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First measurement of energy 
diffusion in an electron beam 
due to quantum fluctuations 
in the undulator radiation
Sergey Tomin *, Evgeny Schneidmiller  & Winfried Decking 

Plasma and beam physics are usually considered as classical physics disciplines with quantum effects 
featuring only rarely. In particular, free electron lasers (FELs) even in the Angstrom regime (developed 
recently and being upgraded towards even shorter wavelengths) are well described by classical 
mechanics and electrodynamics. There is, however, a quantum effect that can influence the operation 
of these devices and limit the shortest achievable wavelength, namely energy diffusion in an electron 
beam due to quantum fluctuations in undulator radiation. Although this effect has been calculated 
theoretically, it has never been measured. In this paper we present measurements of quantum 
diffusion effect at the European X-Ray Free-Electron Laser. The method uses a recently installed 
wakefield structure, which enables measurements of the longitudinal phase space after the hard X-ray 
undulator. The effect of quantum diffusion in the undulator is measured for the first time, and the 
results are in good agreement with theoretical predictions.

A relativistic electron beam emits radiation while moving in magnetic fields. Consequently, its mean energy 
decreases and the energy spread increases due to the quantum nature of the radiation. The effect of increasing 
the energy spread of the electron beam due to quantum fluctuations of the radiation from bending magnets 
(quantum diffusion) was first described in1. This effect mainly defines the energy spread of the beams circulat-
ing in storage rings. Quantum diffusion can also be an important effect in devices with periodic magnetic fields, 
namely undulators, which are widely used to produce incoherent X-ray radiation at storage rings and powerful, 
coherent radiation at linac-based X-ray free electron lasers (XFELs) such as the European XFEL2. An importance 
of quantum diffusion in undulators for operation of XFELs was first pointed out in3, and the fundamental limi-
tation on the achievement of short wavelengths in XFELs was studied in4,5. The formulae describing quantum 
diffusion in undulators were obtained in6. According to those formulae, the effect increases significantly with 
increasing electron beam energy, undulator length and magnetic field. This is exactly what characterizes the 
European XFEL2 which operates with electron beam energies up to 17.5 GeV and has long hard X-ray undula-
tors such as undulators SASE1 and SASE2 (magnetic length 175 m), each with deflection parameters, K, of up 
to 3.9. Another feature making this effect particularly important for the European XFEL is the sequential place-
ment of the undulators. For example, SASE1 and the soft X-ray undulator SASE3 are placed in the same electron 
beamline, one after the other, Fig. 1. And there is a proposal to install hard X-ray undulators after the SASE2 
undulator7. The effect of energy diffusion can make it difficult or even impossible to operate simultaneously hard 
X-ray undulators in the same beamline.

The theoretical predictions of Ref.6 have never been cross-checked with experimental results. The above men-
tioned properties of the European XFEL (high electron energy, long undulators) provide a unique opportunity 
for such measurements. They become possible after installation of a new longitudinal phase space diagnostics 
after the SASE2 undulator.

Results
According to6 the energy diffusion for a planar undulator is given by
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and

where K is the undulator deflection parameter, �w the undulator period, re is classical radius of the electron, 
kw = 2π/�w , and  .

As can be seen from these formulae, to maximize the effect of quantum diffusion the beam energy E = γmc2 
should be as high as possible, as well as the undulator deflection parameter K. In our measurements, the beam 
energy was set to 17.22 GeV, and the quantum diffusion effect came from spontaneous radiation in the SASE2 
undulator, consisting of 35 cells of 5 m length each with Kmax = 3.7 . The simplified layout of the experimental 
setup is shown in Fig. 1. Beam compression was significantly reduced from the nominal 5 kA peak current to a 
current amplitude of about 0.5 kA. This reduces the beam slice energy spread and thus increases the measure-
ment’s accuracy. The lasing process was safely eliminated due to reduced compression in addition to an inten-
tional trajectory perturbation inside the undulator.

We performed two experiments, firstly we measured quantum diffusion as a function of the undulator length, 
and secondly we measured quantum diffusion as a function of the undulator parameter K. In the first experi-
ment the first data point was taken when all 35 cells (175 m of magnetic length) of the undulator were closed 
to the minimum gap corresponding to K = 3.7, and in each step we opened 7 undulator cells starting from the 
end. In the last step only the first 4 cells, corresponding to a magnetic length of 20 m, were closed. In the second 
experiment, where we investigated the quantum diffusion as a function of the undulator gap (or K parameter), 
we scanned the gap of the whole undulator, corresponding to a magnetic length 175 m, starting from the maxi-
mum at 3.7 down to the lower value of 1.6. At each measurement step we measured the slice energy spread of 
the electron beam.

The slice energy spread of the electron beam was measured with new a longitudinal phase space diagnostics 
based on a corrugated structure. In the corrugated structure the electrons are transversely deflected depending 
on their longitudinal position in the beam. The diagnostics consists of the corrugated structure and a screen in 
a down-stream dispersive section, see Fig. 1. The energy axis of the diagnostic system is calibrated by measuring 
the horizontal dispersion on the screen. Details about the corrugated structure and method to measure disper-
sion can be found in the section “Methods”.

To measure the quantum diffusion effect, one must select a particular beam slice and measure the energy 
spread of this slice with the closed and open undulator and quadratically subtract from each other

where L is the magnetic length of the undulator, σ diff
E

 is in mc2 units. Note that in fact σ slice
E
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energy resolution, energy spread in front of the undulator, and energy spread induced by the corrugated structure 
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E
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Figure 1.   Simplified layout of the European XFEL from photoinjector to the electron beam dumps (not to 
scale). (A) Simplified scheme of the experimental setup for measuring quantum diffusion after the SASE2 
undulator.
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beam to the corrugated plate, which defines the strength of the transversal kick, was chosen so as to obtain the 
minimum energy spread for the selected slice while maintaining a reasonable time dependant deflection.

Let us take a detailed look at the measurement of the slice energy spread of a beam with an open undulator. It 
is worth noting that the magnetic field of the open undulator is negligibly small. Figure 2 shows that the region 
of minimum slice energy spread corresponds to the beam head, where the influence of wakefields from the cor-
rugated structure is small, which was also shown in simulations, see “Methods”. Therefore we selected a slice 
corresponding to the head of the beam or the peak of the projection on the time axis. The width of the slice was 
chosen to be 20 px or ±10 px with respect to the projection peak. Subsequently we obtained the energy spread 
for the selected slice to be σ slice

E
(0) = 1.65 MeV.

Finally, we obtained the energy spread of the selected slice for all measurements with a closed undulator. The 
quantum diffusion was calculated with Eq. (3), and the result can be seen in Fig. 3. The theoretical curves were 
calculated using Eq. (1). One can see very good agreement between the theory6 and the experiment. This is the 
first comparison between measurement and theory of this kind, and was only made possible thanks to the high 
electron energy of the European XFEL accelerator and its long variable-gap undulators.

Figure 2.   The beam slice energy spread measurements with the corrugated structure for the open undulator 
case. Zero on the time axis corresponds to the center of mass of the image.

Figure 3.   Left plot shows the quantum diffusion as a function of the magnetic length of the undulator for 
K = 3.7 . Right picture shows the quantum diffusion as a function of the undulator deflection parameter K of the 
undulator with magnetic length of 175 m.
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Discussion
The formula (1) was derived in6 assuming an ideal undulator. However, the phase error in a real undulator can 
distort the radiation spectrum and thus affect the diffusion process. The influence of phase error is strongest at 
the higher harmonics of the radiation spectrum, and it can be estimated using the results of Ref.8. For large K, 
the highest harmonic (corresponding to the critical wavelength of the synchrotron radiation) is of order K3 , and 
is about 50 for the highest K value in our measurements. Using the Ref.8 we have estimated that the phase error 
effect is relatively small for hard X-ray undulators of the European XFEL with phase errors of about one degree. 
Moreover, for K = 3.7 the spectrum at high harmonics as well as the energy diffusion coefficient approach the 
spectrum and diffusion coefficient for synchrotron radiation, and the phase errors of the undulator no longer 
play a significant role.

Another effect that could potentially affect quantum diffusion measurements is photodesorption, an 
increase in residual gas pressure in the undulator vacuum chamber due to synchrotron radiation. In this case, 
the bremsstrahlung on atoms can contribute more to the energy spread when the undulator is closed. Indeed, 
a small increase in the residual gas pressure is observed in the operation mode with several hundred electron 
bunches per second. However, the LPS measurements with the corrugated structure are performed at a lower 
repetition rate of only 3 bunches per second, which is insufficient to change the residual gas pressure due to 
photodesorption. Thus, this effect can be completely neglected.

Conclusion
In summary, this paper demonstrates that measurements of energy diffusion in the electron beam due to quantum 
fluctuations in the undulator radiation are in good agreement with theoretical predictions. The latter have never 
been cross-checked with experimental results. High electron beam energy, long undulators, and the recently 
installed corrugated structure after the undulator at the European XFEL provided a unique opportunity to con-
duct such an experiment. An independent verification of the energy calibration was performed by measuring 
the mean beam energy loss due to synchrotron radiation and comparing it with theoretical predictions. The 
result also agrees well with theory.

Methods
Longitudinal phase space diagnostics based on a corrugated structure.  A corrugated structure—
a corrugated pipe of small radius or two corrugated metal plates with an adjustable gap—has been proposed in 
Ref.9 to remove linear energy correlation (chirp) in a relativistic electron beam and first confirmed experimen-
tally in10. When an electron beam is displaced relative to the center of the corrugated structure and passes near 
the corrugated wall, it experiences a time-correlated transverse kick in the direction of the wall, thus streaking 
the beam perpendicular to the wall. This corrugated structure property has been used in FEL scheme, namely 
fresh-slice technique11, and for diagnostic purposes for beam length measurement12,13 and recently for electron 
beam longitudinal phase space (LPS) measurements14.

At the European XFEL, development of the LPS diagnostics project using a corrugated structure was launched 
in October 2020 and put into operation in January 202215. The new diagnostics consists of a 5 m long corrugated 
metal plate that is installed after the SASE2 undulator and a GAGG:Ce screen installed in a down-stream arc to 
take LPS images of the electron beam. The strength of the corrugated plate’s transverse kick depends on the beam 
current distribution and the distance between the beam and the corrugated plate. The corrugated structures at 
PSI14 and SLAC16 both use moveable jaws with appropriate mechanics to adjust the distance to the beam. How-
ever, in our diagnostic the distance between the beam and the corrugated plate is controlled with a trajectory 
bump. This significantly simplifies the design of the entire system. A simplified layout of the diagnostic beam line 
is shown in Fig. 1, where the beam energy E, horizontal dispersion in the screen position Dx , and the deflection 
parameter Kmax correspond to the experiment described in this paper. To demonstrate the measurement of the 
longitudinal phase space of the electron beam with the corrugated structure, we modeled the entire diagnostic 
beam line, see “Simulation”.

Simulation.  An ideal particle distribution with a Gaussian current profile was tracked using Ocelot17 
through the entire diagnostic beam line (Fig. 1). The effect of a single corrugated plate on the electron beam was 
simulated based on the analytical approach from18,19. We observed the slice beam parameters at two beamline 
positions, firstly in front of the corrugated structure and then in the screen (left column, Fig. 4). The corrugated 
structure can be seen to induce in the beam a β-mismatch, in our case most pronounced in the vertical plane, 
the plane of the transverse kick, an energy chirp, and a slice energy spread.

Right column of Fig. 4 shows an image of a streaked beam on the screen and the result of processing this 
image, see “Image analysis”. The measurement accuracy will be higher if we choose a slice with the minimum 
energy spread. As we can see, the slice energy spread from the image analysis has a minimum at the beam head.

Image analysis.  The streaked beam image was analysed by fitting each column of pixels with a Gaussian 
function, where the centre of said fit corresponds with the mean slice energy and the standard deviation with 
the slice energy spread. The processing algorithm is the same as in the processing of real images taken during 
measurements as well as images obtained in simulation.

Energy calibration and resolution.  To calibrate the energy axis of the diagnostic system, the horizontal 
dispersion at the screen position was measured by scanning the voltage of the last accelerator RF station and 
measuring the center of mass of the beam on the screen. The measured dispersion was Dx = 0.454 m.
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We independently verified the energy calibration of our diagnostic system using our obtained images. The 
mean energy of an electron beam decreases due to synchrotron radiation, and the analytical formula for energy 
losses in an undulator with length L has the form:

The mean energy loss can be measured by knowing the dispersion at the position of the screen and the shift 
in the centre of mass of the beam image on the screen for various undulator configurations. The result is shown 
in Fig. 5. One can also consider this measurement in a different way. Namely, the energy loss induced in the 
undulator can be used for dispersion calibration. By doing this we got the following dispersion values: 0.451 m 

(4)U =
4π2

3

reE
2K2L

mc2�2w

.

Figure 4.   Modeling of the longitudinal phase space measurement with the corrugated structure. The initial 
beam parameters of an ideal Gaussian beam were chosen to be close to the estimated beam parameters during 
the quantum diffusion effect measurement. Left column shows the beam distribution before the corrugated 
structure and in the screen position, right column shows the image of the streaked beam and its analysis.

Figure 5.   The mean beam energy loss due to synchrotron radiation. The left plot shows measurements of the 
beam energy loss for a range of undulator magnetic lengths L. The right plot shows measurements of the beam 
energy loss for a range of the undulator K parameters. Theoretical lines obtain with Eq. (4).
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for the measurement with the undulator length and 0.450 m for the measurement with K. They are in a good 
agreement with the measurement using an energy change in the accelerator.

A possible effect that could affect the dispersion calibration in this way is the energy loss due to coherent 
radiation in the undulator20. However, as was shown in21, this effect is strongly suppressed by the transverse size 
of the electron beam. Our estimates show that the energy loss due to coherent radiation is negligible for any 
reasonable electron beam model.

The energy resolution was also measured. The maximum resolution of 1.43 MeV corresponds to the head of 
the beam, and decreases toward the tail of the beam.

Data availability
The datasets used and/or analysed during the current study available from the corresponding author on reason-
able request.
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