunch emitting COTR and mea-
sured with a standard optical system consisting of a
focusing lens would look like a ring structure with a deep
central minimum [13]. This is in contrast to a conventional
OTR image which is formed by averaging the OTR
intensities from each individual electron over all electrons
inside the bunch, thus representing a replica of the original
transverse bunch shape. One exception is the case when the
transverse bunch size is in the order of not more than a few
OTR wavelengths. In this situation the measured bunch
image is determined by the single particle OTR field
resulting in a central dip in the intensity distribution,
see, e.g., Ref. [5].
A few approaches were developed in order to reconstruct

bunch profiles based on COTR and a conventional OTR
monitor scheme as depicted in Fig. 1 [13–16]. However, the
approximations in use were rough, and detailed simulations
of the process were troublesome. In the present work a
consistent description of the COTR based imaging process
will be presented which allows to connect image param-
eters and the transverse bunch size.

II. MODEL FOR OTR BASED IMAGING

The present model is based on a standard optical scheme
as depicted in Fig. 1. To simplify the final expressions
describing the radiation pattern in the detector plane and
taking into account an initial beam profile, dimensionless
variables will be used in accordance with Ref. [17]:
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fxT; yTg ¼ 2π

γλ
fXT; YTg

fxL; yLg ¼ γ

a
fXL; YLg

fxD; yDg ¼ 2π

γλ
fXD; YDg: ð1Þ

Here γ is the Lorentz factor, λ the wavelength of obser-
vation, and a the distance between target and a lens.
Cartesian coordinates in Eq. (1) indicated by small letters
fxi; yig are dimensionless ones, by capital letters fXi; Yig
dimensioned ones, and the indices i ¼ T, L, D correspond
to target (T), lens (L) and detector (D) plane. All coor-
dinates are defined in frames connected with the optical
axes of the system, see Fig. 1.
In the limit of ultrarelativistic electron energies γ ≫ 1 the

OTR process is considered as the reflection of the electron
field by a perfectly conducting target (an ideal mirror). For
a particle crossing the target with trajectory coordinates
fx0; y0g relative to the optical axes (impact parameterffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x20 þ y20

p
), it is straightforward to derive the fields in

the detector plane in paraxial approximation, see, e.g.,
Ref. [17]:

ED
fx;ygðxD; yD; x0; y0Þ

¼ const
Z

dxTdyT
fxT − x0; yT − y0gffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðxT − x0Þ2 þ ðyT − y0Þ2
p

× K1

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðxT − x0Þ2 þ ðyT − y0Þ2

q �
exp

�
i
x2T þ y2T
4πR

�

× 4
sin½xmðxT þ xD

MÞ�
xT þ xD

M

×
sin½ymðyT þ yD

MÞ�
yT þ yD

M

: ð2Þ

Here K1 is the modified Bessel function, R ¼ a
γ2λ
, fxm; ymg

is the aperture of the lens (for simplicity with squared
shape), M is the optical system magnification, and dimen-
sioned constants are condensed in the amplitude factor

const. The integration in Eq. (2) is performed over the target
surface ð−xTmax

< xT < xTmax
;−yTmax

< yT < yTmax
Þ.

Evidently, the particle displacement relative to the
optical axis (or relative to the target center) is much less
than the corresponding target size. In order to diminish the
calculation time for the integration in Eq. (2), the integra-
tion limits were chosen to be xTmax

¼ yTmax
¼ 5. It follows

that Eq. (2) can be applied for jx0j, jy0j < 1 with good
accuracy. In dimension units, this corresponds to XTmax

¼
YTmax

¼ 400 μm, jx0j; jy0j < 80 μm, assuming γ ¼ 1000

and λ ¼ 0.5 μm.
The OTR intensity distribution generated by a particle

with impact parameter fx0; y0g in the detector plane is
calculated according to

d2WD
0 fx;yg

dxDdyD
¼ const × jED

fx;ygðxD; yD; x0; y0Þj2: ð3Þ

Figure 2 illustrates the difference between OTR based
electron images with x0 ¼ 0 and x0 ≠ 0. The following
parameters were used for the calculation: γ ¼ 1000,
λ ¼ 0.5 μm, a ¼ 500 mm, M ¼ 1, Xm ¼ Ym ¼ 25 mm
(corresponding to an angular lens aperture of 50γ−1).
For the magnificationM ¼ 1 the shift of the OTR intensity
minimum is equal to the impact parameter x0, for M ≠ 1 it
is simply scaled. It should be emphasized that the pattern
shape does not depend on the impact parameter and can be
described by the universal dependence

d2WD
0 fx0;y0g

dxDdyD
¼ PSFðxD − x0; yD − y0Þ ð4Þ

with PSF the so-called point spread function (PSF) or, in
other words, the response of the monitor optical system to a
point charge crossing the target. Equation (4) is the basis to
extract beam size information from a measured OTR
intensity distribution in the detector plane, the intensity
distribution represents the convolution of the PSF with the
transverse beam profile.

FIG. 1. Sketch of OTR beam profile monitor scheme.

FIG. 2. OTR image distributions generated from electrons with
different impact parameters.
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III. COHERENT OTR EMISSION

As pointed out before the image generation in case of
incoherent OTR can be interpreted as PSF convolution with
the bunch profile. For COTR it is not the intensity but the
particle field which has to be considered. Therefore in the
following an expression for this field will be derived. For
the sake of simplicity henceforth a bunch with longitudinal
Gaussian distribution is considered:

ρðxb; yb; zbÞ ¼ ρðxb; ybÞ
1ffiffiffiffiffiffi
2π

p
σz

exp

�
−

z2b
2σ2z

�
: ð5Þ

Here σz represents the longitudinal rms bunch length and
ρðxb; ybÞ the transverse distribution of the electrons inside
the bunch (as a rule the 2-D gaussian distribution with rms
sizes σx, σy). In the present case, instead of the two-fold
integration in Eq. (2) a five-fold integration over target
surface and bunch volume has to be performed:

ED
cohfx;ygðxD;yD;σx;σyÞ

¼ const
Z

dxTdyTdxbdybdzbρðxb;yb;zbÞ

×
fxT −xb;yT −ybgffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðxT −xbÞ2þðyT −ybÞ2
p

×K1

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðxT −xbÞ2þðyT −ybÞ2

q �

×exp

�
i
x2T þy2T
4πR

�
4
sin½xmðxT þ xD

MÞ�
xT þ xD

M

sin½ymðyT þ yD
MÞ�

yT þ yD
M

:

ð6Þ
Solving Eq. (6) by numerical integration it is possible to
calculate the COTR pattern in the detector plane

d2WD
cohfx;ygðxD; yD; σx; σyÞ

dxDdyD
¼ constjED

cohfx;ygðxD; yD; σx; σyÞj2: ð7Þ
In order to reduce the numerical effort the integration
over z can be removed if the COTR pattern is measured
for a narrow spectral bandwidth Δλ=λ ≪ 1. In this
case the z-integration is reduced to a multiplication by
expf−4π2λ2=σ2zg. However, even after this simplification
the remaining four-fold integration is rather cumbersome
and requires a large amount of computing power.
For further simplification, in the following the contribu-

tion from a single particle will be considered, i.e.,
ρðxb; ybÞ ¼ qδðxb − x0; yb − y0Þ with q the particle charge.
Real and imaginary parts of the field in the detector plane are
calculated according to Eq. (6) [or Eq. (2) which is the
identical procedure for a single particle] and shown in Fig. 3.
The comparison shows that the imaginary part ℑ½ED

x � is
about a factor 1000 smaller than the real one ℜ½ED

x �. Hence
ℑ½ED

x � is omitted in the intensity calculation hereafter.
Furthermore, in order to speed up the computational time

in the following the real component is treated with a
numerical accuracy of only better than 10−5.
In order to investigate the influence of the lens aperture,

Fig. 4 shows calculations of ℜ½ED
x � for a single particle

according to Eq. (2) for two different aperture sizes

FIG. 3. (a) Real and (b) imaginary part of the single particle
OTR field in the detector plane according to Eq. (2). The
parameter set used for the calculation is shown in the insert of
(a), the magnification of the optical system here and in the further
course of the work is M ¼ 1.

FIG. 4. Comparison of the real parts of the OTR field in the
detector plane using two different lens apertures. The parameter
set used for the calculation is shown in the insert.
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xm=ym ¼ 50 and 100. As expected from classical diffrac-
tion theory, an increase in the lens aperture results in a
narrowing of the field extension and therefore in an
improved resolution.
Fig. 5 shows a comparison of ℜ½ED

x � for two different
impact parameters x0 ¼ 0 and 40 μm. As can be seen, the
field components’ shape remains identical, the impact
parameter is simply transformed into a spatial shift of
the field in the detector plane. The direct shift implemen-
tation is true for the optical systemmagnification ofM ¼ 1,
for M ≠ 1 it has simply to be scaled.
This finding has an important consequence comparing

the case of incoherent and coherent OTR emission. In the
first case it is the intensity following a universal depend-
ency described by Eq. (4). In the case of coherent emission
it is the field following a similar dependency. Therefore, in
analogy to the case of incoherent emission the so-called
field point-spread function (FPSF) is introduced which
allows us to obtain the coherent sum of the OTR fields from
all electrons inside a bunch by considering the single
particle fields ED

x;y according to

FPSFxðxD − x0Þ ¼ ED
x ðxD − x0Þ; ð8Þ

FPSFyðyD − y0Þ ¼ ED
y ðyD − y0Þ: ð9Þ

The total field in the detector plane which is required in
order to calculate the COTR pattern in the detector plane
according to Eq. (7) can simply be derived from the
convolution of the transverse beam distribution ρðxb; ybÞ
of the electrons inside the bunch with the FPSF:

ED
cohfx;ygðxD; yD; σx; σyÞ

¼ const
Z

dxbdybρðxb; ybÞ

× FPSFfx;ygðfxD − xbg; fyD − ybgÞ: ð10Þ

In this sense, the remaining four–fold integration which is
required in order to determine the COTR field in the
detector plane according to Eq. (6) is reduced to two two-
fold integrations: one for the convolution integral Eq. (10)
which is numerically straightforward to solve, and one for
the determination of the single particle OTR field Eq. (2).
In the following the expression for the latter one will

further be simplified. The fact that dimensionless variables
are used according to Eq. (1) and that the field components
shape remains identical according to Fig. 5 suggests
to introduce a kind of “universal” field shape. It will be
used henceforth to describe the field ℜ½ED

x � for any x0—
coordinate by the dependence on the argument xD − x0.
Hereinafter in the simulationsℜ½ED

x � is approximated by an
analytical expression with fitted parameters. As an example,
ℜ½ED

x � plotted in Fig. 5 is fitted by the function

Re½ED
x �ðxDÞ¼a0xDexpf−b0x2Dgþ

Xn
i¼1

ak sinðbkxDÞ: ð11Þ

The number of terms in Eq. (11) is determined by the
required accuracy. In the present case the number was
chosen as n ¼ 10 for a lens aperture xm ¼ ym ¼ 50. The
fit parameters for this case are summarized in Table I. The
exponential term in Eq. (11) characterizes the “long-scale”
behavior of the OTR field, the terms of the sum are
determined by short period oscillations.
Figure 6 shows a comparison of ℜ½ED

x � and Re½ED
x � for a

lens aperture of xm ¼ ym ¼ 50. As can be concluded, the
single particle OTR field Eq. (2) is well approximated by
Eq. (11). Thus, in the present case the calculation of the
COTR field in the detector plane is reduced to a con-
volution of the field approximation Eq. (11) and the
transverse beam distribution ρðxb; ybÞ.
It is instructive to consider the single particle

OTR field also in the limiting case XTmax
; YTmax

→ ∞ (or,
in our approximation, xTmax

¼ yTmax
¼ 5. In this situation

a simple integral form can be derived, see, e.g.,
Ref. [17]. Following the literature, the field is usually
expressed as radial polarized component instead of the
Cartesian field components which were used throughout
this work,

FIG. 5. Real part of the single particle OTR field in the detector
plane for two different impact parameters. The parameter set used
for the calculation is shown in the insert.

TABLE I. Eq. (11) terms.

i 0 1 2 3 4 5 6 7 8 9 10

ai −3485.45 −92.56 −118.78 36.97 62.96 96.92 −127.87 134.24 108.93 −128.06 72.86
bi 26.35 15.06 34.56 −9.96 −3.36 −44.10 19.85 −24.70 −39.42 29.63 −48.27

A. POTYLITSYN et al. PHYS. REV. ACCEL. BEAMS 23, 042804 (2020)

042804-4



ED
r ðrDÞ ¼ const

Z
rm

0

rL=ð1þ r2LÞJ1ðrLrDÞrLdrL ð12Þ

with ri ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2i þ y2i

p
and the indices i ¼ L,D correspond to

lens (L) and detector (D) plane as before and rm the
aperture limit.
In case rm ≫ 1 for lens aperture, the integration in

Eq. (12) can be performed analytically, resulting in [18]

ED
r ðrDÞ ¼ const

�
1

rD
½rDK1ðrDÞ − J0ðrDrmÞ�

�
: ð13Þ

Transforming Eq. (13) back into Cartesian components for
convenience, the resulting fields are given by

ED
fx;ygðxD; yD; rmÞ

¼ const

�
−
fxD; yDg
x2D þ y2D

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2D þ y2D

q
K1

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2D þ y2D

q �
…

− J0

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2D þ y2D

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2m þ y2m

q ���
: ð14Þ

The first “minus” sign in the curly brackets was introduced
in order to allow a direct comparison between this
analytical field approximation and the single particle
OTR field Eq. (2). The result of this comparison is shown
in Fig. 7. As can be seen, there is a reasonable coincidence
between both distributions.
This approximation allows a direct determination of the

two-dimensional FPSF with the fields

FPSFfx;ygðxD − xb; yD − ybÞ
¼ ED

fx;ygðxD − xb; yD − yb; rmÞ: ð15Þ

according to Eq. (14).

IV. COTR IMAGE CALCULATION

With knowledge of the FPSF it is possible to calculate an
image of the bunch profile. Such a calculation should be
performed taking into account both contributions from
incoherent and coherent OTR fields. Performing the tran-
sition from a discrete electron bunch distribution to a
continuous one [12], it is possible to derive the expression
for both incoherent and coherent OTR intensity distributions
in the detector plane from a bunch withN particles, introduc-
ing a 2–dimensional Gaussian distribution for ρðxb; ybÞ.

d2WB
fx;yg

dxDdyD
¼ const × N exp

�
−
4π2λ2

σ2z

�

×

�Z
dxbdybPSFðxD − xb; yD − ybÞ

× exp

�
−

x2b
2σ2x

−
y2b
2σ2y

�
þ ðN − 1Þ

×

				
Z

dxbdybFPSFfx;ygðxD − xb; yD − ybÞ

× exp

�
−

x2b
2σ2x

−
y2b
2σ2y

�				
2
�
: ð16Þ

FIG. 6. Comparison ofℜ½ED
x � (points) according to Eq. (2) with

the approximation Re½ED
x � (solid curve) given by Eq. (11) for a

lens aperture of xm ¼ ym ¼ 50.

FIG. 7. Comparison of the analytical single particle OTR field
approximation Eq. (14) and the exact expression Eq. (2) for two
different lens apertures: (a) −100, (b) −50. The parameter set
used for the calculation is shown in the insert.
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Exploiting Eq. (16) allows to calculate the shape of a bunch
image, depending on the rms bunch sizes σx, σy.
As a rule, N ≥ 106 and it is sufficient to consider only

the COTR contribution which will be done hereafter.
For the sake of simplicity, in the following only the
1–dimensional dependence of the COTR image on the
dimensionless transverse beam size σx ¼ 2π

γλ Σx (with Σx

the rms size in micrometer) will be considered. In this
case the integration of the coherent part in Eq. (16)
reduces to

ED
cohðxD; σxÞ ¼

Z
dxb

1ffiffiffiffiffiffi
2π

p
σx

exp

�
−

x2b
2σ2x

�
ED
x ðxD − xbÞ:

ð17Þ

Eq. (17) can be solved analytically using the field
approximation Eq. (11). The result is

ED
cohðxD; σxÞ ¼

a0xD
ð1þ 2b0σ2xÞ3=2

exp

�
−

x2D
2ð 1

2b0
þ σ2xÞ

�

þ
Xn
i¼1

ak sin½bkxD� exp
�
−b2k

σ2x
2

�
: ð18Þ

Figure 8 shows a comparison of calculated beam
profile images for two different lens apertures. Besides
the approximative field description Eq. (11), in addition the
analytical approximation Eq. (14) was used. As can be
seen, both approximations coincide in the range of the
maxima, a slight discrepancy is observed only in the tails of
the distributions.
The comparison in Fig. 8 indicates that the position of

the maxima has only a very weak dependency on the size
of the lens aperture (here: xm ¼ 50 and xm ¼ 100).
This result is in contradiction with imaging using
incoherent OTR where the beam profile image is deter-
mined by the PSF which strongly depends on the lens
aperture [19].
In the present case the coherent FPSF distribution is also

determined by the aperture. However, as result of the
convolution with the bunch profile this dependency is lost.
Bunch sizes considered here are much larger than the
position of the fundamental maximum in FPSF and, as
result, the pattern shape is predominantly determined by the
bunch size. This fact is illustrated in Fig. 9 where the profile
of a submicron bunch was calculated for both apertures
xm ¼ ym ¼ 50 and 100.
In order to underline the insensitivity of the maximum

position calculation on the field approximation in
use, Fig. 10 shows a comparison for three different
beam sizes σx. As mentioned before in Fig. 8, a slight
discrepancy can be observed only in the tails of the
distributions.

A similar calculation, but this time for dimensioned
beam sizes Σx ¼ 16, 26 and 40 μm and two different beam
energies γ ¼ 1000 and 2000 is plotted in Fig. 11. As can be
seen, if the beam energy is doubled the maximum positions
Xmax change insignificantly, in the latter case there is only
an increase of about 5% in Xmax. Therefore the COTR
pattern has only a rather weak dependency on the particle
beam energy.

FIG. 8. Calculated COTR based beam profile images using the
field approximations (a) Eq. (11) and (b) Eq. (14) for two
different lens apertures. The dimensionless beam size amounts to
σx ¼ 0.1, the remaining parameters are the same as before.

FIG. 9. Calculated COTR based beam profile image for a beam
size of Σx ¼ 0.8 μm (σx ¼ 0.01Þ and two different lens apertures.
The parameter set used for the calculation is shown in the insert.
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V. CHARACTERISTICS OF THE COTR IMAGE

In Fig. 12(a) the dependency of the maximum position in
a COTR image as function of the beam size (for the interval

σx ≥ 0.1) is shown in dimensionless coordinates. As can be
seen, the maximum position xmax scales linearly with
beam size and thus can be fitted using a linear regression,
resulting in

xmax ¼ 0.034þ 1.14σx: ð19Þ

It is straightforward to rewrite Eq. (19) in dimensioned
units:

Xmax ¼ 0.0054γλþ 1.14Σx: ð20Þ

In principle this equation allows us directly to estimate the
beam size Σx from the maximum Xm of the measured
COTR based image.
In order to give a rough estimate for the achievable

resolution, Fig. 12(b) shows a similar calculation but for
smaller beam sizes (σxmax ≤ 0.1). As expected, there is a
dependency on the lens aperture (see also Fig. 9). This
region of small beam sizes is dominated by the FPSF and
imposes limitations on the spatial resolution. According to
Fig. 12(b), the rough estimate is derived exploiting the
deviation from the linear behavior which results in mini-
mum values

FIG. 10. Comparison of calculated COTR intensity distribu-
tions in the detector plane, using field approximations Eq. (11)
(solid) and Eq. (14) (dashed) for different (dimensionless) beam
sizes σx ¼ 0.1 (blue curve), 0.2 (orange) and 0.3 (green) and a
lens aperture of xm ¼ ym ¼ 50.

FIG. 11. Calculated COTR based beam profiles for a beam size
of Σx ¼ 16 μm (blue), 26 μm (yellow) and 40 μm (green curve).
The profiles are calculated for λ ¼ 0.5 μm based on approxima-
tion Eq. (11) and for two different beam energies γ ¼ 1000 (a)
and γ ¼ 2000 (b).

FIG. 12. Dependency of the maximums position xm on the
beam size σx. Bottom one represents smaller beam size depend-
ence. Lens aperture: xm ¼ ym ¼ 50 (orange points); xm ¼ ym ¼
100 (blue points).
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σxmin ∼ 0.03 for xm ¼ 100

σxmin ∼ 0.06 for xm ¼ 50 ð21Þ

for the applicability of Eq. (19) resp. (20).
Using dimensioned units, it is possible to combine

the results of Eq. (21) and rewrite it as function of the
wavelength

Σxmin
∼

λ

2θap
ð22Þ

with θap ¼ Xm
a the lens aperture. As can be seen from

Eq. (22), the resolution is determined only by λ and θap, but
in the ultrarelativistic approximation there is no depend-
ency on γ.
For a lens with radius 50 mm, placed at a distance a ¼

500 mm (corresponding to θap ¼ 0.1) and observation

wavelength λ ¼ 0.5 μm, the estimate Eq. (22) results in
a minimum resolvable beam size of Σxmin

∼ 2.5 μm.
Hereafter, an analogue characteristic as in Eq. (19)

resp. (20) for the 2–dimensional case will be deduced.
Due to the findings that (i) beam size information is
extracted from the maximum position fx; ygmax, and that
(ii) the 2–dimensional analytical field approximation
Eq. (14) describes the maximum position with high
accuracy (cf. Figs. 8 and 10), the following calculations
are based on this approximation. Distributions are
calculated along the axes yD ¼ 0 and xD ¼ 0 using
the corresponding polarization direction according to
Eqs. (14) and (15).
For asymmetric bunches σx ≠ σy, the corresponding

distributions should carefully be distinguished. Figures 13
and 14 show examples with reverted maximum positions
for x- and y–direction. The (dimensionless) beam sizes
in these examples amount to (a) σx ¼ 0.2, σy ¼ 0.1 and
(b) σx ¼ 0.2, σy ¼ 0.4.
It should be noted that the COTR intensity depends

not only on the bunch length but also on the bunch
transverse size as can be seen from Fig. 15. Such
dependency is described by the transverse form factor
(see, e.g., Ref. [12]):

FIG. 13. 2-dimensional asymmetric COTR distributions, cal-
culated for γ ¼ 1000 and λ ¼ 0.5 μm. Top: beam sizes of
Σx ¼ 16 μm, Σy ¼ 8 μm; bottom: Σx ¼ 16 μm, Σy ¼ 32 μm.

FIG. 14. Central cut through 2–dimensional asymmetric COTR
distributions shown in Fig. 13: (a) corresopnds to the Fig. 13 top
one, (b) corresponds to the bottom one. Yellow points correspond
to the yD and blue ones to the xD distribution.
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F⊥ ¼
Z

dxdy exp f−iðkxxþ kyyÞgρðx; yÞ…

¼ exp

�
−
1

2

�
2π sin θ

λ

�
2

ðσ2xcos2φþ σ2ysin2φÞ
�

ð23Þ

with θ;φ the polar resp. azimuthal angles characterizing
the wave vector of the emitted photon.
For such azimuthal symmetric bunch the position of the

maximum is described by a linear dependency with an
increased coefficient compared to the case under consid-
eration in Eq. (19): rm ¼ 0.027þ 1.36σ.

VI. DISCUSSION AND CONCLUSION

The authors of Ref. [15] described a COTR profile in the
image plane by the expression

Icoh ∼ j∂xρ⊥ðxD; yDÞj2 þ j∂yρ⊥ðxD; yDÞj2: ð24Þ

For a Gaussian bunch profile, the image would therefore be
described again by a Gaussian

Icoh ∼
�
x2D
σ4x

þ y2D
σ4y

�
exp

�
−
x2D
σ2x

�
exp

�
−
y2D
σ2y

�
: ð25Þ

For a round bunch this distribution possesses a maximum at
rD ¼ σ which is smaller than the simulation result of the
present work (see Fig. 15).
Furthermore, the author of Ref. [20] calculated a

COTR based image for a round beam. He obtained an
intensity distribution in the detector plane with a maximum
at rD ≈ 1.6σ which is close to our calculations, see Fig. 16.
It should be noted that Eq. (19) is valid only for the

distribution along the major axis of the bunch profile,
i.e., the condition σ2x ≫ σ2y has to be fulfilled. For a round
bunch (σx ¼ σy) the distribution along yD (or xD) may be
considered as radial distribution of the image, see Fig. 15.
For such azimuthal symmetric bunch the position of the
maximum is described by a linear dependence with an
increased coefficient compared to the case under consid-
eration in Eq. (19): rm ¼ 0.027þ 1.36σ.
The approach presented in this work allows to perform a

quantitative analysis of bunch profiles measured with
COTR and a focusing lens. Expressions were obtained
for both polarization components Ex, Ey of the COTR field.
In the model, a finite lens aperture was taken into account.
The propagation of COTR through an optical system was

simulated as convolution of the COTR field in the image
plane with a distribution describing the transverse beam
profile (in contrast to incoherent OTR where such con-
volution is performed with the intensity but not with the
field). The field components Ex, Ey described, e.g., by
Eq. (14) both depend on the coordinates xD, yD and can
easily be applied for a convolution with any asymmetric
bunch profile.
For a bunch with Gaussian transverse beam profile,

images were calculated assuming a conventional optical
system. In principle, the task of field propagation through
an optical system could also be solved by a commercial
program like Zemax [7], using the known COTR fields (in
analogy to Zemax calculations for incoherent OTR, see
Refs. [21,22]).
It was shown that the resulting distributions are charac-

terized by a central minimum along the beam direction, and
that the position of the intensity maxima is predominantly
influenced by the transverse bunch size.
Equation (20) which connects a measured Xmax value

with the beam size Σx depends weakly on the Lorentz
factor γ. For the case under consideration (γ ¼ 1000,
λ ¼ 0.5 μm), an energy spread of the initial beam around
20% leads to Xmax variations smaller than 1% for a beam
size of Σx ≥ 10 μm.
For the special case of a round bunch profile there exists

a radial polarization component from which it is possible to
derive the Cartesian components Ex and Ey.
In the experiment described in Ref. [23] the

authors observed COTR interference fringes from an

FIG. 15. COTR distribution calculated for an azimuthally
symmetric bunch.

FIG. 16. COTR based image calculated for an azimuthal
symmetric bunch. In addition, the results of Ref. [21] are plotted.

IMAGE OF THE TRANSVERSE BUNCH PROFILE VIA … PHYS. REV. ACCEL. BEAMS 23, 042804 (2020)

042804-9



ultrarelativistic electron bunch (E ¼ 215 MeV) using two
OTR screens. Such a bunch generated by the mechanism of
laser–plasma acceleration possesses a strong asymmetry in
the x�y plane. The approach described above can be
applied for simulation of COTR characteristics from such
kind of bunches.
In the authors’ previous paper Ref. [24] a method was

proposed to improve the spatial resolution of an OTR
transverse beam profile monitor using the scheme of
asymmetric light collection of incoherent OTR. The same
approach can in principle be used for the case of COTR and
will be subject of future investigations.
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