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In this article, the concept of a recently funded R&D project for the installation of a proof-of-concept
cavity-based x-ray free electron laser (CBXFEL) demonstrator experiment at the European XFEL facility is
presented, with the first results expected in 2024. It is composed of an x-ray cavity design in backscattering
geometry with a 133 m round trip length using cryogenically cooled diamond crystals. It employs the
concept of retroreflection to reduce the sensitivity to vibrations. The FEL radiation is produced in four
undulator segments of 20 m total length. Simulations at 16 GeV beam energy and 250 pC bunch charge
show that the expected x-ray pulses in saturation surpass state-of-the-art x-ray sources considering spectral
flux and three-dimensional coherence. However, the stability of the proof of concept setup is severely
challenged by the finite thermal transport in the diamond crystals. Therefore, suitable measures such as
cooling the crystals to 70 K are explained in this paper and additional ones will have to be developed in the
course of this project.
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I. INTRODUCTION

Current hard XFEL machines such as the Linac Coherent
Light Source (LCLS), the European XFEL (EuXFEL), the
Spring-8 Angstrom Compact free-electron LAser (SACLA),
the SwissFEL, and the Pohang Accelerator Laboratory
X-ray Free Electron Laser (PAL-XFEL) are mainly using
the self-amplified spontaneous emission (SASE) scheme for
operation. While these sources produce very brilliant femto-
secondx-ray pulseswith excellent transverse coherence, they
suffer from twomajor disadvantages. For one, they need very
long undulator sections to reach saturation due to the initial
seed being created by weak spontaneous emission. More
fundamental is its rather low degree of monochromaticity on
the order of 1% and the lack of longitudinal coherence as one
radiation pulse consists of 100 to 10,000s of longitudinal

modes [1]. This is unlike classical optical lasers which can
provide almost perfect longitudinal coherence, single mode,
and outstanding monochromaticity better than 1 × 10−10. In
order to reach a lower frequency bandwidth on the order of
10−5 to 10−6, one needs to use crystal monochromators.
These are selecting only a small portion of the SASE
spectrum which is different from shot to shot, cutting away
the majority of incident flux with the resulting transmitted
radiation fluctuating by almost 100%. Over the recent years,
multiple schemes have been proposed and partly realized to
improve this. Hard x-ray self-seeding (HXRSS) has already
been successfully implemented [2–5] and has proven a
powerful technique for improving the longitudinal coherence
of hard x-ray FELs. Promising schemes still to be realized are
the X-ray Regenerative Amplifier FEL (XRAFEL) proposed
byHuang and Ruth in 2006 [6] and the X-ray Free Electron
Laser Oscillator (XFELO) proposed by Kim et al. in
2008 [7]. The latter two schemes are based on trapping
FEL radiation inside an x-ray optical cavity, using mono-
chromatizing crystals based on Bragg reflection instead of
total reflecting optical mirrors. While the XFELO is closely
related to the low gain FELO scheme, the XRAFEL is based
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on the strong gain FEL amplifier scheme. Both schemes can
be summarized under the more general term Cavity Based
X-ray FEL (CBXFEL). Due to the promise of delivering
outstanding radiation properties, CBXFELs have received
growing interest in recent years [8–19].
European XFEL is developing a CBXFEL demonstrator

to be integrated into the hard x-ray undulator system and
beam line SASE1. The principle goal of the demonstrator is
to prove the working concept—meaning seeding and
increasing longitudinal coherence by several orders of
magnitude over subsequent round trips, from synchrotron
radiation to almost monochromatic FEL amplifier radiation.
While not being optimized for user operation at the moment,
the very high spectral densities of the output might prove
interesting for selected user experiments in the future. The
first results of the experiment are expected in 2024.
The scope of this paper is to outline the fundamentals of

the CBXFEL-demonstrator project. In Sec. II, basic con-
siderations of the experimental setup will be described. In
Sec. III, results from simulations on the performance of the
radiation produced by the CBXFEL demonstrator will be
presented. The setup we describe in this publication has a
peak gain of GFEL ≤ 14. Such a gain is far beyond the
regime of the XFELO. However, the XRAFEL setups
reported in the literature [6,17,18] usually provide gain
even well beyond that. In order to avoid confusion, we will
thus use the general term CBXFEL for the rest of this
publication. For more details on the CBXFEL process at
the EuXFEL, see Ref. [20].

II. A CBXFEL-DEMONSTRATOR SETUP

Thedesign of theCBXFELdemonstrator is kept as simple
as possible. Features like wavelength tunability [8,9]
or involved out-coupling schemes are omitted. As sketched
in Fig. 1 (top), the cavity is designed in a simple two-crystal
backscattering geometry. In between the crystals, four 5 m
long variable gap undulator sections are positioned and

chicanes and correctors are used to in- and out-couple the
electrons, respectively. They prevent damage to the crystals
while ensuring an electron beam well matched to the
nondisturbed electron lattice. The crystal-to-crystal distance
is fixed to LC−C ≈ 66.42 m, which matches an electron
bunch repetition rate of felrep ≈ 2257 kHz. This is a repetition
rate commonly used at the European XFEL accelerator,
which agrees well with the spatial constraints in the tunnel
and poses a good compromise between optical tolerances
and heat load on the crystals. Due to multiple beam
excitation and consequently degradation of the reflection
efficiency at exact normal incidence in cubic crystals [21],
the crystals are detuned by some milliradian by additional
total reflecting mirrors. Furthermore, as optical stability of
the cavity is essential [9]—especially keeping in mind the
necessary transverse overlap of photon pulse and electron
bunch—the cavity is decoupled to a large extent from both
outer vibrations and pointing fluctuation of the incoming
beam by arranging the crystals and two total reflecting
mirrors orthogonal to each other. This forms a so-called
retroreflector as sketched in Fig. 1 (bottom). Such a design
will lead to a decrease in optical sensitivity to angular change
of the mirror assembly by roughly 2 orders of magnitude.
This increases the angular tolerance from roughly 100 nrad
to at least ≈ 10 μrad, which is much easier to achieve. One
has to note, that this is only referring to the angular tolerance
of the whole retroreflector assembly and not to the tolerance
of the three individual elements in the assembly with respect
to each other. For more details, the reader is referred to
Appendix B or to [20].
Additionally, by applying a slight meridional curvature

Rm ≈ 20 km along the long axis of the total reflecting
mirrors, focusing on the x-ray pulses and therefore stabi-
lization of the cavity can be achieved. An additional point
quite uncommon for laser oscillators in general and x-ray
oscillators in particular is the usage of two thick crystals
(tC ≈ 100 μm) [22], being opaque for photons at the central

FIG. 1. Schematic layout of the CBXFEL-demonstrator setup. The inset shows the retroreflector used for backscattering, where the
reflected ray will always be antiparallel to the incoming one. C represents the diamond Bragg reflector crystal. The angles and
dimensions shown here are strongly exaggerated for better visualization.
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reflection photon energy Ec ¼ 6.95 keV for C400 diamond
in the angular Darwin width of ΔΘDW ≈ 5 mrad around the
incidence angle of Θin ¼ 4.38, instead of one thick and one
thin transmitting crystal. Such a setup, which was already
proposed by Huang and Ruth in 2006 [6], will still transmit
a considerable fraction of photon flux as will be explained
in the following section. Further, it is very simple and not
adding additional complexity will not impede the main
purpose to prove the working principle of a CBXFEL.
Considering that the central wavelength of Bragg reflection
changes with temperature due to thermal expansion, it is
evident that keeping a stable temperature is mandatory for
achieving a stable CBXFEL output. The usage of two
crystals of the above noted thickness increases the robust-
ness of the setup to this point in comparison to the usage of
a thinner out-coupling mirror. For comparison, this was
discussed in prior publications [10,16,23–25]. While it has
been discussed to use crystals much thicker tC ≫ 100 μm,
the transmission would drop strongly. Besides, it is
increasingly more difficult to grow crystals with larger
depth without compromising quality. Furthermore, cooled
diamonds will be used for the reason of a much increased
thermal conductivity [26,27], while keeping the ratio of
excess heat to thermal expansion almost constant [20]. This
point will be highlighted at the end of Sec. IV.
For the cooling, a helium pulse tube cooler will be used

as described in [28], which is able to reach a base
temperature of TB ¼ 30 K. However, the cooling power
drops with decreasing the base temperature. At TB ¼ 77 K,
which is the boiling point of nitrogen, a relatively good
compromise between a low and thermally favorable base
temperature and an average cooling power of 30 W is
obtained [28].

III. DEMONSTRATOR PERFORMANCE

The CBXFEL-demonstrator is planned to work at a fixed
photon energy. In the following, the results of the simu-
lations performed for a photon energy of Ec ¼ 6.95 keV
are presented for the four undulator cells. More details on
the simulations are given in Appendix A. Ec ¼ 6.95 keV
corresponds to the diamond reflection order h4 0 0i and,
hence, the most simple h1 0 0i cut direction of the diamond.
Focal lengths of fus ¼ 44 m, equal in both transverse
directions, at the upstream retroreflector and fds ¼ 36 m
at the downstream retroreflector are assumed. The axial
symmetric focusing strength is introduced by a similar
meridional curvature on both perpendicular mirrors in one
retroreflector configuration. The asymmetric focusing
between the upstream and downstream retroreflectors is
chosen such that the beam waist is at the center of the third
undulator cell. However, additional simulations have
shown that the focal length is a noncritical parameter, as
the CBXFEL remains stable over a wide range fds ¼ fus ∈
30 to 90 m, also in a symmetric configuration.
The simulations are based on a Qbunch ¼ 250 pC electron

bunch charge and distributions with a peak current of
Î ≈ 5 kA as derived in [29]. This is in accordance with the
common operation mode of the European XFEL acceler-
ator. Additionally, normal distributed shot-to-shot varia-
tions in some important electron parameters are considered.
These shot-to-shot fluctuations will be referred to as jitter in
the following. Specifically, beam energy jitter, electron
arrival time jitter, mean position, and the arithmetic point-
ing jitter of the electron bunches are considered. The
magnitude of the individual jitters is taken from exper-
imental measurements carried out at the actual accelerator.
Based on these measurements, the mean position and the
mean pointing of the electron bunch fluctuate over an rms
width of roughly one-tenth of the spatial and angular width
of the bunch [30], which amounts to σjitx;y ¼ 3 μm and
σjitx0;y0 ¼ 100 nrad. The energy jitter was measured to

fluctuate over 1 × 10−4 from shot to shot [30], which is
for the 16-GeV electron beam studied here a total value of
σjitEB

¼ 1.6 M eV. The arrival time stability of the European
XFEL was, based on the very precise timing system,
quantified as σjitt;arr ¼ 20 fs [31]. To account for misalign-
ment, the downstream diamond mirror is assumed to have
an additional fixed tilt error of ΔΘx ¼ ΔΘy ¼ 100 nrad,
which is a demanding but achievable tolerance. Besides
having a finite size of lM ¼ 9 cm, resulting in a projected
aperture of size 280 × 280 μm2 at an incidence angle of
Θin ¼ 3.1 mrad, the KB mirrors are assumed to have a
figure error of σrms

h ¼ 1.5 nm, which is a state-of-the-art
value. The mirror profiles are displayed in Fig. 2. Lacking
the final mirrors, they were computationally generated

FIG. 2. Numerically generated surface profiles with rms profile
error of σh ¼ 1.5 nm (top panel corresponding to the downstream
Kirkpatrick-Baez (KB) mirrors and middle panel to the upstream
ones). The subscripts x and y symbolize if the long axis of the
mirrors projects on the x or y axis of the beam. For comparison, a
mirror actually used and measured at the European XFEL is
shown in the bottom panel. It has slightly better rms error
compared to the numerically generated ones. For better emphasis
on the figure error, the deliberately introduced surface curvature
is subtracted for each mirror.
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using the algorithm by Hua et al. [32]. Among ten sets of
four mirror profiles each, the ones used for this work
yielded intermediate performance and can, hence, be
regarded as realistic estimates for actual mirrors.
These parameters as well as the cavity parameters are

also displayed in Tables I and II.
Table III presents characteristic values of the saturated

x-ray beam for the specific photon pulse energy of
Ec ¼ 6.95 keV. Figure 3 shows the evaluation of pulse
energy vs round trips. The data for Table III and Fig. 3

were derived from averaging over 15 individual runs. For
the specific simulation framework, see Appendix A.
First, the results excluding the impact of the thermal load

will be shown. These results highlight the perspective
performance of the CBXFEL if the important point of
heat load can be controlled. With the parameters under
consideration, the CBXFEL demonstrator would reach
saturation after only about 30 round trips, as evident from
Fig. 3. This is true for both a simulation with the beam jitter
and x-ray optics errors discussed above as well as for one

TABLE I. Electron beam parameters (statistical) used for simulation.

Bunch charge Qel Electron energy EB Energy spread σEB
Energy jitter σjitEB

a

250 pC 16 GeV 1.5 MeV 1.6 MeV
Bunch length σcurt

b Arrival time jitter σjitt;arr
a Electron position jitter σjitx;y

a Electron pointing jitter σjitx0;y0
a

16 fs 20 fs 3 μm 100 nrad
aThe denoted value expresses the standard deviation of a normal distribution from which the actual error is drawn

on a shot-to-shot basis.
bThis is computed using the mean absolute deviation Du;MAD, which is less sensitive to tails in the distribution.

It is then transformed into the more common standard deviation σu ≈
ffiffi
π
2

p
DEph;MAD.

TABLE II. Cavity and x-ray optics parameters used for simulation.

Mirror-mirror distance Crystal material Crystal thickness Cryostat temperature TC
66.42 m diamond 100 μm 77 K
Focal lengthsa Projected mirror apertureb Downstream mirror tilt Mirror figure error σrms

h
(37 and 44 m) 280 × 280 μm2 ΔΘx ¼ ΔΘy ¼ 100 nrad 1.5 nm

aThese are the focal lengths at the downstream (first value) and upstream retroreflector (second value). The values
are the same in both transverse planes.

bThe projected aperture can be easily calculated by the length of the individual KB mirrors times the angle of
incidence. As both length and angle of incidence are the same for both KBs at the respective retroreflector, the
resulting aperture is quadratic in the transverse domain.

TABLE III. Main parameters of the resulting x-ray pulses in saturation. The errors denote the standard deviation of
the shot-to-shot fluctuation in saturation as well as by averaging over 15 individual runs with equal base parameters.
For comparison also SASE parameters for the 6.95 keV photon energy and the same electron distribution are
appended. These are obtained by simulation (no taper) and scaling to measured energies.

Photon energy Eph (keV) 6.95

Before reflection Transmitted SASE
Pulse energy Qpulse (mJ) 12.07(3) 0.83(4) ∼ 3.5 [33]
Bandwidth σEph

a (meV) 18.7(1) 87(3) ∼ 16; 000
Pulse length σt

a (fs) 76.6(2) 79(2) ∼ 11
Time-bandwidth product σtσω

b 2.17(1) 10.5(7) ∼ 280
Gaussian quality Jc 10.69(3) 2.8(1) ∼ 1.1
Peak brilliance B (d]e 9.9ð1Þ × 1034 5.4ð6Þ × 1033 ∼ 3 × 1033

aThe bandwidth/duration is computed using the mean absolute deviation Du;MAD, which is less sensitive to the
wide tails in the spectral distribution. It is then transformed into the more common standard deviation
σu ≈

ffiffi
π
2

p
DEph;MAD.

bThe time bandwidth is a simplified means for estimating the occupied volume in the longitudinal domain.
cThe Gaussian quality factor J (see [34]) is, for a transversely coherent beam, a measure invariant under

(transverse) linear transformation and an estimate for the volume occupied in the transverse phase space. For an
ideal Gaussian beam, the quality factor has a minimum value of J ¼ 1.

d#Phot=s=mm2=mrad2=0.1%BW.
eThe brilliance is approximated via Eq. (1).
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without these, with the latter reaching much higher overall
pulse energy in the cavity [35]. The number of round trips
to saturation is much less than what is normally required for
a typical FELO, being on the order of a couple of hundreds
(see, for example [7]). This is due to the excellent electron
beam quality at the EuXFEL leading to a single pass FEL
gain well beyond 1, even though only using four undulator
cells. Observing the error limits, one can clearly distinguish
two regions. The first is the startup or gain regime, where
the shot-to-shot electron fluctuation still strongly influences
the gain. This basically increases the number of round trips
needed for saturation, leading to high standard deviations
for a specific round trip for individual bunch trains. The
second is the saturation regime, where the pulse energy
does not change from shot to shot. It is evident that the
x-ray beam is far more stable than a SASE in saturation,
especially if one takes into account the additional need for
monochromatization for SASE. This can also be seen in the
derived data in Table III, showing some figure of merit
parameters highlighting the radiation quality in saturation.
Here, one has to differentiate between the energy which is
trapped inside the cavity and the one which is actually
transmitted.
For the radiation trapped inside the cavity, the pulse

energy reaches values even higher than for SASE while
having 3 orders of magnitude smaller bandwidth. The
reason why the brilliance, as a measure of the photon
density in the 6D phase space, is only roughly a factor of 30

better than for SASE is due to the reduction of the
transverse quality, as visible from the higher Gaussian
quality factor J. The Gaussian quality factor J (see, for
example, Alda [34]) is a measure for the volume the photon
pulse occupies in the 4D transverse phase space, with a
minimum value of J ¼ 1 for a Gaussian beam. Estimating
the brilliance as [36]

B ≈
Qpulse

π2ℏλ0cJ

Eph;0

σtσEph

; ð1Þ

the brilliance scales inversely proportional to J. The
reduction in J compared to the SASE radiation is caused
by the imperfections of the x-ray optics in the cavity and
especially by the figure errors of the x-ray mirrors. Hence,
an improvement in the quality of the optics directly
translates into an improvement in the CBXFEL photon
pulse quality. So, for an actual permanent CBXFEL setup,
it would be worthwhile to invest in as perfect optics as
possible. Considering the radiation which is transmitted on
a pass-to-pass basis, the pulse energy in saturation is
decreased while the bandwidth is actually increased.
While it could be principally possible to couple out the
full radiation before reflection by so-called cavity dumping,
this would first reduce the pulse frequency by at least a
factor of 30 (the number of bunches to reach saturation)
and second, would require more involved components
and therefore add complexity to the setup (see, for
example, [37] or a list of out-coupling mechanisms
in [[20], Chap. 2.4]). The latter point contradicts the
intention to keep it as simple as possible.
In the following, it shall be described how radiation can

actually be transmitted on a pass-to-pass basis using two
thick crystals with a central transmissibility of roughly
zero. The mechanism makes use of the high single pass
gain of the setup. This leads to a considerable amount of
newly generated x-ray pulse energy at every roundtrip
which is roughly the saturation energy also given in
untapered SASE. A fraction of this energy will be distrib-
uted to the spectral region outside the reflection bandwidth
of the crystal. This can be seen in Fig. 4(a) for the blue
curve presenting the spectrum of the x-ray pulse in
saturation before reflection. While there is a dominant
spectral peak inside the reflection bandwidth as expected,
one can also see comparably low magnitude but wide
pedestals outside in the logarithmic scale inset to Fig. 4(a).
As is evident from the yellow curve representing the
downstream crystal transmission in Fig. 4(a), the dominant
peak will be nearly totally reflected while a strong fraction
of the pedestals will actually be transmitted. The resulting
spectrum is presented in Fig. 4(b). The magnitude of the
pedestals correlates strongly with the temporal duration of
the electron bunches, with shorter electron bunches gen-
erating larger pedestals in the FEL radiation. For the
Qbunch ¼ 250 pC electron bunches under consideration,

FIG. 3. Evolution of pulse energy for a photon energy of
Ec ¼ 6.95 keV. The larger plot shows the full evolution in the
logarithmic scale while the inset shows the pulse energy after
saturation in a linear scale. Please note the broken ordinate in the
inset to better emphasize the transmitted pulse energy. The data
are based on averaging 15 individual runs, with the solid lines
representing the ensemble average and the shaded area represent-
ing the full range of pulse energies for the specific shot. The
dotted lines in the main plot represent the ensemble average of 12
runs without any jitter or tilt error introduced. The blue and
orange curves at the first round trips are unrealistically low as
they are based on a much reduced bandwidth compared to the full
SASE spectrum.
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their temporal width does not fully support the low spectral
width of the crystal reflection due to the limits of Fourier
transformation. Therefore, the newly generated radiation
will always have a higher spectral bandwidth compared to
the seed bandwidth which is given by the reflection width.
While this limits the seeding efficiency, it increases the
fraction of transmitted energy. It is also worth noting that
the transmitted pulse is newly generated at every round trip.
This is contrary to the classic low gain FELO case, in which
a low percentage of the full spectrum, which is averaged
over many round trips, is coupled out at every turn.
In the inset of Fig. 4(b), a comparison to SASE spectra

referring to the numbers in Table III is displayed, clearly
exhibiting orders of magnitude higher spectral flux of the
transmitted CBXFEL pulse. In Fig. 4(c), the corresponding
intensity profile is shown. The comparison to SASE in the
inset exhibits a higher intensity of the short pulse SASE. On
the other hand, the CBXFEL pulse peaks at much higher
spectral energy densities than the SASE. While the trans-
mitted radiation does not undergo any averaging over many

round trips, it is still very stable. This is evident from both
the standard deviations in Table III and the shaded areas in
the figures, representing the rms range over 15 independent
bunch trains and 100 bunches in saturation each.
This follows from the very strong, stable, and mono-
chromatic seed which leads to reproducible single pass
gain and strong gain guiding. Gain guiding is a funda-
mental effect in strong gain FEL amplifiers and is, hence,
also important for high gain regenerative x-ray FEL
amplifiers (XRAFELs) [6,18]. As has been mentioned in
the introduction, the CBXFEL we present here has a
quantitative gain far below the gain magnitude usually
considered for XRAFELs. However, with GFEL ≈ 14 ≫ 1,
the occurring physical effects resemble much closer an
XRAFEL than a low gain XFELO.
Both spectrum in Fig. 4(b) and intensity profile in Fig. 4(c)

clearly are no single peak distributions anymore and there-
fore also occupy a larger volume in the longitudinal phase
space compared to the circulatingpulse (seeTable III). This is
caused by the time-frequency correlation induced by the

FIG. 4. (a) shows the transversely integrated longitudinal spectra of the x-ray pulse at Ec ¼ 6.95 keV directly after the undulator
(blue). (a) also shows the cumulative reflection (green) of both diamond mirrors and the transmissivity (yellow) of the downstream one.
The inset is the same graph with logarithmic ordinate to better highlight the pulse tail outside the reflection bandwidth. (b) displays the
transversely integrated longitudinal spectra of the transmitted pulse (orange). In the inset also the SASE spectra of 15 statistical runs in
light gray and their ensemble average in black are plotted on a logarithmic scale for comparison. (c) shows the transversely integrated
intensity profile in the time domain, where the orange curve is the average over 100 round trips in saturation and 15 consecutive runs.
The width of the line corresponds to the respective rms range. As the relative variation is very small, for better visualization, the inset in
(c) on the left zooms in such a widening. The same rms widening is existent in (a) and (b) but likewise very small. The inset in (c) on the
right displays the comparison to 15 SASE runs. (d) presents the transverse projection of the transmitted pulse, which is on the same scale
as the one trapped in the cavity, but less affected by wavefront distortions.
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crystal transmission, especially near the edges of the reflec-
tion curve. Furthermore, one might expect a transverse-
longitudinal correlation of the transmitted pulses [38] and
therefore amisshaped transverse profile corresponding to the
hole in the transmitted spectrum. As evident from the
transverse profile presented in Fig. 4(d), this is not the case.
Actually, the transmitted profile has aGaussian quality factor
J ¼ 2.8ð1Þ [34]much better than the trapped radiation pulse.
This is due to two reasons. First, the very low spectral width
of the hole whose missing contribution to the transverse
profile basically gets washed out. And second, due to the
transmitted radiation being nearly completely based on the
radiation newly generated in the undulator cells at each
roundtrip, which are subject to strong gain guiding, the
negative impact of the x-ray optics imperfections are partially
washed out.
With respect to the actual CBXFEL demonstrator experi-

ment, the transmitted energy and especially the evolution of
the spectral peak with the number of roundtrips will be very
well measurable using the fast x-ray spectrometer
HIREX [39] at the SASE1 beamline. After only roughly
five to ten round trips, the development of a distinct spectral
peak shall be visible in the stochastically fluctuating noisy
synchrotron radiation dominated background. As sketched
in Fig. 5, the growth of this peak can then be tracked at a
much earlier number of round trips than the actual growth
of the transmitted pulse energy. This would already be
sufficient to prove the working concept of a CBXFEL.

IV. IMPACT OF THERMAL LOAD

Up to now, the prominent influence of thermal load on
the CBXFEL process has been neglected in this paper.
Hence, the results so far represent an estimate for the

performance principle reachable by this setup, for the
idealized case, the thermal load could be handled.
However, at the very high pulse energies and small foot-
prints of the x-ray pulse at the diamond as considered here,
the heat load deposited in the crystals has a very strong
impact on the CBXFEL process. As will be discussed
below, this is especially true for crystals at room temper-
ature, limiting the maximum pulse energies to only
Qmax

pulse ≈ 100 μJ, which further exhibit pronounced fluctua-
tions. Yet, also with cooled diamonds, the CBXFEL will
become unstable, however, reaching much higher maxi-
mum pulse energies Qmax

pulse ≈ 3 mJ. The upper statement is
true even if ignoring the very important, but numerically
too expensive, dynamic elastic answer of the crystal. This
dynamic response adds locally varying elastic waves and,
hence, strain to the crystal, which is in approximation
independent of crystal temperature. These elastic waves
both reduce the spectral reflection efficiency and add
wavefront distortions to the reflected x-ray beam. An
overview of the impact of this involved effect is given
in [40] and [41]. For the results presented here, only the
quasistatic thermal expansion at the arrival of the sub-
sequent x-ray pulse, caused by the local residual heat in the
crystal, is considered.
In Fig. 6, the pulse energy evolution (top row) in

conjunction with the temperature (middle row) at the time
of arrival of the (next) x-ray pulse is displayed. Also, the
relative losses L ¼ ΔQ=QUnd ≤ 1 are shown (bottom row),
where QUnd is the pulse energy directly after the undulator
[the blue line in Fig. 6 (top)]. The losses under consideration
are the losses caused by the cutoff at the finite size apertures
introduced by the upstream and downstreamKBmirrors, the
losses caused by the transmission and absorption at the
downstream and upstream crystals and the sum of all losses
in the cavity. ΔQ is the total energy loss caused by the
respective loss channel. The left column in Fig. 6 refers to the
crystals without active cooling (Tbase ¼ 300 K) and the right
column to crystals cooled to Tbase ¼ 77 K.
The underlying simulation is based on the same param-

eters as for Table III and Fig. 3, but includes the thermal
response as described above and in more detail in
Appendix A. It is evident that the thermal impact of the
x rays on both cooled and noncooled crystals strongly
destabilizes the CBXFEL, with the pulse energy and,
foremost, the downstream crystal temperature being
strongly correlated. Both energy and temperature evolution
curves show a very pronounced beat, with the downstream
crystal temperature rising as much as tremendous Tmax

ds ≈
580 K for the Tbase ¼ 77 K case. For the room temperature
case, the rise in crystal temperature peaks at a much lower
Tmax
ds ≈ 310 K. This can be easily traced back to the much

lower maximum pulse energy of Qmax
pulse ≈ 100 μJ for the

room temperature crystals compared toQmax
pulse ≈ 3 mJ at the

Tbase ¼ 77 K case, which corresponds to a much lower
maximally absorbed heat energy [purple line in Fig. 6

FIG. 5. Evolution of the transmitted spectral energy density
versus the number of round trips in logarithmic scale. The spectra
are averaged over ten individual bunch trains. The dotted, marked
lines show the spectrum which would be observable with an
idealized spectrometer with a resolution of ΔE ¼ 100 meV and
perfectly centered on E ¼ Ec ¼ 6.95 keV. Both in the high
resolution and in the binned spectrometer data, one can already
see a significant rise in the spectral energy density at the third
round trip.
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(top)]. This order of magnitude difference in maximum
pulse energy actually highlights the importance of the
cooling of the crystal.
As can be deduced from the evolution of the cavity losses

in Fig. 6 (bottom), the reason for the loss of seeding is quite
different for the two cases. For the room temperature case,
it is caused by a massive rise in aperture losses due to a
widening of the x-ray pulse on the KB mirrors. This pulse
widening can be backtracked to a defocusing by the
nonhomogenously heated crystals which develop a pro-
nounced heat bump. The defocusing caused by a temper-
ature bump is a well-known problem, for example, also
discussed with respect to the efficiency of self-seeding [42].
For the Tbase ¼ 77 K case, the much higher thermal

diffusivity at low crystal temperatures causes a much more
homogenous heat distribution at the arrival of the next pulse
at the tens of micrometer scale of the x-ray beam. This
causes a much slower rise of the aperture losses. Actually,
in Fig. 6 (bottom), we also see a strong rise in aperture
losses, but this is one round trip after the seeding was
already lost. This loss of seeding can be totally attributed to
a strong rise in spectral losses at the crystals for the cooled
crystals, which will be explained in more detail below.
Figure 7 depicts the spectra of the x-ray pulse incident on

the downstream crystal in conjunction with the reflection
curves of the downstream crystal for the round trips around
a seeding loss at round trip 92. It is evident from Fig. 7 that
with increasing round trips and, hence, increasing pulse

FIG. 6. Evolution of pulse energy (upper row) under influence of thermal load, the temperature of the crystal (middle row), and relative
cavity losses L ¼ ΔQ=QUnd, where QUnd is similar to the blue line in the top row plot, with subsequent round trips. The crystal
temperature is evaluated at the center of the incoming x-ray beam. The left column refers to a crystal base temperature of Tbase ¼ 300 K
(room temperature) and the right column to the crystal cooled to Tbase ¼ 77 K. The losses in the bottom row refer to the sum of all losses
in the cavity (blue line), the sum of absorption and transmission losses at both the crystals (orange line) and the cutoff losses introduced
by the finite size of the KB mirrors (green line). For both temperatures, energy and temperature strongly correlate and show a highly
unstable operation. Actually, the maxima in pulse energy and temperature are shifted by one round trip, as at the round trip, the pulse
energy drops off, due to a missing overlap of spectral reflection and incident radiation (see Fig. 7), a higher fraction of incident radiation
gets absorbed, leading to a very strong temperature rise. For the losses, one can see an anticorrelation between the aperture and crystal
losses. As all the summed losses have to be≤ 1, a particularly strong rise in one of the loss channels causes a relatively smaller loss in the
others. This does, however, not mean an actual drop of pulse energy loss in the total number. It is noteworthy that for the room
temperature case, one can first see a strong rise in aperture losses, causing the break off of the CBXFEL seeding, and only afterward a
rise in spectral losses. The latter is due to the loss of the seeding, causing a much higher fraction of transmission. For the cooled crystal
case, on the other hand, the drop off is caused by a strong rise in spectral losses which is then followed by a rise in aperture losses at the
next round trip.
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energy, the reflection curve of the downstream crystal
(green dashed curve) shifts with respect to the central
reflection photon energy. As the upstream crystal only
slightly heats up and, hence, does not exhibit such a shift, a
reduction of the cumulative reflection width occurs. This is
one cause for the increase in reflection losses. However, the
loss in seeding is not due to a miss in the overlap of the two
reflection curves but due to a too strong heating of the
downstream crystal, which shifts the downstream reflection
curve completely out of the spectrum of the incident
radiation. Hence, the process cannot be compensated by
matching the downstream and upstream heating [43].
As can be seen both from the rising fraction of the red

cutoff line in Fig. 7 and the evolution of the reflection losses
in Fig. 6 (left, bottom), the process of the reflection shift is
strongly nonlinear. This is due to three, coupled, reasons. The
first is simply the exponential rise in pulse energy, coming
with an exponential rise in heat load. The second is non-
linearity of the heat conduction process. At increasing heat
load, the diffusion process actually slows down with the
strong decrease in the thermal diffusivity Dth, causing an
even stronger temperature rise. The diffusion is additionally
slowed by the remaining, spread-out heat of the prior round
trips, which decreases the local curvature∇2T. The resulting
decrease in thermalization efficiency causes an exponentially
growing impact of the crystal heating on the lattice expansion
and, hence, the diffraction process. This also leads to a
growing difference in the temperature of both crystals.
Finally, as depicted in Fig. 7, the impact of the thermal

load on the downstream crystal gets further amplified by
the fact that the shift in the spectral reflection curve at
higher temperatures actually leads to a higher mean
penetration depth of the incident x rays. As the absorption

coefficient remains constant, a larger interaction volume in
the crystal corresponds to a larger total absorption of the
pulse. This then induces a stronger heating. Foremost, this
effect causes the almost exponential growth in temperature
and, likewise reflection losses, near the maxima in pulse
energy. This exponential growth in temperature is also the
reason why the heat bump effect of the crystals only
becomes important at the time the seeding is already lost
due to the spectral shift of the reflection curves.
It should be noted that at the exact round trip, the pulse

energy after reflection considerably drops off, and nearly, the
entirety of the radiation incident on the downstream crystal is
transmitted. This can be framed as a passively cavity-dumped
system in relation to the active cavity dumping known from
high power optical lasers [[44], Chap. 9.5] or also discussed
for CBXFELs [37]. The cavity dumping occurs with a rather
stable periodicity with the crystal quickly cooling down and
thenheating up again between two cavity dumps [45]. For the
exemplary cavity dumpat round trip 92, the transmitted pulse
reaches a pulse energyofQrn¼92

tr ≈ 1.56 mJat a bandwidthof
only σEph

≈ 55 meV in combinationwith a rather small time-
bandwidth product of tω ≈ 10. However, the strongly heated
downstream crystal at the moment of the cavity dump also
imprints its distortion on the wavefront of the transmitted
pulse, causing an increased Gaussian J ≈ 194 and, corre-
spondingly, reduced peak brilliance of only B ¼ 1.5 × 1032

#Phot=s=mm2=mrad2=0.1%BW. This is highlighted in
Fig. 8. Yet, these transmitted pulses may be very interesting
for some special experiments requiring very high spectral
energy densities. Also, they are interesting for analysis, as
they carry a lot of information regarding the heating of the
crystals as well as information on the radiation stored in the
x-ray cavity.

FIG. 7. Spectra for the Tbase ¼ 77 K case after the undulator and before reflection (blue and red solid) together with the spectral
reflection curves of the downstream crystal (green dashed), for different round trips around the maximum pulse energy (round trip 92).
The blue curve highlights the fraction of the incident radiation which will be nearly completely reflected by the downstream crystal,
while the red curve highlights the fraction of the incident radiation which gets cut off, or rather transmitted, at the downstream mirror and
is, consequently, more strongly absorbed. This cutoff fraction increases toward round trip 92, which is also highlighted by the increasing
amount of absorbed heat energy at the downstream crystal Qabs

ds shown at the bottom of each plot.
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V. CONCLUSIONS

A setup for the first-ever proof of concept x-ray free-
electron laser oscillator for the European XFEL facility is
presented. This setup can potentially produce very intense
x-ray pulses at a fixed wavelength with unparalleled
spectral energy density. A simple out-coupling mecha-
nism is proposed which uses the transmissivity of 100 μm
thick crystals outside the reflection width providing more
stability with respect to the megahertz repetition rate
x-ray induced heating of the diamond crystals. By
cryogenically cooling the diamonds to liquid nitrogen
temperature, the impact of the crystals thermal response is
further reduced.
However, even with these measures introduced the tens

of micrometer wide, very intense x-ray pulses circulating in
the cavity will inhibit the CBXFEL demonstrator to reach a
stable operational state. In principle, there are methods to
further stabilize the CBXFEL. These include FEL based
concepts to, potentially adaptively, reduce the gain and
thereby the maximum pulse energy; x-ray optics based
schemes to reduce the cavity quality factor; and/or crystal
geometry-based schemes to increase its resistance to heat
load. Yet, they all have in common that they add major
complexity to the experimental setup and their chance of
success is dependent on the accuracy of the involved
modeling of the thermal response. As the principle goal
of the experiment to proof seeding is not impeded by the
described effects, these stabilization schemes will not be
foreseen for the initial CBXFEL demonstrator experiment.
Additionally, the results of the demonstrator experiment
can be used to better understand the thermal response
related effects and, hence, develop countermeasures more

efficiently. Enhancements in the out-coupling mechanism
to further improve the x-ray quality are also planned.
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APPENDIX A: SIMULATION FRAMEWORK

The simulations framework used to produce the discussed
data is explained in detail in the Ph.D. thesis by Rauer [20].
Also, a more compact publication on this topic will soon
follow. Here, only the basics of it shall be sketched.
The framework consists of two to three subprograms,

depending if the thermal response shall be included or not.
The FEL simulation is done by using the well-known
GENESIS 1.3 FEL code [46,47]. The radiation produced by
GENESIS is then read in by the parallel X-ray Cavity
Propagator (pXCP) wavefront propagation code especially
developed for this project which is propagating the
x-ray radiation through the optical cavity. The code is
heavily parallelized using distributed Message Passing
Interface parallelization for use at computing clusters.
The code first transforms the radiation into the frequency
domain using the FFTW library [48] and then propagates
each frequency slice independently using the Fourier optics
approach [49,50]. Performing the propagation in the
frequency domain is natural for this problem as the
interaction with the crystal mirrors is easiest to model in
the frequency domain. The interaction with the crystal
mirrors is based on a simple 3D k-f-space two-beam
approach [38] taking into account the actual temperature
dependent data and the susceptibilities taken from the
xraylib library [51,52]. For simulations taking into
account the thermal load on the crystals and therefore
spatially distorted crystal, a 1D strained layer two-beam
approach [53] is chosen. This is done for each point of the
radiation grid in positional space. This approach is possible
for the symmetric case close to backscattering discussed
here, as the radiation only perceives the strain component
along the surface normal [54]. For incident angles deviating
from 90°, a more time-consuming approach is necessary,
for example, the one derived in [55].
If no heating is considered, the radiation data after

propagation are saved to disk to be read in again by
GENESIS 1.3 for the next round trip. Dependent on the
resonant wavelength, a full scale simulation takes roughly
1 to 4 h on 400 cores. If the thermal load is considered, an

FIG. 8. Distribution of the downstream crystal temperature
ΔT ¼ Tc − Tc;baseðaÞ at the arrival of the x-ray pulse at the
92nd round trip. This temperature distribution brings a spatially
varying, transmission induced phase shift ΔΦtr ¼ phaseðt00ÞðbÞ.
As a spatial gradient in the phase relates to a shift in the wavefront,
the transmitted pulse, highlighted by the red line in (b) denoting the
99% contour, undergoes strong distortions. Latter is evident from
the radiant angular fluence in the angular domain(c), which is
exhibiting strong deviations from a Gaussian profile and an rms
divergence of σkx;y ≈ 20 μrad far bigger than the undisturbed
σkx;y ≈ 1.1 μrad.
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additional step is necessary. For this, the incident x-ray
pulse fractionally absorbed by the crystal is sampled in the
propagation code. This spatial absorption footprint is
calculated for each frequency component and is based
on the x-ray field distribution inside the crystal, taking into
account the (strained) dynamic diffraction [[20], Chap.
4.2.3]. The distribution calculated in this way is then read in
by the finite element software COMSOL Multiphysics®.
Assuming a cylindrically symmetric 2D geometry for faster
computation, the heat distribution is simulated using
Fourier’s heat law taking into account the strong non-
linearity, especially at low temperatures. Additionally,
boundary scattering assuming diffusive boundaries limiting
the heat diffusion is included by using a reduced effectively
anisotropic thermal conductivity [56–58]. The crystal
temperature after one round trip time is then written out.
After the GENESIS 1.3 run, this temperature file is then used
by the wavefront propagation code to calculate an updated
crystal reflectivity for the propagation of the subsequent
pulse. Then the procedure repeats. The remaining temper-
ature in the crystal is saved in between the subsequent
pulses so that stacking of the heat remaining in the region of
interest can be accounted for.

APPENDIX B: RETROREFLECTOR

In Fig. 9, a retroreflecting setup is sketched, consisting
of two total reflecting, grazing incidence mirrors and
one crystal mirror. By aligning these mirrors perfectly
perpendicular to each other, the rays reflected by this setup
will always be perfectly antiparallel to the incoming
ones. Using the general form of the reflection matrix
Si ¼ 1 − 2n̂in̂Ti , where n̂i is the unit vector normal of
the reflecting plane, and noting that n̂in̂j≠i ¼ 0 for three

perpendicular mirrors i, j, then Sass ¼ S3S2S1 ¼ −1,
proving above statement. It directly follows that any
incoming ray with wavevector kin will be transformed to
kout ¼ Sasskin ¼ −kin. Hence, as noted above, the reflected
ray will always be antiparallel to the incoming one, no
matter the initial orientation. The same also holds for the
three perpendicular mirror orientations of the demonstrator
setup

n̂ðmÞ
M1 ¼

0
B@

cosðαÞ
sinðαÞ
0

1
CA; n̂ðmÞ

M2 ¼

0
B@

− sinðαÞ
cosðαÞ

0

1
CA;

n̂ðmÞ
C ¼

0
B@

0

0

−1

1
CA; ðB1Þ

whereM1 and M2 refer to the total reflecting mirrors, C to
the crystal mirror and α is an angle noting the orientation
of the total reflecting mirrors with respect to the crystal
mirror [59]. The use of these orientations can decouple the
entire setup from outer vibrations, meaning variations in the
incoming wave vector kin ¼ k0 þ ΔΘn⊥, with k0 being a
nominal orientation, which is reflected back to itself,
n⊥⊥k0, and ΔΘ is an arbitrary angular perturbation.
This is unlike the action of a single mirror, for which
the reflected ray kout ¼ Ssinglekin will form an angle
∡ðkin; koutÞ ≈ π − 2ΔΘ with the incoming one. However,
it should be emphasized that it does not decouple against
the motions of a single mirror inside the setup, as this
breaks the perpendicularity of the system.
The above assumption about perfectly perpendicular

mirror orientations is idealistic. It will be shown, however,
that also under influence of a dyadic error Δα, meaning an
angular shift away from the perpendicular orientation, the
tolerance toward angular variation of kin can be signifi-
cantly enhanced.
For the derivation, it will be assumed, without loss of

generality, that the dyadic error will be present in the
orientation of the second total reflecting mirror

n0M2 ¼

0
B@

sinðαþ ΔαÞ
− cosðαþ ΔαÞ

0

1
CA

≈

0
B@

sinðαÞ
− cosðαÞ

0

1
CAþ Δα

0
B@

cosðαÞ
sinðαÞ
0

1
CA

¼ nM2 þ ΔαnM1;

which gives a reflection matrix of

FIG. 9. Schematics of a 3D retroreflector, where three mirrors
(two grazing incidence, total reflecting ones and one crystal (C)
mirror) are assembled perpendicular to each other. In this way, the
reflected ray will always be antiparallel to the incoming one,
given it remains in the angular acceptance of the individual
mirrors. The sketched angles are strongly exaggerated compared
to the real case for better visual representation.
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S0
M2 ≈ SM2 þ 2Δα

0
B@

sinð2αÞ cosð2αÞ 0

cosð2αÞ sinð2αÞ 0

0 0 0

1
CA:

This error in M2 can be easily transformed into an error in
any of the other mirrors by simple matter of unitary
rotation. For above equations, it has been approximated
that ðΔαÞ2 ≈ 0 [60]. It can be generally shown that the
product of any three reflection matrices Sass, no matter
how oriented they may be, has one specific eigenvalue of
A ¼ −1 [[61], Chap. 2.10.1] [62]. This means, that the
corresponding eigenvector k0 will return antiparallel to
itself after reflection. For the present set of reflection
matrices Sass ¼ S0

M2SM1SC, k0 ¼ ð0; 0; 1Þ. However, the
actual k0, corresponding to an eigenvalue of −1, can be set
by appropriately adjusting the orientation of the crystal
mirror. The actual rotation for doing so is rather compli-
catedly dependent on α;Δα, and the desired k0. It will
usually be numerically set such that k0 becomes equal to
the undulator axis:

k0 ¼

0
B@

− cosðPÞ sinðRÞ
sinðPÞ

− cosðPÞ cosðRÞ

1
CA;

where P refers to rotation of the mirrors around the
deflection directions of the electrons in a planar undulator
and R refers to the rotation around the magnetic field
direction.
Now assuming an incoming vector

kin ¼ k0 þ ΔΘx̂;

which is the same as assuming a tilt of the mirror in the roll
angle by ΔR ¼ ΔΘ, this becomes

kout ¼ S0
asskin ≈ −kin −

� 0

2ΔαΔΘ
0

�
:

For the angular “error” after reflection, which is defined as
the angle between the actual reflected ray and the ideally
reflected ray ΔΘout ¼ ∡ð−kin; koutÞ, one then calculates

ΔΘout ¼ cos−1
�
−kin · kout
jkinjjkoutj

�

≈ cos−1
�

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ð2ΔαΔΘÞ2

p
�
≈ 2ΔΘΔα; ðB2Þ

where again it was approximated that Δα2 ≈ 0. This means
that a variation of the incoming radiation beam with respect
to the mirror assembly can be compensated by roughly a
factor of 2Δα. Assuming a feasibility of the dyadic error on

the order Δα⪝ 2 mrad, as told by commercial manufac-
turers, a ⪝ 4E − 3 reduction in angular error can be
achieved. In Fig. 10, the angular error ΔΘout is plotted
in dependence of the angular variation ΔΘin with respect to
the eigenvector k0. The solid lines correspond to numerical
vector analysis of a more general mirror orientation and the
dashed lines to the Eq. (B2). Both curves agree very well,
showing the reliability of approximation (B2).
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Solé, C. Ferrero, and L. Vincze, The xraylib library for
X-ray–matter interactions. Recent developments, Spectro-
chim. Acta, Part B 66, 776 (2011).

[53] S. A. Stepanov, E. A. Kondrashkina, R. Köhler, D. V.
Novikov, G. Materlik, and S. M. Durbin, Dynamical
x-ray diffraction of multilayers and superlattices: Recur-
sion matrix extension to grazing angles, Phys. Rev. B 57,
4829 (1998).

[54] A. P. Honkanen, C. Ferrero, J. P. Guigay, and V. Mocella, A
finite element approach to x-ray optics design, Proc. SPIE
Int. Soc. Opt. Eng. 10236, 11 (2017).

[55] A. G. Shabalin, O. M. Yefanov, V. L. Nosik, V. A. Bushuev,
and I. A. Vartanyants, Dynamical effects in Bragg coherent
x-ray diffraction imaging of finite crystals, Phys. Rev. B
96, 064111 (2017).

[56] A. Majumdar, Microscale heat conduction in dielectric thin
films, J. Heat Transfer 115, 7 (1993).

[57] J. Maassen and M. Lundstrom, Steady-state heat transport:
Ballistic-to-diffusive with Fourier’s law, J. Appl. Phys. 117,
035104 (2015).

[58] J. Kaiser, T. Feng, J. Maassen, X. Wang, X. Ruan, and M.
Lundstrom, Thermal transport at the nanoscale: A Fourier’s
law vs. phonon Boltzmann equation study, J. Appl. Phys.
121, 044302 (2017).

[59] Above orientations are specific to the coordinate system of
the mirror assembly and are, depending on the actual
rotation of the mirrors, different in the coordinate system of
the photon beam.

[60] It should be noted that with this small angle approximation,
the reflection matrix is not unitary anymore. This is fine, as
long as the vectors are appropriately normalized after
reflection.

[61] G. Giusfredi, Physical Optics (Springer, Berlin, 2019),
p. 933.

[62] For the perfect retroreflector, all three eigenvalues A, B,
and C become −1 and, hence, all vectors, being a linear
combination of the corresponding set of eigenvectors,
return antiparallel to themselves.

[63] J. Bahrdt, Shaping photon beams with undulators and
wigglers, Synchrotron Light Sources and Free-Electron
Lasers (Springer International Publishing, New York,
2016), pp. 751–819.

PATRICK RAUER et al. PHYS. REV. ACCEL. BEAMS 26, 020701 (2023)

020701-14

https://doi.org/10.1063/5.0019935
https://doi.org/10.1063/5.0019935
https://doi.org/10.1107/S1600577522009778
https://doi.org/10.1107/S1600577522009778
https://doi.org/10.1016/j.nima.2020.163936
https://doi.org/10.1016/j.nima.2020.163936
https://doi.org/10.1016/S0168-9002(99)00114-X
https://doi.org/10.1016/S0168-9002(99)00114-X
https://doi.org/10.1109/JPROC.2004.840301
https://doi.org/10.1016/j.nima.2008.04.058
https://doi.org/10.1016/j.nima.2008.04.058
https://doi.org/10.1016/j.sab.2004.03.014
https://doi.org/10.1016/j.sab.2004.03.014
https://doi.org/10.1016/j.sab.2011.09.011
https://doi.org/10.1016/j.sab.2011.09.011
https://doi.org/10.1103/PhysRevB.57.4829
https://doi.org/10.1103/PhysRevB.57.4829
https://doi.org/10.1117/12.2268072
https://doi.org/10.1117/12.2268072
https://doi.org/10.1103/PhysRevB.96.064111
https://doi.org/10.1103/PhysRevB.96.064111
https://doi.org/10.1115/1.2910673
https://doi.org/10.1063/1.4905590
https://doi.org/10.1063/1.4905590
https://doi.org/10.1063/1.4974872
https://doi.org/10.1063/1.4974872

