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Abstract: Determining fluctuations in focus properties is essential for many experiments at Self-
Amplified-Spontaneous-Emission (SASE) based Free-Electron-Lasers (FELs), in particular for
imaging single non-crystalline biological particles. We report on a diffractive imaging technique
to fully characterize highly focused, single-shot pulses using an iterative phase retrieval algorithm,
and benchmark it against an existing Hartmann wavefront sensor. The results, both theoretical
and experimental, demonstrate the effectiveness of this technique to provide a comprehensive and
convenient shot-to-shot measurement of focused-pulse wave fields and source-point positional
variations without the need for manipulative optics between the focus and the detector.
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1. Introduction

The advent of hard X-ray Free-Electron-lasers (XFEL), such as the European XFEL [1] in
the Hamburg area, Germany, the Linac Coherent Light Source (LCLS) [2], CA, USA or the
SPring-8 Angstrom Compact free electron LAser (SACLA) [3], Japan, enables a broad range
of novel experiments including single-shot diffraction imaging of biological structures [4] and
time-resolved imaging of the dynamics of matter [5]. The unique properties of XFEL radiation;
such as femtosecond pulse duration, high peak power and high transverse coherence; pave the
way for these novel experiments [6–8]. Many experiments at FELs require a high degree of
X-ray beam focusing to obtain the highest intensity or an optimal matching between beam size
and the spatial extent of samples to be injected [9, 10]. To enable a complete analysis of data
for a large fraction of experiments performed at FELs with focused beams, it is important to
know the exact properties of the focused complex wave fields including the phase, intensity and
spatial distribution. This is particularly the case for imaging experiments which require either
a well-defined or well-characterised wavefield to quantitatively interpret the structure of the
sample investigated.

The characterization of highly focused X-ray pulses is particularly challenging due to the
stochastic shot-to-shot fluctuations of the SASE process as well as a focused peak intensity that
exceeds the damage threshold of any material [11].

Over the last few years, a variety of techniques have been developed to characterize FEL
pulses, such as Hartmann Wavefront Sensing (HWS) [12–14], X-ray Grating Interferometry
(XGI) [15] and Ptychographic Coherent X-ray Diffractive Imaging (PCDI) [16]. In the former
approaches, pinhole arrays or gratings are designed for a limited range of photon energies. The
accuracy of reconstructions specifically relies on the assumption of a small-angle deflection,
which decreases the sensitivity to small local phase changes [17]. The latter approach requires a
large ensemble of measurements, in the presence of a sample, to retrieve the illuminating probe,
so that a statistically averaged picture of the focused beam is obtained [10].

A solution to overcome these problems is to use an iterative diffractive imaging technique
[18–20] applied to single far-field diffraction patterns of a highly focused beam [21]. This method
comprises an Iterative Phase Retrieval Algorithm (IPRA) with real space and intensity modulus
constraints, utilizing the spherical phase curvature of the focused beam; known as the Fresnel
Coherent Diffraction Imaging (FCDI) method [22, 23]. This modification results in the fast and
predominantly reliable convergence of the algorithm [24, 25].

In this work, we propose an extension of the FCDI method to systematically characterize
highly focused X-ray pulses under more general experimental conditions than previously assumed
[21, 26]. The technique can be used to explore both the complex wave field information, as well
as the source-point position and its fluctuations. The latter is particularly interesting for short
FEL beamlines and yields valuable information about the gain length of the source [27].
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To assess the effectiveness of this approach, we performed a wave field characterization
experiment at the FLASH facility [28], which shares many properties with the European XFEL, a
hard X-ray FEL source to come online in 2017. The experiment was accompanied by simulations
with a geometry identical to that used in the FLASH experiment at beamline BL2.

2. Conceptual design and theoretical considerations

The experimental setup for a focused FEL at FLASH beamline BL2 is conceptually shown
in Fig. 1. In [21], Quiney et al., the distance between the source and the focusing element is

Fig. 1. The focused wave field characterization geometry. Soft x-rays of wavelength λ are
clipped by a 5 mm circular aperture and focused by an elliptical mirror with 2 m nominal
focal length. A two-dimensional detector (CCD) is located downstream of the focal plane
where the Fresnel number satisfies the far-field condition.

assumed to be infinite. Here we account for a finite distance z02 = z01 + z12 between the source
and the elliptical mirror, so that the beam is focused at a distance z23 from the mirror which
is slightly larger than its nominal focal length f . As a prerequisite of the IPRAs, a plane must
exist along the optical axis where the wave field has a limited spatial extent in order to constrain
the solution [29, 30]. For any focusing system that can be represented by a thin lens, such a
constraint can be given by the finite entrance aperture of the focusing device. In [21], Quiney et
al., the entrance aperture of the lens is located in the same plane as the focusing element itself.
Nevertheless, the support constraint can be imposed in a plane that differs from the plane of the
focusing element itself [30]. Here the support-defining aperture is located at a distance z01 from
the source, so that there is a finite propagation distance z12 between the aperture plane and the
lens.

We consider the paraxial Fresnel propagation of a monochromatic scalar wave Ψ(ρi , zi ) of
wavelength λ [31]:

Ψ(ρ j , z j ) ' exp(ik zi j )F−1 exp(−izi j
k2
⊥

2k
) F Ψ(ρi , zi ) = Υ(Ψ(ρ j , z j ), (1)

here ρ j = (x j , yj ) denotes the Cartesian coordinates in a plane perpendicular to the optical axis,
zi j = z j − zi is the distance between the i-th and j-th plane along the optical axis, ρi equals
(x2

i
+ y2

i
)1/2, k is the wave number and F represents the two-dimensional Fourier transform

with respect to x and y. For simplicity, we introduced an operator notation format. Equation 1
is numerically stable for Fresnel numbers FN>> 1 [32]. For FN<< 1, the equivalent far-field
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formulation of Fresnel propagation reads as

Ψ(ρ j , z j ) ' −
i

λzi j
exp(i

k
2zi j

ρ2
j ) F (exp(i

k
2zi j

ρ2
i ) .Ψ(ρi , zi )) ' Σ(ρ j , z j ) F (Ω(ρi , zi j ) .Ψ(ρi , zi )).

(2)
The experimental geometry at beamline BL2 is designed such that Eq. 1 is valid for propagation distance

z12 whereas Eq. 2 describes propagation over distances z23 and z34.
To recover the complex wave field in the detector plane we use an extension of the iterative algorithm

presented by Quiney et al. [21]. More specifically, we introduce an additional propagation between the
entrance aperture and the focusing element. In addition, we consider a finite distance between source and
aperture plane. Consequently, we require reciprocal propagation between four planes: The support plane
E1, the elliptical-mirror plane E2, the approximate focal plane E3, and the detector plane E4.

Representing the wave field ψ(ρ4 , z34) at the detector plane as a product ψd exp(i k
2z34

ρ2
4) of a (nearly)

planar and spherical component, the algorithm can be described as follows:

1. ψ(ρ3 , z3) ' Σ(ρ3 , −z34) .F (ψd
guess ) ,

2. ψ(ρ2 , z2) ' Σ(ρ2 ,
z23 . f
z23− f

) F (Ω(ρ3 , −z23) . ψ(r3 , −z23)) ,

3. ψ(ρ1 , z1) ' Υ−1(ψ(ρ2 , −z23)),

4. Impose support constraint on ψ(ρ1) → ψNew (ρ1) ,

5. ψ(ρ2 , z2) ' Υ(ψNew (ρ1 , z12)),

6. ψ(ρ3 , z3) ' Σ(ρ3 , z23) F (Ω(ρ2 ,
z23 . f
f −z23

) . ψ(ρ2 , z12)) ,

7. ψ(ρ4 , z4) ' −i
λz34

. F (Ω(ρ3 , z34) . ψ(ρ3 , z23))

8. Impose wave field amplitude constraint on ψ(ρ4) → ψNew (ρ4) ,

9. Substitute ψNew (ρ4) as ψd
guess in step 1.

Here f denotes the nominal focal length of the elliptical mirror and ψd
guess is a random complex wave

field to initiate the algorithm.
The discrete Fourier transform (DFT) relation defines the pixel sizes between two consecutive planes

and are given by:

δxi = δx j (FN >> 1), (3)

δxi =
λzi j
Nδxi

(FN << 1), (4)

where δxi j is the linear pixel size in two planes linked by the DFT, N is the pixel number in the discrete
array, λ is the wavelength of x-ray and zi j is the linear distance between two planes.

The Shannon sampling condition, to adequately sample quadratic terms involving in both Fresnel
formalisms can be expressed as follows [33, 34]:

λzi j
N (δxi )

≤ 1 (E1 ↔ E2), (5)

λzi j
N (δxi )

≥ 1 (E2 ↔ E3 and E3 ↔ E4) (6)

here δxi identifies the numerical sampling at the plane of propagation and ↔ refers to a reciprocal
propagation between two consecutive planes.

As the source-distance z01 is only approximately known, the exact distance of the image plane from
the focusing mirror has to be retrieved numerically by propagating the reconstructed wave field along the
optical axis in a small neighborhood around plane E3. Here we use a sharpness metric [35],

S(z) =

"
I2(x , y; z) d2r , (7)

to localize the exact location of the image plane, i.e. the focus of the imaging system.
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As shown below, the algorithm allows one to recover the complex wave field incident on the entrance
aperture. The phase curvature of the recovered wave field then allows the determination of the longitudinal
source-point position for each single-shot. In the first few iterations we use a-priori knowledge of the
support and in further iterations, the shrink-wrap algorithm [19]. To this end, the intensity of a blurred
version of the current estimate of the wave field, a 125 × 125 pixels Gaussian distribution with a zero mean
and standard deviation of 2 pixels was used, and updated every 10 iterations, to finalise the accurate extent
of the support.

The measure of the algorithm convergence, ε , is defined as commonly used in the single-plane CDI
phase recovery [30]. For the p-th measured intensity the Fourier space reconstruction error is defined as

ε p =

√√√∑
i j ( |ψp (r4 , z34) | −

√
I
p

measured )2∑
i j Ip

measured

, (8)

where i, j represent the detector pixel coordinates in horizontal and vertical direction, respectively. Once
convergence has been achieved, i.e. the error has reached a low steady state, the algorithm is halted at step
7, which then constitutes the best estimate of the wave field distribution in the detector plane.

3. Simulation

To validate the algorithm’s performance, we simulated the focus characterization experiment at FLASH
beamline BL2, as shown in Fig. 1. Soft x-rays of wavelength 14.7 nm are cropped by a 5 mm circular
aperture and focused by an elliptical mirror with 2 m nominal focal length. A 2D pixellated detector
containing 1024×1024 pixels with a pixel pitch of 13 µm, is located downstream of the focal plane where
the Fresnel number satisfies the far-field condition. In order to simulate the forward propagation of the
wave field to the detector plane, we follow steps 5 to 7 of the algorithm. The distances are defined as:
z01 = 71.5 m, z12 = 3.85 m, z = z23 + z34 = 3.2 m.

A random, low-pass filtered intensity distribution is used as the incident intensity at the aperture plane,
and the incident phase is taken to be spherical with a radius of 71.5 m. Thus, the image plane is located
at 2.054 m downstream of the elliptical mirror(Fig. 2). A Gaussian noise distribution was added to the
diffraction pattern with an average of zero and a standard deviation of 3% of the signal level. This was
conducted to observe the algorithm’s performance in the presence of an imperfect signal. For many trials
of simulation, different levels of noise were considered. It was observed that, with a noise level less than
8% of the signal level, the algorithm converges to a reliable solution according to the relative difference
between the reconstructed noisy and noise-free simulated wave fields,

Q =

∑
i j Inorec −

∑
i j I idrec∑

i j I idrec
(9)

where I idrec presents the reconstruction of a noise free pulse, and Inorec is the reconstruction of the same
pulse with noise added.

∑
i j is a summation over the discrete array.

For a small noise level (1-2%) this difference is also quite small (Q = 0.003), and the relative difference
increases to a value of Q = 0.03 for a noise level of 8%.

The approximate image plane position (E3) was chosen as z23 = 2.044 m for the algorithm, to be
corrected at the end using the sharpness metric (Eq. 7) on the final reconstruction. 200 iterations were
applied for reconstruction. The algorithm was initialized at the detector plane by a random phase varying in
the range [-π,π].

Figure 3 summarizes the results from the reconstruction of the simulated input wave field at the aperture
plane. A 1D-profile comparison of the simulated and reconstructed phase within the aperture indicates an
accurate reconstruction with a rms error of 0.05λ14.7. The phase was unwrapped here using a 2D version of
the 3D unwrapping algorithm described in [36]. An average pixel-wise residual of less than 1% was observed
in the reconstructed intensity. As seen in Fig. 3(c), the reconstruction error monotonically approaches a
minimum after 150 iterations. The support considered in the simulation was retrieved successfully within
the first few iterations of the shrink-wrap algorithm. A-priori knowledge of the support can potentially speed
up the algorithm convergence, however, the support can be reconstructed by the shrink-wrap algorithm
given minimal information about the support.
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Fig. 2. Simulated divergent wave field. (a) and (b) show the input intensity and phase for a
wave field illuminating the aperture. The image are 1024×1024 pixels with 23.3 µm square
pixels. The source-to-aperture distance is 71.5 m and the wavelength is 14.7 nm.

Fig. 3. Input wave field reconstruction at the aperture plane. A visual comparison of the
reconstructed (a) and simulated intensity (see Fig. 2) confirms a good quantitative recovery.
The white circle in (a) represents the extent of the successfully reconstructed support. (b)
displays a central line profile comparison of the simulated (blue line) and reconstructed (red
dots) phase concluding an accurate reconstruction. The error evaluation is depicted in (c).

After performing 50 simulated trials the average position of the image plane was obtained by back-
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propagating the reconstructed wave field and using Eq. 7, as shown in Fig. 4(a). This yields z23 = 2.054 m
with a standard deviation of ∆z = ±2 mm, which indicates the uncertainty in source position that can be
ascribed to the algorithm. A meridional profile of the simulated and reconstructed intensity at the image
plane verifies the ability of the algorithm to reconstruct the localized wave field as depicted in Fig. 4(b).
Further successful simulations were performed, that are not reported here for brevity.

Fig. 4. The image plane wave field reconstruction of the simulated data. A meridional profile
of the focused wave field’s intensity is shown in (a). The image plane on-axis location (red
dashed line) was determined accurately (z = 2.054 m) using Eq. (7) as plotted (black curve)
in (a). In (b) the line profile of the intensity distribution for reconstructed (red dots) and
simulated (blue line) wave field are depicted on a logarithmic scale to highlight the full
recovery of the contribution of the sidelobes. Note that the sharpness is normalized to unity
in (a).

4. Experiment and results

The experiments were performed at FLASH1 beamline BL2. The photon energy was set to 84.3 eV,
corresponding to a wavelength λ = 14.7 nm with a pulse energy up to 15.2 µJ. During the experiment
the beam was attenuated using niobium and zirconium filters (with a thickness of 289 nm and 1500 nm,
respectively) to allow the observation of the direct beam with 2D detectors and to block the higher harmonic
components from the undulators. The pulses were delivered with a weak electron bunch compression [37]
using six active undulator segments to generate spatially coherent pulses [38].

The position of the approximate image plane was also chosen as identical to the simulation for each
single-shot reconstruction. The data were collected by a direct-conversion CCD detector (Andor iKon-M
SO DO934P-BN) with a black-illuminated chip and the same geometry as in the previous section. Dark
frames were collected repeatedly during the experiment, averaged and used for background subtraction on
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a pixel by pixel basis according to:

Icorr = max{I frame − (1 + α)Idark , 0}. (10)

α here denotes the standard deviation of the dark images, relative to its mean, which in practice is very
close to zero ('10−3).

A subset of data was selected by including frames which are correlated with a deliberately measured
reference frame taken during the experiments. This enables us to disregard known instabilities in the
apparatus and beamline, as well as the occasional loss of beam observed during the experiments, and
observe only the meaningful variations of the source.

The reconstructions were performed by ascribing a random phase to the measured amplitudes to initiate
the algorithm. The wave field reconstruction was found to be reliable and reproducible upon 20 trials for
every single-shot by monitoring the lowest values of ε p . A deviation of 5%, between these minimum values,
was found and the absolute ε p was less than 10−3, indicating good convergence. The algorithm reached a
steady state within 200 iterations. For a subset of data, the algorithm was run for one thousand of iterations,
for each data frame, and no further improvement in convergence is observed after 200 iterations.

Figure 5(a) shows the reconstructed complex wave field of a frame ΨR in the image plane with the
lowest value of the final error within the data set. The meriodinal intensity distribution is depicted in Fig.
5(b). An average source image size (i.e.focus size) of 9.5v × 9.55h µm2(intensity FWHM) is found by the
reconstructions over the 80 pulses out of 150 pulses measured. On average, a longitudinal focus position of
z̄23 = 2.060 m with a standard deviation of ∆z = ±4 mm is determined, indicating image-plane on-axis
fluctuations smaller than the Rayleigh range.

The longitudinal fluctuations of the image plane reflects a source position variation along the undulator
segments (Fig. 6). The average source position (z̄01) was obtained as approximately 69 m with a standard
deviation of 2 m. It can be seen that the mean source position during the experiment was upstream of the
end of the last undulator [39].

5. Comparison with HWS method

In addition to the diffaction measurements, the experimental setup was equipped with a removable, planar
refractive Au mirror which guides the FEL beam under 90◦ onto a Hartmann wavefront sensor. This sensor
was built by the company Imagine Optic [40]. The characteristic features of the sensor are drawn in Table
1 [12]. It operates in the wavelength region from 10 nm to 40 nm, which is within the accessible FLASH
wavelength range. The Hartmann wavefront sensor was operated by the software MrBeam which was
developed by the Laser-Laboratorium Göttingen e.V. [41].

Table 1. Overview of the Hartmann sensor at FLASH beamline BL2
Camera Hartmann Plate
Princeton Instruments PI-SX: 1300 quadratic holes 110 µm x 110 µm
1340(H) x 1300(V) pixels pitch size 387 µm
19.5 mm(H) x 19.5 mm(V) field of view 250 mm plate to CCD (80 µm thick Ni

plate)

When a complex wave field illuminates the the Hartmann plate (pinhole array), a set of dissected
diffraction patterns is measured by the camera. The intensity and phase of the complex wave field thus
can be retrieved by analyzing the diffracted spots either in real or Fourier space. Here we used the Fourier
demodulation method to retrieve the complex wave field at the detector plane. The detail of this technique
can be found elsewhere [42–45]. After reconstructions, the same procedure as described previously was
applied to find the longitudinal position of the image plane associated with every single-shot.

In Fig. 7 the reconstructed complex wave field in the image plane of a frame which has the same
longitudinal position as ΨR is shown. Within the data set, the average source image size is determined to be
9.6v × 9.62h µm2(Intensity FWHM). The average image plane location is obtained z̄23 = 2.061 m with a
standard deviation of ∆z = ±6 mm.

Additionally, the data sets measured by the Hartmann sensor were separately analyzed using the
MrBeam software [41]. Here, the complex wave field retrieval was performed in real space by resolving the
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Fig. 5. The iteratively reconstructed complex wave field in the image plane of an individual
FLASH pulse with the lowest level of the final error within the data set measured. In (a) phase
is expressed by the hue and intensity by the brightness. (b) displays the full caustic of the
pulse. The red dashed line indicates the image plane location as z23 = 2.064 m. (c) displays
the lateral line profiles of the intensity distribution at the image plane in a logarithmic scale.
The FWHM was estimated as 9.5v × 9.5h µm2. The algorithm convergence is shown in
(d). Note that no obvious aberrations are resolved, showing the limited resolution in this
particular case. The solid white line is a 20 µm scales bar.

displacement of the diffraction patterns measured against a reference pattern, previously measured at the
BL2 beamline as an average over one thousand single pulses [12]. The mean focus size was found to be
11v × 13h µm2(Intensity FWHM) with a standard deviation of 1 µm for the both lateral directions. The
result shows a slightly larger focus size compared to the demodulation method, which may be attributed to
the limited spatial sampling (the pitch size of Hartmann array).

It is clearly seen that the results of the HWS method, in real and Fourier space, are in general agreement
with those obtained by the iterative imaging technique, building further confidence in the validity of our
iterative reconstructions.

6. Conclusion

We have demonstrated numerically and experimentally an algorithmic phase retrieval approach to char-
acterize coherent, focused FEL pulses on a single-shot basis. The results obtained compare favorably
with the established HWS method performed with the same FEL parameters. A high level of correlation
was observed between the results of both methods, illustrating the ability of the new iterative method
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Fig. 6. Longitudinal source position fluctuation (z01). The longitudinal fluctuations elucidate
a gain variation along the undulator segments.

Fig. 7. The HWS reconstructed complex wave field in the image plane of a pulse having
the same longitudinal position as ΨR . In (a) phase is expressed by the hue and intensity by
the brightness. (b) displays the lateral line profiles of the intensity at the image plane. The
FWHM was estimated as 9.63v × 9.63h µm2. The solid white line is a 20 µm scales bar.

to reconstruct focused wave fields without the need for using conventional manipulative optics such as
absorbing screens.

It should be noted that the comparison between both HWS and iterative methods was made due to the
applicable FEL energy of FLASH for the Hartmann sensor. In general, Hartmann plates function well
for softer energy ranges and may not apply to the hard photon energies at XFELs, such as the European
XFEL. The iterative imaging method—not relying on the properties of absorptive optics between the
focusing optics and detector—provides a general technique applicable across a very broad photon energy
range, as well as for different focusing optics. Elsewhere we have shown explicitly through simulation the
applicability of this method at hard X-ray energies, specifically for the upcoming SPB/SFX instrument of
the European XFEL [46].

As the exact on-axis position of the image plane for every single-shot is resolved, the associated
longitudinal source-position fluctuations can be found. This enables, for example, monitoring of the source
gain variation within the active undulators of an FEL source.
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