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X-ray free electron lasers provide short, polarized, high-power pulses of x-ray radiation, where
polarization properties are determined by the undulator magnetic field. We propose a cost-effective method
to shape the polarization of FEL radiation on the sample both spatially, on a few-μm scale, and/or
temporally on the 100-femtosecond scale. The method is based on coaxial superposition of two coherent
radiation pulses with different frequencies emitted in two consequent undulators set to emit radiation with
orthogonal polarization states. Its capabilities are demonstrated via numerical simulations for the SASE3
undulator line of the European X-ray Free-Electron Laser. Generation of x-ray free-electron laser pulses
with shaped polarization may be interesting for studies of magnetism or ultrafast phenomena and will
facilitate further developments of complex light engineering in the soft X-ray range.
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I. INTRODUCTION

Free electron lasers (FELs) opened up the possibility of
obtaining polarized x-ray pulses with unprecedented power
and femtosecond-order duration [1].
Generation of structured light and, in particular, radia-

tion with structured polarization, has interesting pros-
pects for the future, as outlined in [2] and references
therein. Techniques for generating radiation pulses with
complex polarization topology are well developed in the
optical range; for instance, generation of radiation with
spatially varying ellipticity [3], full Poincaré beams [4],
polarization Möbius strips [5], and radiation with tempo-
rally shaped polarization [6] were reported. Passing optical
light through numerous components is necessary to achieve
such results.
However, it is challenging to apply transmissive optical

elements in the soft x-ray range due to strong absorption.
In this paper we propose a simple method to shape the
polarization state of the FEL radiation using only compo-
nents already developed for such facilities, namely helical
undulators, phase-shifters, longitudinal wakefield struc-
tures [7], and reflective x-ray mirrors.

When an electron beam with coherently modulated
density passes through the undulator resonant to the
modulation frequency, a coherent radiation pulse is
emitted. One can call such device a radiator. Polarization
properties of that pulse are determined by the trajectory
of electrons in the radiator, which in turn depends on
the undulator magnetic field. As all electrons within the
electron beam travel with nearly the same trajectory, the
generated radiation pulses have homogeneous polarization
properties: within the resonance approximation planar
undulators yield linearly polarized radiation, while circu-
larly polarized radiation can be generated in helical
undulators [8,9].
When an electron beam passes consequently through

two radiators set to emit radiation with orthogonal polari-
zation states, the resulting on-axis polarization state will
be located somewhere on the large circle of the Poincaré
sphere between the original polarization states1 as illus-
trated on Fig. 1. Its location along the circle is determined
by the phase difference Δϕ between the beams.
This scheme was first proposed in [10] as a way of

generating circularly polarized radiation at synchrotron
facilities2, as illustrated on Fig. 2(a). Later this approach
was extended for FELs and circular polarization basis
[11], as illustrated on Fig. 2(b), experimentally demon-
strated for crossed planar and helical undulators [12–15]*svitozar.serkez@xfel.eu
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1Here we assume that the pulses are overlapped both spatially
and temporally.

2The monochromator was used in order to provide the
necessary longitudinal coherence.
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and is currently referred to as the “crossed undulator
technique.”
In order for this method to work, it is important that the

phase difference Δϕ between the two polarized pulses is
kept fixed both transversely and in time. Since both
pulses are emitted by the same electron beam, this scenario
would be naturally satisfied if not for the slippage of
the radiation with respect to the electron beam in the
undulator. If comparable or larger than the radiation
coherence time, this slippage does deteriorate polarization
properties [16]. Therefore it is challenging to apply this
technique for self-amplified spontaneous emission (SASE)
operation mode when radiation coherence time, typically
much smaller than the pulse duration, is comparable to the
radiation slippage.

In general, one can modulate the phase difference Δϕ
as a function of time or transverse coordinate to shape the
polarization of the output FEL radiation. The proposed
schemes are illustrated on Figs. 3 and 4 respectively.
Also, the crossed undulator scheme relies upon an

assumption that the radiation from the first undulator
does not interact with the electron beam in the second,
i.e., the radiation from the first undulator does not “seed”
the second one.
In case of the crossed planar undulators this is always

true, since the projection of the electric field of the “seed”
onto the transverse electron velocity in the second undulator

S 2

S 3

S 1

Sa

Sb

Sa+b

FIG. 1. Combination of radiation pulses with orthogonal
polarization basis Sa and Sb, represented on Poincaré sphere,
yields polarization states located on a big circle of sphere.

FIG. 2. Combination of radiation beams with different polar-
izations. Note that for illustration purposes the depicted rate of
polarization change on subfigure (c) is exaggerated.

FIG. 3. Illustration of the scheme optimized for temporal polarization shaping or linearly polarized radiation. The density-modulated
electron beam with a linear energy chirp sequentially radiates in the right- and left- handed helical undulators. Radiation frequency is
determined by the bunching frequency, which changes upon passing through undulators. It is illustrated as “stretching” of the electron
beam in comparison to a reference dashed line on the bottom inlays. This way one can obtain radiation with temporally shaped linear
polarization.
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is always zero. In case of helical undulators set to orthogonal
elliptical polarization basis this projection is not zero,
but fluctuates along the undulator around zero value.
Therefore, no synchronism takes place and on average
the “seed” does not interact with the electron beam (see
Appendix A).

II. PROPOSED PRINCIPLE

Consider two overlapped radiation pulses. The differ-
ence between their intensities and phases Δϕ may be
inhomogeneous either along the propagation direction
(variation in time) or across the radial coordinate (variation
in space) or both. Such variations cause degradation of the
radiation polarization when averaged over time or across
the transverse direction [14,16].
Here we actually aim at maximizing this effect so that

the resulting polarization may depend on the location
on the sample and/or the arrival time of the radiation
within the pulse. In order to illustrate this point, we use
Stokes vector and Stokes angles formalism, revisited in
Appendix B.
Let us consider the radiation distribution between the

two identical FEL radiation sources modeled, for simplic-
ity, as waists of Gaussian beams with sizes w, separated by
distance 2zu and in right- and heft-handed circular polari-
zation basis. Polarization properties between the waists are
derived in Appendix C. Upon imaging them with a lens one
expects to obtain the same polarization properties of the
demagnified radiation, where temporal and spatial depend-
ence of the Stokes angles is as follows:

ψðr; t;ΔωÞ ¼ −
kr2

2zuM2½1þ ðzR=zuÞ2�
−
Δωt
2

þ ϕ0;

χðr; t;ΔωÞ ¼ 0: ð1Þ
Here ψ is the orientation angle of the polarization

plane, χ is the deviation from purely linear polarization,

zR ¼ kw2=2 is the Rayleigh length of source Gaussian
beams with wave vector k ¼ ω=c. ω and Δω are the mean
and difference of the beams carrier frequencies. ϕ0 is a
phase difference between the two beams that does not
depend on time or transverse coordinate and can be tuned
with, for instance, a weak phase shifter. M is the magni-
fication of imaging system. One can see that the radiation
is linearly polarized, with orientation of the polarization
plane depending quadratically on a distance r from the axis.
This dependence, schematically illustrated on Fig. 5(a), is
the example of transverse, or spatial polarization shaping.
For comparison, Fig. 5(b) illustrates the radiation from two
crossed planar undulators. This transverse polarization
shaping effect is caused by different wavefront curvatures
of the two superimposed radiation beams with equal
intensities and different polarization states.
The rate of spatial polarization shaping, dψ=dr and/or

dχ=dr, can be controlled by varying distance between the

FIG. 4. Illustration of the scheme to deliver radiation with spatial polarization shaping. The density-modulated electron beam
sequentially radiates in planar undulators set to horizontal and vertical polarization. After passing the imaging system depicted here as a
single lens radiation is focused into two waists of orthogonal polarizations. The sample is introduced between the waists where spherical
wavefronts of the two radiation beams have the opposite curvature. This results in spatially-dependent phase difference, hence spatially
shaped polarization at the sample.

(a) sum of circularly
polarized beams

(b) sum of linearly polarized
beams

FIG. 5. Illustration of spatial polarization shaping: polarization
ellipses at different transverse coordinates arcoss the sample for
crossed helical (left plot) and planar (right plot) undulators. Color
depicts radiation helicity, e.g., red corresponds to right-handed
polarization and blue to the left-handed one.
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image waists in terms of their Rayleigh lengths. The effect
is maximized when zu ≫ zR. Consequently, the spatial
shaping may be minimized if the Rayleigh length of the
images is increased by using a lens with a finite pupil while
focusing on the sample.
From Eq. (1) it also follows that orientation of the

polarization plane also varies with time at the rate of half
the beam frequency difference dψ=dt ¼ Δω=2. We refer to
this effect as the longitudinal, or temporal polarization
shaping. This effect is illustrated on Fig. 2(c).
In principle, pulse intensity can be modulated via slotted

foil [17], laser heater [18], or fresh-slice technique [19,20]
to facilitate pump-probe experiments. If the goal is to
generate two distinct pulses with different polarizations,
the proposed setup will be more limited compared to the
method reported in [20]: it will yield less power, smaller
delay range and will be harder to tune delay while keeping
other parameters constant, photon energy is be fixed.
However, in that case the proposed method would allow
one to control the polarization of both pulses, while in [20]
polarization of the first pulse is determined by the magnetic
structure of the baseline planar undulator. In addition,
source separation of the two pulses would be considerably
smaller and the proposed scheme could allow phase
stability between these pulses, provided the jitter in the
electron beam is accounted for.
In practice, generation of two overlapped coherent FEL

pulses with different frequencies creates a challenge that is
discussed below.

III. DETUNING FREQUENCY OF THE SECOND
UNDULATOR RADIATION

In order to generate the FEL radiation with temporally
shaped polarization, the frequency of the electron beam
density modulation (i.e., “bunching”) should be shifted by
Δω between the ends of the two consequent radiators.
Such frequency shift takes place naturally in a dispersive

environment with nonzero R56 value, provided that the
modulated electron beam has an energy chirp, as illustrated
on Fig. 6. Here we remind that R56 is related to the
momentum compaction, and is an element of the transfer
matrix of the setup. Its value between the undulator ends
consists of that of a single undulator and an intersection:

R56 ¼ −
1

γ2
½Luð1þ K2Þ þ Lis� ¼ −2Nuλ −

Lis

γ2
; ð2Þ

where K is the rms undulator parameter, Lu and Lis are
the undulator and intersection lengths correspondingly, Nu
denotes the number of undulator periods, and λ ¼ 2πc=ω is
the resonant undulator wavelength.
This dispersion is too small to strongly affect the density

modulation amplitude, but is sufficient to change its
frequency proportionally to the final electron beam elon-
gation δs ¼ −R56Δγ=γ:

Δω
ω

¼ −
δs
Δs

¼ R56Δγ
γΔs

: ð3Þ

The resulting shift of the bunching frequency Δω
weakly depends on the resonance frequency ω in the
case of the short intersection and the large undulator
parameter K:

Δω ¼ −
�
ωLis

γ2
þ 4πcNu

�
Δγ
γΔs

: ð4Þ

The key element of the temporal polarization shaping is
the energy chirp over the electron beam. If the temporal
coherence of the bunching is poor (which is the case for
SASE), the radiation emitted in the first radiator would slip
forward considerably, compared to the SASE spike width
(see Fig. 5 in [16]). Such slippage would yield undesired
rapidly oscillating ratio of intensity of the two overlapped
radiation pulses and consequently—unwanted oscillation
of polarization state. Therefore, the temporal coherence
should be maximized, however introducing a fully coherent
seed is, strictly speaking, not necessary which potentially
relaxes requirements to the seed laser or the self-seeding
monochromator resolution. Similar reasoning can be
applied to the seed laser phase noise as well as the intensity
modulations, potentially caused by microbunching insta-
bility. The latter should be, if possible, minimized.

IV. PROPOSED SCHEME REALIZATION AND
RESULTS OF NUMERICAL SIMULATIONS

We exemplify the possibility of obtaining the FEL
radiation with shaped polarization on the SASE3 undulator
line of the European XFEL. Its essential parameters are
provided in Table I. The main elements of the proposed
setup are four helical APPLE-X radiator segments with full

FIG. 6. Illustration of the longitudinal phase space of a linearly
chirped electron beam with coherent density modulation at
frequency ω. This frequency is shifted by Δω upon propagation
through an element with non-zero compaction factor.
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polarization control, proposed for installation at the facility
[9] and composed of twenty-two 9 cm-long periods each.
For the sake of argument, here we will conventionally
assume that the first radiator is tuned to emit radiation with
right-handed circular polarization as defined from the point
of view of a downstream observer (negative helicity), while
the second one produces left-handed circularly polarized
radiation (positive helicity). The considered photon energy
is 300 eV.
The parameters of the electron beam used for simulations

are presented on Table II. We assume that the electron beam
with coherent density modulation can be generated using a
combination of external seeding or self-seeding technique
[21–23] and inverse tapering [24,25]. We model the FEL
performance with the numerical code Genesis [26] and
analyze radiation properties with Ocelot [27].

A. Scheme optimized for temporal
polarization shaping

The scheme to generate temporally shaped FEL radia-
tion is depicted on Fig. 3. An electron beam with uniform
properties except for a linear energy chirp is overlapped
with coherent radiation pulse—seed—as depicted on
Fig. 7(a), and introduced in the nominal SASE3 undulator.
The electron beam energy chirp can be controlled by
modifying electron beam compression and/or using longi-
tudinal wakefield structure, while keeping in mind possible
chirp nonlinearities.
The rate of the temporal polarization shaping is deter-

mined by the slope of linear chirp along the electron beam.
The deviations from strictly linear chirp would cause
variation of rate of temporal polarization shaping. The
chirp should be at least diagnosed with, for example, a
transverse deflection cavity, and its quadratic component
within the lasing window should be minimized.

Undulator inverse tapering [28,29] allows to amplify
electron bunching [see Fig. 8(a)] while keeping emitted
radiation at relatively low level, as depicted on Fig. 7(b).
Therefore one can refer to this inverse tapered undulator as
modulator.
Bunching in the electron beam is not uniformly high at

the end of the modulator, since the interaction between the
monochromatic seed and energy-chirped electron beam
cannot take place well beyond the undulator resonance
condition. This interaction window along the electron beam
is in order of ργΔs=Δγ and defines the upper limit of the
FEL pulse length with temporal polarization shaping. Here
ρ is the FEL gain (Pierce) parameter that determines the
amplification resonance bandwidth. The interaction win-
dow can be increased by applying frequency chirp to the
seed radiation [30], however it may increase the complexity
of the method and subsequent data analysis.

TABLE I. SASE3 undulator parameters.

Parameter Value

Krms ≤9
Period 6.8 cm
Undulator length 5 m
Intersection length 1.1 m
No. of segments 21

TABLE II. Electron beam parameters.

Parameter Value

Energy γ 16 600
Energy chirp Δγ=Δs 0; 5=μm
Energy spread σγ 3.5
Norm. emittance 0.5 mm · mrad
β (average) 20 m

(a) modulator entrance (b) modulator end

(c) 1st radiator end,
right-handed polarization

(d) 2nd radiator end,
left-handed polarization

FIG. 7. Properties of electron beam and FEL radiation at
different locations along the undulator. Top subplots depict the
electron beam current (black dached line, 2 kA constant), and
radiation power (green solid line). Middle subplots depict mean
(blue line) and 2σ spread (red dashed lines) of the electron beam
energy as well as its bunching (grey line). Bottom plots show the
on-axis spectra of the radiation.
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The modulated electron beam is fed sequentially through
four helical radiator segments. The first radiator segment
is effectively extracted. The second one is resonant to the
bunching frequency and emits right-handed circular polari-
zation. In simulation both radiation and electron distribu-
tion files are dumped, the latter is used as an input for the
following simulation stage. Third helical undulator is
detuned beyond the FEL resonance but contributes to
the shift of bunching frequency due to its compaction
factor. Fourth is resonant to the slightly shifted bunching
frequency and is set to emit radiation with left-handed
circular polarization. Distance between centers of the
resonant radiators is 6.2 m. As a result, two radiation
pulses with comparable radiation power levels of 2 GWand
0.03 eV photon energy separation are generated, as shown
on last subfigures of Figs. 7 and 8.
We filtered high angular frequencies of the emitted

radiation to imitate a square aperture with a size of
20 mm or 10 mm at a distance of 500 m from the radiators.
By varying the aperture size one can reach a desired trade-
off between its transmission (here 48% and 12%) and the
transversely averaged degree of polarization (75% and 98%
correspondingly).
We assume that the distance between the focusing mirror

and the sample is 2.5 m and the mirror is located next to the

aperture. Therefore we scale the transverse mesh down by
factor M ¼ 1=200 to account for the mirror demagnifica-
tion. This allows us to provide good estimation of the
radiation spot size and polarization distribution at the
sample. The Stokes parameters of this imaged radiation
with temporal polarization shaping for 10 mm aperture are
provided in Fig. 9.
For simplicity, we assumed a single ellipsoidal mirror as

focusing element. In practice, Kirkpatrick-Baez mirrors
may be used to carry out the focusing. Such setup would
yield magnification ratio for vertical and horizontal planes
as large as 2∶1. In that case the distribution presented on the
figures would be asymmetric by the same factor.
Rapid temporal polarization shaping is also referred to as

“polarization scrambling.” From Fig. 9 it follows that the
frequency of this scrambling with the proposed scheme
may reach several teraradians per second.

B. Scheme optimized for spatial polarization shaping

In order to generate FEL radiation with strong spatial
polarization shaping, the setup, depicted on Fig. 4 is
principally the same, except there is no need for the
electron energy chirp, and distance between the active
helical radiators should be maximized. In our case the
source separation of 9.2 m is larger than the equivalent of
Rayleigh length (zR ∼ 2 m). Also, no aperture at the lens
position is needed, on the contrary: radiation clipping by
the lens edges is undesired. In contrast to the temporal
shaping, spatial shaping imposes no limitations on resulting
pulse duration.

(a) modulator

(b) first radiator (c) second radiator

FIG. 8. Growth of the radiation power and the electron beam
bunching (grey line—peak value, black line—current-weighted
average) as a function of the undulator length.

FIG. 9. Radiation polarization properties for the setup geometry
optimized for temporal polarization shaping. Stokes parameters
averaged over 1.3 fs (19 simulation slices). Here we assume
10 mm aperture size. Top plots depict radiation intensity and
orientation of the polarization plane in false colors as a function
of transverse coordinates and time. Bottom left plot depicts
angles of Stokes vector averaged over transverse coordinates as a
function of time. Bottom right plot depicts the corresponding
Stokes vector components.
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Stokes parameters of such radiation at the sample
location are provided in Figs. 10 and 11, illustrating
polarization properties of crossed helical and planar undu-
lators correspondingly.
Spatial polarization shaping of the wavefront may enable

single shot studies of dichroic materials at x-ray absorption
resonances. When propagating through magnetic or chiral
materials the wavefront is modulated which can be captured
on an array detector. In time-resolved studies this would
offer the possibility to record nonrepeatable dynamics
when both polarization components are simultaneously

required for signal detection [31]. In a two-color excitation
scheme in case that the experimental conditions enable to
extract spatially or temporally resolved pump-probe over-
lap signals more rich information, up to the full picture of
the underlying dynamics on the femtosecond timescale, can
be obtained from a single pulse measurement [32].

V. CONCLUSIONS

In this paper we presented a cost-effective method to
shape the polarization state of seeded FEL radiation pulses
impinging on the sample as a function of time and/or
transverse coordinate.
In order to generate radiationwith shaped polarization, two

distinct temporally coherent radiation pulses with orthogonal
polarization states should be emitted in two consecutive
radiators by a coherently modulated electron beam.
Polarization can be shaped temporally at the rate of half

the radiation pulses frequency difference. This rate is
proportional to magnitude of the linear energy chirp in
the electron beam. We have found that it should be possible
to “scramble” the polarization of the FEL radiation with
rate of several Tera-radians per second. A few short pulses
with polarization-of-interest may be selected by modulat-
ing the FEL power along the pulse by, for example,
introducing a slotted foil in the accelerator.
Polarization can also be modulated spatially if the wave-

fronts of the overlapped pulses have different curvatures.
This effect can be either maximized if the radiators are
separated by more than several Rayleigh lengths or mitigated
by filtering the radiation with an aperture in the far zone.
We confirm and exemplify our findings with results

of numerical FEL simulations for SASE3 undulator line
at the European XFEL. Also we believe that this paper
will contribute to development of experimental techniques
utilizing complex polarized light and advanced schemes for
its generation.
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APPENDIX A: RESONANT INTERACTION

The rate of energy exchange between an electron and
a radiation field propagating in the same direction is
given by:

dε
dt

∼ V⊥ · E ¼ VxEx þ VyEy;

where V⊥ is the transverse component of the electron
velocity. If the interaction takes place in a planar undulator
where the electron undulates in the horizontal plane, while

FIG. 10. Polarization properties of radiation for the setup
geometry optimized for spatial polarization shaping with crossed
helical undulators. Stokes parameters averaged over 15 fs.
Notation is the same as in Fig. 9, except the Stokes vector
and angles are calculated for the radiation at slice y ¼ 0 and
averaged over time. Radiation power is 3 GW.

FIG. 11. Polarization properties of radiation for the setup
geometry optimized for spatial polarization shaping with crossed
planar undulators. Notation and averaging are the same as in
Fig. 10. Radiation power is 1.5 GW.
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the radiation field is polarized in the vertical direction, one
always has

dε
dt

∼ Vx · 0þ 0 · Ey ¼ 0:

Therefore, in an FEL such radiation would not contribute
to the FEL amplification process. In other words, it is
impossible to “seed” the FEL with radiation of orthogonal
polarization.
Let us make an extension to the helical undulator case

and circularly polarized radiation with a field given by:

E ¼ Exex þ Eyey;

Ex ¼ E0 cosðkz − ωtþ ϕÞ;
Ey ¼ E0 sinðkz − ωtþ ϕÞ; ðA1Þ

which is overlapped with the electron in a helical undulator
with velocity

V⊥ ¼ Vxex þ Vyey;

Vx ¼ þKc
γ

cosðkwzÞ;

Vy ¼ �Kc
γ

sinðkwzÞ: ðA2Þ

Depending on the undulator helicity, the electron energy
transfer rate is

dε
dt

∼ VxEx þ VyEy

¼ KcE0

γ
½cosðkwzÞ cosðkz − ωtþ ϕÞ

� sinðkwzÞ sinðkz − ωtþ ϕÞ�; ðA3Þ
so

dε
dt

∼ cosð∓kwzþ kz − ωtþ ϕÞ: ðA4Þ

We can redefine the argument of cosine as a phase ψ ¼
ð∓kw þ kÞz − ωtþ ϕ. The effective energy exchange
between the electron and the radiation take place if ψ is
nearly constant along the undulator length:

dψ
dt

¼ ð∓kw þ kÞVz − ck; ðA5Þ

where Vz ¼ cð1 − 1þK2

2γ2
Þ. Using it one obtains:

dψ
dt

¼ ck

�
∓ kw

k
−
1þ K2

2γ2

�
: ðA6Þ

The resonance condition is fulfilled if one takes the
plus sign but it is impossible to fulfill dψ=dt ¼ 0 if the
sign before kw=k is negative (radiation polarization is
opposite to the undulator helicity). The phase ψ is rapidly

oscillating along the undulator, and, on average, along the
undulator no energy transfer between electrons and radi-
ation takes place.
Our reasoning can be applied to a general case of

elliptically polarized radiation propagating in an undulator
with elliptical helicity. The field is given in the form:

E ¼ Exex þ Eyey;

Ex ¼ E0x cosðkz − ωtþ χ1 þ ϕÞ;
Ey ¼ E0y sinðkz − ωtþ ϕÞ; ðA7Þ

and the expression for velocity is following:

V⊥ ¼ Vxex þ Vyey;

Vx ¼
Kxc
γ

cosðkwzþ χ2Þ

Vy ¼
Kyc

γ
sinðkwzÞ: ðA8Þ

These expressions for the field and velocity are the para-
metric equations of two ellipses with a free variable z and t
which is fixed. The phases χ1 and χ2 along with ratios
E0x=E0y and Kx=Ky define parameters of the ellipses and
the phase ϕ sets an arbitrary phase shift between the electric
field and electron trajectory.
Thus, the energy transfer rate along the z axis is defined

by the scalar product of the field and velocity:

dε
dz

∼ KxE0x cosðkwzþ χ2Þ cosðkz − ωtþ χ1 þ ϕÞ
þ KyE0y sinðkwzÞ sinðkz − ωtþ ϕÞ: ðA9Þ

Assuming KxE0x ¼ KyE0y and making some simplifica-
tions we have:

dε
dz

∼ cosð−kwzþ kz − ωtþ χ1 − χ2 þ ϕÞ
þ cosðþkwzþ kz − ωtþ χ1 þ χ2 þ ϕÞ
þ cosð−kwzþ kz − ωtþ ϕÞ
− cosðþkwzþ kz − ωtþ ϕÞ: ðA10Þ

To average the interaction to zero we need to set χ1 ¼ −χ2.
Mathematically, the relationsKxE0x ¼ KyE0y (orKx=Ky ¼
E0y=E0x) and χ1 ¼ −χ2 define two ellipses with the same
eccentricity and orthogonal orientation of axes. On Fig. 12
we depict variation of two such ellipses with respect to the
phase χ1. In terms of physics, the condition KxE0x ¼
KyE0y shows that the energy transfer is distributed equally
between x and y axes.
Finally, it is shown that there is zero average energy

transfer for the more general case of an elliptically
polarized radiation and the electron moving with the
opposite helicity.

SERKEZ, TREBUSHININ, VEREMCHUK, and GELONI PHYS. REV. ACCEL. BEAMS 22, 110705 (2019)

110705-8



APPENDIX B: STOKES PARAMETERS

Consider a uniform, well-collimated, quasimonochro-
matic light beam with mean frequency ω, propagating in
direction z. The transverse component of the electric field
vector can be decomposed into either two orthogonal
components along the x- and y- basis

Eðx; y; z; tÞ ¼ Exðx; y; z; tÞex þ Eyðx; y; z; tÞey;

as well as into circular basis

Eðx; y; z; tÞ ¼ ERðx; y; z; tÞeR þ ELðx; y; z; tÞeL:

We consider here the field E as a complex value associated
with the real-valued electric field. Relation between
Cartesian basis and circular basis is given here:

eR ¼ 1ffiffiffi
2

p ðex þ ieyÞ ðB1Þ

eL ¼ 1ffiffiffi
2

p ðex − ieyÞ: ðB2Þ

It is convenient to describe the polarization state of this
quasimonochrmatic radiation with Stokes parameters:

S0ðx; y; z; t;ΔtÞ ¼ hExE�
xi þ hEyE�

yi
S1ðx; y; z; t;ΔtÞ ¼ hExE�

xi − hEyE�
yi

S2ðx; y; z; t;ΔtÞ ¼ hEyE�
xi þ hExE�

yi
S3ðx; y; z; t;ΔtÞ ¼ iðhEyE�

xi − hExE�
yiÞ; ðB3Þ

where h…i denote the average over the observation time
Δt. In the circular basis the Stokes parameters are defined
in the following way:

S0ðx; y; z; t;ΔtÞ ¼ hERE�
Ri þ hELE�

Li
S1ðx; y; z; t;ΔtÞ ¼ hERE�

Li þ hELE�
Ri

S2ðx; y; z; t;ΔtÞ ¼ iðhERE�
Li − hELE�

RiÞ
S3ðx; y; z; t;ΔtÞ ¼ hELE�

Li − hERE�
Ri: ðB4Þ

The Stokes vector [33] Sðx; y; z; t;ΔtÞ ¼ ðS1; S2; S3Þ
characterizes the radiation polarization upon averaging
over the time interval Δt. The polarization of the radia-
tion can also be represented in terms of the azimuthal and
polar angles ψ and χ of the Stokes vector in spherical
coordinate system:

2ψðs;ΔtÞ ¼ arctan ðS2=S1Þ; ðB5Þ

2χðs;ΔtÞ ¼ arctan

�
S3=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S21 þ S22

q �
: ðB6Þ

Here the orientation of the polarization plane is defined
by the angle 2ψ , whereas the deviation from pure linear
polarization is determined by the angle 2χ. In order to
visualize the polarization state one can use the
Poincaré sphere or the polarization ellipse, both illustrated
on Fig. 13.
The physical meaning of the Stokes parameter S0 is the

total radiation power Ptot, averaged over a measurement
time Δt. The S1, as it can be seen from the definition
in Cartesian basis, indicates the difference between the
intensities of light polarized along the x-axis and y-axis
respectively. The same for S2 but for the polarization along
the directions 45° and 135° that are measured with respect
the x-axis. S3 has the meaning of the difference between
L-handed and R-handed polarization. So, S1 and S2 show
the properties of linearly polarized light and S3 indicates
any deviation from linearity.
We can interpret the length of the Stokes vector

Sðx; y; z; t;ΔtÞ ¼ ðS1; S2; S3Þ as an effective intensity of
the polarized fraction of the radiation Ppol:

Ppol ¼ jSj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S21 þ S22 þ S33

q
≤ S0:

Then, the degree of polarization is given by

(a)
(b) (c)

(d) (e) (f)

FIG. 12. Hodograph of elliptical polarization state (blue line)
and velocity in a helical undulator (red line) depending on the
phase χ1.

FIG. 13. Poincaré sphere and polarization ellipse.
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Dpolðs;ΔtÞ ¼
Ppol

Ptot
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S21 þ S22 þ S23

p
S0

:

The effective power of the linearly polarized portion of the
radiation corresponds to the projection of the Stokes vector
S onto the ðS1S2Þ plane:

Plin pol ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S21 þ S22

q

and the corresponding degrees of linear and circular
polarizations are

Dlin polðs;ΔtÞ ¼
Plin pol

Ptot
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S21 þ S22

p
S0

;

Dcirc polðs;ΔtÞ ¼
Pcirc pol

Ptot
¼ jS3j

S0
:

Amplitudes and phases of the time varying complex
amplitude Ẽ of the quasimonochromatic electric field
E ¼ Ẽ expðiωcz=cÞ are assumed to vary slowly along z
direction, in comparison to the carrier wavelength
λc ¼ ωc=c. We can introduce the characteristic time
of this variation τ ≫ 2π=ωc. In this case, the radiation
may be considered polarized on timescales 2π=ωc ≪ Δt ≪
τ and unpolarized on timescales Δt ≫ τ, given that
DpolðΔtÞ ¼ 0.

APPENDIX C: DERIVATION OF STOKES
PARAMETERS FOR TWO
HELICAL UNDULATORS

In order to model an FEL radiation we use the Gaussian
beam formalism. The radiation field at distance z from the
Gaussian beam waist is given by:

Eðx; y; z; tÞ ¼ Ae1
w0

wðzÞ exp½iϕðzÞ þ ikz − iωt�·

exp

�
−
x2 þ y2

w2ðzÞ
�
exp

�
i

k
2RðzÞ ðx

2 þ y2Þ
�
; ðC1Þ

where e1 denotes for an arbitrary polarization state,

w2ðzÞ ¼ w2
0½1þ ðz=zRÞ2�; ðC2Þ

RðzÞ ¼ z½1þ ðzR=zÞ2�; ðC3Þ

and the Gouy phase shift ϕðzÞ is

ϕðzÞ ¼ − arctan

�
z
zR

�
: ðC4Þ

Light of the two Gaussian beams can be propagated by
the distance zu and −zu accordingly to imitate the radiation
distribution between the undulators. We assume that the
radiation is circularly polarized with equal intensity, oppo-
site helicity and carrier frequencies different by Δω. The
field given by (C1) contains the following functions of z:

wðzÞ, RðzÞ, and ϕðzÞ. Here wðzÞ is an even function so
wð−zÞ ¼ wðzÞ. RðzÞ and ϕðzÞ are odd.
The expression for the fields becomes

ELðx; y; zu; tÞ ¼ A
w0

wðzuÞ
exp½iϕðzuÞ þ ikzu − iωt�·

exp

�
−
x2 þ y2

w2ðzuÞ
�
exp

�
i

k
2RðzuÞ

ðx2 þ y2Þ
�
;

ERðx; y;−zu; tÞ ¼ A
w0

wðzuÞ
exp½−iϕðzuÞ − ikzu

− iðω−ΔωÞt� exp
�
−
x2 þ y2

w2ðzuÞ
�

× exp

�
i

k
−2RðzuÞ

ðx2 þ y2Þ
�
: ðC5Þ

The expressions for the ERE�
R, ELE�

L, ERE�
L, ELE�

R can
be written as:

ERE�
R ¼ ELE�

L ¼
�

Aw0

wðzuÞ
�

2

exp

�
−
2ðx2 þ y2Þ
w2ðzuÞ

�
;

ERE�
L ¼ ðELE�

RÞ� ¼
�

Aw0

wðzuÞ
�

2

exp

�
−
2ðx2 þ y2Þ
w2ðzuÞ

�
·

exp

�
−i

k
RðzÞ ðx

2 þ y2Þ þ 2iϕðzÞ þ 2ikzu þ iΔωt
�
:

Using the Euler’s formula eiϕ ¼ cosϕþ i sinϕ and taking
into account

ERE�
L þ ðELE�

RÞ� ¼ 2jERE�
Lj cos ½ArgðERE�

LÞ�
ERE�

L − ðELE�
RÞ� ¼ 2ijERE�

Lj sin ½ArgðERE�
LÞ�

we can extract the Stokes parameters of the field between
the waists of Gaussian beams:

S0ðx; y; t;ΔωÞ ¼ 2

�
Aw0

wðzuÞ
�

2

exp
�
−
2ðx2 þ y2Þ
w2ðzuÞ

�

S1ðx; y; t;ΔωÞ ¼ 2

�
Aw0

wðzuÞ
�

2

exp

�
−
2ðx2 þ y2Þ
w2ðzuÞ

�
·

cos

�
2ϕðzuÞ þ 2kzu −

k
RðzuÞ

ðx2 þ y2Þ þ Δωt
�

S2ðx; y; t;ΔωÞ ¼ −2
�

Aw0

wðzuÞ
�

2

exp

�
−
2ðx2 þ y2Þ
w2ðzuÞ

�
·

sin
�
2ϕðzuÞ þ 2kzu −

k
RðzuÞ

ðx2 þ y2Þ þ Δωt
�

S3ðx; y; t;ΔωÞ ¼ 0:

For the Stokes angle ψ it is necessary to take into account
periodicity of the arctanðtanðÞÞ function, so the resulting
Stokes angles are
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ψðx; y; t;ΔωÞ ¼ ϕðzuÞ þ kzu −
kr2

2zu½1þ ðzR=zuÞ2�
þ Δωt

2
;

χðx; y; t;ΔωÞ ¼ 0: ðC6Þ

Each of the radiation beams in Eq. (C5) can be imaged with
a lens at distance ds from the source waist. Size of the
image of the waist wi, its Rayleigh length and distance from
the lens di would be

w2
i ¼

w2f2

½ðds − fÞ2 þ z2Rs�
; ðC7Þ

di ¼ f þ f2
ðds − fÞ

½ðds − fÞ2 þ z2Rs�
; ðC8Þ

following the notation in Fig. 14. Given the magnification
factor of such imaging system,

M ¼ ds
di

¼ f
ds − f

; ðC9Þ

waist sizes, their Rayleigh lengths and separation are scaled
accordingly, provided zRs ≪ jds − fj:

zRi ≃ zRsM2; ðC10Þ

zi ≃ −zuM2; ðC11Þ

wi ≃ wsM: ðC12Þ

After substitution in Eq. (C6) we see that the polarization
properties on the image correspond to the demagnified
properties of the source:

ψðx;y; t;ΔωÞ ¼ ϕðzuÞþ kzu −
kr2

2ziM2½1þðzRi=ziÞ2�
þΔωt

2

χðx;y; t;ΔωÞ ¼ 0; ðC13Þ

where r is the coordinate transverse to the optical axis on
the image which is demagnified by a factor M.
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