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Abstract: We present a fast and accurate method for wave propagation through a set of inclined
reflecting planes. It is based on the coordinate transformation in reciprocal space leading to
a diffraction integral, which can be calculated only by using two 2D Fast Fourier Transforms
and one 2D interpolation. The method is numerically tested, and comparisons with standard
methods show its superiority in both computational speed and accuracy. The direct application
of this method is found in the X-ray phase contrast imaging using the Bragg magnifier—an optics
consisting of crystals asymmetrically diffracting in Bragg geometry.
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1. Introduction

Many applications of electromagnetic radiation rely on the accurate description of the wave
propagation through the air or an arbitrary medium. One of these applications is the X-ray
phase contrast imaging, where the wave propagation plays an exceptionally important role. The
reason for this mainly comes from the phase problem, where one often needs to perform many
forward and backward wave propagations in order to solve the nontrivial inverse problem [1].
Because of the huge increase in data production rates due to advanced modern X-ray sources
(synchrotrons and free electron lasers), the need for fast and accurate wave propagations (as a
part of data interpretation) is currently an important bottleneck. The speed of the process can be
enhanced by hardware or software improvements. This study focuses on software by introducing
a computationally efficient and very accurate approach for a specific case of wave propagation
through a set of inclined reflecting planes.

For wave propagation in isotropic and homogenous media, one can conveniently use the scalar
diffraction theory working with only one complex scalar function of space and time, which
fully describes the electromagnetic disturbance [2]. This function, which is often simply termed
as wave-field, contains information about the wave’s amplitude and phase for a given point
in spacetime. The simplest and the most common case of wave propagation is between two
parallel planes. This can be easily performed using a convolution operator, which is in practice
accomplished by adapting the Fast Fourier Transform (FFT) - a well-known algorithm for its
great efficiency and time complexity.

The situation is different for wave propagation on an inclined plane, where the distance
between the planes is not constant. Therefore, one cannot use FFT and benefit from its favorable
computational scaling. Various solutions to this problem have been suggested. In Chapter 2,
we present two standard approaches for comparison: one optimizing for speed but with limited
accuracy (used in [3,4]), and one exact treatment using heavy computational demands (used e.g.
in [5]).

Another approach based on Rayleigh—Sommerfeld integral was proposed in [6,7]. It uses
similar theoretical treatment as presented in this paper with comparable results, and can be viewed
as an alternative method for the wave propagation on an inclined plane. From the computational
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point of view, both alternative approaches use two 2D FFT’s and one 2D interpolation in
reciprocal space. However, our approach further generalizes the formalism in two ways. First, it
provides relationships allowing wave-field propagation through an inclined reflecting plane (see
Fig. 1) with the same computational demands as for a propagation on an inclined plane. Second,
it generalizes the mathematical treatment for propagation through any number of consecutive
inclined reflecting planes (crystals) while still using just two 2D FFT’s and one 2D interpolation.

This paper also closely relates to [8], where the developed formalism is the same as presented
here, but only for a 1D case. Even though the authors of that paper further generalized the
treatment also for a 2D case in a short notice, it is done in an incorrect manner. Chapter
2.3 provides a correct derivation and further extends the formalism as stated in the previous
paragraph.

The application of our method is readily found in the fast and accurate forward and backward
propagation through the Bragg magnifier [9], which consists of 2 or 4 crystals (reflecting planes)
yielding magnified image in both directions by means of asymmetrical Bragg diffraction. Our
developed method is intended to be used for phase retrieval of the X-ray images obtained by
Bragg magnifier in microtomographic measurements [3, 10]. Since our primary motivation
is focused on the X-ray wave propagation, the inclined reflecting planes will be from now on
referred to as crystals, although they are not the only possible application.

The paper is organized as follows. Chapter 2 fully describes wave propagation through one
crystal for three methods — Effective distance method, Many Fourier Transforms method and the
novel method called Reciprocal coordinate transformation method. We also cover the inclusion
of the crystal transfer functions in the calculation. Chapter 3 presents the generalization of the
formalism for an arbitrary number of crystals, and Chapter 4 shows the results of the numerical
tests of the developed method in comparison with other two described methods. Finally, the
paper finishes with Conclusions.

2. Propagation through one crystal

Let us first treat the case of one reflecting plane (crystal) magnifying the beam in vertical (x)
direction (Fig. 1). We define three Cartesian coordinate systems over three planes of interest
- object plane (right after the sample, perpendicular to the main beam direction) coordinates
(x0, y0), crystal plane coordinates (x, y;) and the detector plane coordinates (x», y2). The dual
(reciprocal) coordinates to them will be denoted as (%o, o), (X1, $1) and (X, y), respectively, and
the corresponding complex scalar wave-fields over these planes as Uy(xo, yo), Uc(x1, y1) and
Up(x2, y2). Let us denote the mean propagation distance between the object and the crystal plane
as 70, and between the crystal plane and the detector plane as z;. Let the angles of the incoming
and outcoming beam with respect to the inclined plane be « and 8 as drawn in Fig. 1.

The definition of the direct 2D Fourier transform of a function f(x, y) for our purposes will be

~ 1

s = [ fyesl-itixs sldudy )
@ )

with the corresponding inverse Fourier transform
sy =7 [Fan] = [ s eplix+ )l dsay. @

Our goal is to find a method for fast and precise propagation between the object plane
(described by Uy(xg, ¥0)) and the detector plane (described by Up(x2, y2)). Methodologically,
it is important to distinguish between different imaging regimes based on the Fresnel number
Np = b%/(1z), where b is the linear size of the sample, A is the radiation wavelength and z is the
effective propagation distance. We will restrict our considerations to the Fresnel regime (paraxial
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Fig. 1. Wave propagation through the reflecting inclined plane - crystal (in orange) from
sample plane (left) to the detector D. The sketch represents the one-crystal geometry
situation from the side view. The axis yq, y; and y; are perpendicular to the figure plane.
The dashed lines correspond to the active diffraction planes of the crystal.

approximation) for which Ng > 1, because most of the applications we aim for safely satisfy
this condition. If that is not the case, our proposed method can also be easily generalized for
the case of the exact free space propagator. We will further assume that, in general, asymmetric
Bragg reflection occurs, i.e. @ # 3, since the reflection is effectively happening with respect to
the crystal lattice planes (dashed lines in Fig. 1). The magnification factor of the beam is defined
as M = sin B/sin @. More details about the phenomenon of Bragg reflection in perfect crystals
can be found in [11, 12].

In the following paragraphs, we will present three possible methods to accomplish our goal of
propagation through reflecting inclined planes. The first method, which we call Many Fourier
transforms, will serve as a reference since it is based on well-established and accurate methods
for free space propagation between parallel planes. The second method, which we call Effective
distances, is the one commonly used to approximate our considered propagation problem and the
third method is our new proposed method itself.

2.1.  Many Fourier Transforms method (MFT)

Imagine all three defined wave-fields Uy, Uc and Up are sampled on a uniform grid of size L X L.

Their discretized versions will be denoted using indices i, j € {1,2,...,L}, e.g. Uo(x(()’), y(()’ )).
If we are interested in the i-th row of the crystal plane wave-field Uc(xgi), y1), we need to perform

@) @

0

standard Fresnel propagation between parallel planes with a mutual distance z,” = zo + x; ' cos a.

The i-th row of the result will give us the desired values for Uc (x?), y1) (while discarding all the
other rows). This needs to be repeated for all L rows yielding Uc(x1, y1) for all the grid points.

Mathematically, for Vi

Sl e

where the exponential term is the Fresnel propagator, exponent (i) denotes extracting the i-th row
of the wave-field and K = 2x/A is the wavevector.

Uc(x”, y1) = (Tl {ﬁo(fo, Yo) exp
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Further propagation from the crystal plane to the detector plane will be performed in the
following manner. Let us define a 2D wave-field

Uc(x y1)... i-throw,
Y )

U9 x , =
¢ (%2, y2) 0...... elsewhere.

Based on the Huygens principle, we can decompose the wave-field Uc as

L
UcGxiyn) = >, U (x2, y2) ©)

i=1

and propagate each term in the sum again by means of the standard Fresnel propagation between
parallel planes as

L L iz\V
Up(x2,y2) = > F! { U9 (x2, y2) exp [—ﬁ (x% + yi)l } , 6)
i=1

where z(li) =171 +x§i) cos f3 is the propagation distance for the i-th plane in the above decomposition.

This method is straightforward and precise but requires at least 3L + 1 evaluations of 2D
Fourier transform. Therefore, it is not suitable for the problems where one needs to propagate
the wave-fields many times, e.g. in phase retrieval problems. Still, we will use this method as a

reference when testing other methods.

2.2. Effective distances method (ED)

This simplified method neglects the effect of varying propagation distances and only uses the
standard Fresnel propagation between parallel planes with the mean (effective) propagation
distances zg and z;. The relationship between Up and Uy can, therefore, be written as

—;i;{ (2 +33) } 7)

Using the relationship ¥, = Xy/M for compressing the frequencies after magnification, we can
simplify the equation to

~ iz0 (0 .
Up(x2,y2) = F! {Uo(xo, Yo) exp [—ﬁ (xg + yé)] exp

i [(zo + %) B+ (z0+ z1)?§]

2K

Up(x2, y2) = ' 3 Uo(Fo, o) exp | - ®)

This method requires just two 2D FFT’s, which drastically reduces the computational demands.
On the other hand, the approximation of average propagation distance can cause severe artifacts,
e.g., in the cases of short propagation distances or large beams, when the propagation distances
within the upper and lower parts of the beam differ significantly.

2.3. Reciprocal coordinates transformation method (RCT)

Now we proceed to our proposed method. Let us write down the scalar diffraction formula in
Fresnel approximation for the case of propagation from the object plane to the crystal plane in
(x0, y0) coordinates

~ 20+ 2(x0) (0 - o . L e
Uc(xo, yo) = //Uo(xo, Yo) exp [—IOQ—K(O) (x3+y§)] exp [i(Foxo + Foyo)]l dXodFo, (9)
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where z(xo) is the deviation from the mean propagation distance zo. This integral cannot be
evaluated by a simple Fourier transform (because of the dependence of the integral kernel on x).
From Fig. 1 we get xp = x; sina, y; = yg and z(xg) = x1 cos @ and after substituting it in Eq. (9)
and rearranging we arrive at

~ .20 (.0
Uc(x1,y1) =[/ Uo(%o, Jo) exp [—li (x% + )’8)] X

. . cosa (5 o . . (10)
exp §ix [xo sina — e (xo + yo)] exp (iFoy1) dyodXp.
X
Now we make the following transformation of reciprocal coordinates
... cosSa (5 .o
X1 = XpSIna — 7 (.XO +y0)»
y1 = Yo, an
with the inverse transformation
2K
i0=Ktana—\/K2tan2a/—y%— X1,
cos @
Yo = J1. (12)

The ambiguity of the sign in front of the square root that arises is resolved by choosing the minus
sign, since this choice is the only consistent one with the paraxial approximation (¥y < K). The
jacobian of the transformation is

‘—a(io’y()) _ 0% 030 _ 0% 030 _ ! (13)
a(k, 51| 0% 0y 0y, 0% Teota  2reonn
(%1,%1) X1 09 Y1 0% \/sinza B clgz a 2xllc(osa
and after substituting it to Eq. (10) the transformation finally results in
Uc(rioyn) = // O (Bo(F1. 31). So(1, 1)) X
exp {—i L [22(%1, 51) + 52 S (14)
Uik !20 : i) exp {i[x1 %1 + y1 911} dy1d%.

\/sinZa _ete  25mma

This can be rewritten in a compact form as
Uc(er,y) = 7" [To (Rolr, 510, (1, 310) P, (ol 70 So(&, 50)| . (19)

where we used a general quantity Pf,l,)z, which we refer to as a ‘generalized Fresnel propagator of
the first kind’ defined as

exp {~isk [¥ +57]}

3 2 N ’
22 Vi 08T @ 2%, cosa
\/sm a 2 e

P (%, 50) = (16)

This propagator is used for the propagation on inclined planes, where the main propagation
direction of the beam is perpendicular to the input plane. We also note that all the round brackets
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in Egs. (14), (15) and (16) have the meaning of functional dependence. After performing an
interpolation of l70 values from the uniform grid points (%o, o) to uniform grid points (%1, ¥1)
based on Eq. (12), the calculation based on Eq. (15) can be performed using the Fast Fourier
transform algorithm (FFT), which greatly speeds up the calculation. The inverse relationship of
retrieving Up from U (backward propagation) would be analogously

ﬁc (%1 (X0, J0), ¥1(Xo, o))
P, zo(xl (%o, $0), $1 (X0, o))

Uo(x0. yo) = F ' a7
It is to be noted that this time, the coordinate transformation based on Eq. (11) needs to used.

Now we want to further propagate the wave-field U to the detector plane in order to obtain
Up. The situation is equivalent to the case of retrieving Uy from Uc, except for the opposite
sign within the exponential indicating forward propagation. To this end, we similarly define a
"generalized Fresnel propagator of the second kind’, which will be used for free space propagation
from an inclined plane, where the main propagation direction of the beam is perpendicular to the
output plane. Its formal definition is

exp {+l§ [+ 52 1)

PR (%, 5) = L (18)
\/sm 8- C05 ,3 2xilc<osﬁ
and using this, the second propagation from the crystal to the detector can be written as
Uc (%1(%2, ). 1(F2, 52)
Up(aa,yo) = 7 | S 1 J2) T2 )| (19)
Py (Ki1(X2, 32), §1(X2, 32))
where the coordinate transformations are analogous to the previous case:
ok (3+3),
2 sin + ¥
y1 =52 (20)
The key point now is that Egs. (15) and (19) can be merged in Fourier space as
= Uc (%1(%, 32). 2
Up (%2, 52) = — ( —— y~ y~) =
Py (F1(%2, 32), 52)
2y

P (Fo(%1 (R, $2), F1)s 72)

PR (%1(%, 52), 32)

= ﬁ() ()70()?1()72, yZ)’ yl)’ 92)

where the coordinate functional dependancies were written here for transparency reasons only
for X coordinates, because in our special case from Fig. 1 is Jjy = J; = J, anyway. This way, one
can work directly with the coordinate transformation from (%o, o) to (X2, 3,), with the following
transformation formulas (obtained by merging Eqgs. (12) and (20))

cos
i0=Ktan0z—\/Kztanza'—2KMi2tana+ P (%2 +73) - 75
cos a

Yo = V2. (22)

Using this we can finally write down the desired relationship as

= PR (o ), 92)
F | Uo (Xo(%2, 32), 72) 70
Py (F1(F2, $2), 52)

Up(x2, y2) = (23)

Computer implementation of Eq. (23) requires performing these steps:
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1. Calculate FET of Uy(xo, yo) to yield Uy(Zo, $o).

2. Create a regular grid of reciprocal coordinates (%, j) and calculate their corresponding
values of (%o (X2, ¥2), o(X2, ¥2)) based on Eq. (22).

3. Perform interpolation of Uy values on the positions (Xo(X2, 32), $o(X2, $2)) based on the
known values Uy(Xo, 7o) (interpolation from regular grid points onto irregular grid).

4. Calculate propagators Pgi] (%1(%, ¥2)) and P,(Y{ )ZO (Xo(X2, ¥2), ¥2) based on their definitions
in Egs. (16) and (18) on the sample points given by Eqgs. (20) and (22), respectively.

5. Perform operations according to Eq. (23) to yield Up(x2, y2).

The advantage of such direct merged approach is that the computational demands are twice as
low as for the case of independently applying two propagations on inclined planes according to
Egs. (15) and (19).

2.4. Adding the transfer functions of the optical elements

For the ED method, this can be easily accomplished by adding the factor C; (%o, yy) corresponding
to the transfer function of the optical element (e.g. crystal transfer function) into the curly brackets
in Eq. (8). C| expresses the modification of the wave-field (absorption and phase-shift) due to
the crystal reflection, and can be calculated separately. Similarly, for the MFT method, we add
the same factor in Eq. (3).

Adjusting the RCT method requires going back to Eq. (9), which becomes

= 20+ 2(x0) (o .
Uc(x0,¥0) = // Uo(Xo, Yo) exp —r (XS + y(z)) Ci(%0, o) X (24)
exp [i(Xoxo + Foyo)l dXod Fo.
After repeating the steps in Section 2.3, we finally arrive at
1177 /1~ /1~ =~ ~ P((ZI,)Z() (JZO(XZ, y2)’ yZ) P -
Up(x2,y2) =7 |Uo (Fo(R2, 32), J2) —5———————Ci(Go(X2, 72), 52) | . (25)
Py (F1(%2, 32), 52)

In practice, this requires one extra interpolation of the same type as for Uy - interpolation using
the known original values C;(Xo, yo) (lying on a regular grid) onto the irregular grid points
C1(Xo(%2, 2), Yo)-

3. Propagation through many crystals

The RCT formalism can be further conveniently generalized for propagation through an arbitrary
number of crystals. Suppose we have N crystals, each of them reflecting (and potentially also
magnifying/demagnifying) the beam in either horizontal (x) or vertical (y) direction before finally
reaching the detector (an example of 4 crystals is depicted in Fig. 2). An i-th crystal upstream
will be characterized by its transfer function C;, incidence angle @; and the outcoming angle
Bi, fori=1,..., N. Mean propagation distances of the wave-field between the sample, crystals
and the detector will be denoted as zg, z1, . . ., Zn, respectively. Analogously to the previous
section, we define 2N + 1 coordinate frames over different planes with Cartesian coordinates
(x0, ¥0); (x1, ¥1); - . . s (xan5, Y25 ). Their positions are as follows:

* (x0, Yo) is the sample plane,

* (x2n, y2n) is the detector plane,
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o (x1,y1); (x3,¥3); . . .5 (xan—1, Yan—1) refer to the crystal surfaces,

* (x2,¥2); (x4, ya); . . . ; (xan—2, Yan—2) refer to the planes perpendicular to the beam direction
and in the middle distance between two consecutive crystals.

Fig. 2. Wave propagation for the situation of 4 crystals forming the Bragg magnifier. Figure
taken from [9].

The relationship for forward propagation through this set of N crystals will then be

(1) xSk
Payzy (5 55)
(2
PﬁNzN( Ton-1Van- 1)

N-1 P(l) ( Sk Sk

v 2 T 9) -
) . l__[C % $3i0) |
= Pz (xzz 1 Y2 1) i=1

Up(xan, yan) = 7 | Uo (%5, )

(26)

where )Z]* = X;(%2n, F2n) and y; = J;(¥on, o) for Vj. In other words, all the quantities on the
right side of the equation have to be calculated on the sample points that are transformed from the
detector plane coordinates (¥, ¥2n). In general, this can be achieved by applying the coordinate
transformations in Eqgs. (11) and (12) multiple times, as shown in the previous section in Eq.
(22).

From the practical point of view, for a fixed setup, all the quantities P, , and C; need to be
calculated just once yielding an effective propagator, which can be simply reused for an arbitrary
number of forward and backward wave-field propagations through the whole system. This way,
the computational demands stay the same for any number of crystals in the system. Specifically,
one forward or backward propagation through the whole setup only requires two 2D FFT’s and
one 2D interpolation (from regular grid points Us (X0, J0) to irregular grid points Us (% Xy yO)).
This makes the method especially convenient for applications where one requires a fast and
accurate approach for many forward and backward propagations through a complex system.

We conclude this section by shortly describing the generalization procedure for the other two
methods. For the ED method, Eq. (8) can be easily modified to account for all the free space
propagations present, as well as the crystal transfer functions (see e.g. in [3]). This way, similarly
as for the RCT method, the computational demands are practically independent of the number of
crystals. For the MFT method, one needs to repeat the procedure for one crystal multiple times,
yielding inconvenient linear dependency of the computation time with the number of crystals.
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4. Numerical tests of the methods

In order to test and compare the accuracy and speed of the described methods, several numerical
tests have been performed. The phantom of interest was chosen to be a polystyrene sphere,
and the parameters of the simulation were the following (chosen to closely resemble the real
parameters used in the experiment described in [3]):

* The beam coming from the source is a plane wave, with a size (field of view) 0.6 mm X
0.6 mm (sampled by 1024 x 1024 pixels).

* Energy of X-ray radiation E = 10.7 keV.
» Sample - a polystyrene (PS) sphere with a radius R = 60 um.

* The crystal configuration is as sketched in Fig. 2 - four perfect crystals made of Germanium,
first two magnifying in the horizontal dimension and the other two in the vertical dimension
by means of asymmetrical Bragg reflection. The given configuration is called quasi-
channel-cut Bragg magnifier [9].

e Distances zo =20cmand z; = 2o = 23 = 24 = 10 cm.

* We used 220 crystal Bragg reflection with incident angles (with respect to crystal surface)
a1 = a3 =0.4° ay = a4 = 9.7° and outcoming angles 81 = 53 = 33.1°, B, = B4 = 23.8°.

* Crystal transfer functions C; were calculated using the two-beam Dynamical theory of
diffraction [13], and the crystals were aligned to maximize the reflected intensity.

Figure 3 shows the amplitude and the phase of our phantom on the sample plane. It is further
propagated to the detector through the setup in Fig. 2 using the three methods described in
Section 2. The calculated intensity patterns are shown in Fig. 4. For the RCT method, we used
a cubic interpolation, since it provided the best ratio for computational demands and accuracy.
No differences are observed at first sight in Fig. 4, but after plotting the absolute values of the
differences (Fig. 5), the nontrivial deviations were observed with the ED method, because of
the varying propagation distances. On the other hand, the results with the RCT method exhibit
practically no deviation from the results with the reference method MFT. To emphasize this effect,
the line profile (along the yellow lines in Fig. 4) is shown in Fig. 6. For the ED method, the
positions of Fresnel fringes are shifted more and more as one moves from the image center. On
the contrary, the RCT method provides a perfect fit for the data obtained with the MFT method.
It is to be noted, that using different standard test patterns (e.g., a square) produced quantitatively
similar results as presented in Fig. 5.

Amplitude 1 Phase shift 0
0.995 1
0.99 2
0.98
-4
0.975
-5

Fig. 3. The amplitude and the phase of the polystyrene sphere - our phantom object, i.e. the
wave-field Ugy(xq, yo)-
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1 1

0.8 0.8
0.6 0.6

Fig. 4. Simulated intensity patterns |Up (x2, y2)|2 for all three described methods. The
yellow lines show the position of the profile lines plotted in Fig. 6.

0.6

We also measured the time required for one forward propagation. All three methods were
tested on the same PC with standard contemporary specifications (CPU - Intel Core i7, 2 GHz),
and the implementation of the methods was done with Matlab. The time for the ED method
was (0.04 + 0.01) s, for the RCT method (0.13 + 0.02) s, and for the MFT method around 300
s. This underlines the usefulness of our RCT method, which is 1-2 orders of magnitude more

e
[}

IMFT-ED| IMFT-RCT|

- N W A O o N X

Fig. 5. The absolute value of the difference in detector intensities between the results
obtained with the ED and RCT methods, in comparison to the reference method MFT. The
superiority of the RCT method is clearly visible.
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Fig. 6. The line profiles along the yellow lines in Fig. 4.
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accurate than the ED method while being just about three times slower.

5. Conclusion

We closely studied the wave propagation through one or more consecutive reflecting planes, e.g.
crystals in Bragg geometry subjected to X-ray radiation. Three methods of coping with this
problem were described and mutually compared in terms of accuracy and speed. The first two
methods, the Effective Distance (ED) method, and the Many Fourier Transforms (MFT) method,
have been also used before, while the third method, named the Reciprocal Coordinate Transform
(RCT) method, has been developed and is the main novelty of this paper. RCT method uses
coordinate transformation to rewrite the diffraction integral in the form of the Fourier Transform,
exploiting its computational speed. Conveniently, it can be generalized for wave propagation
through an arbitrary number of consecutive crystals while having the computational demands
independent of the number of crystals.

Numerical tests have revealed the superiority of the RCT method by 1-2 orders of magnitude
in terms of accuracy when compared to the ED method, and in terms of speed when compared
to the MFT method. Being just three times slower than the ED method (which uses limiting
approximation), RCT method provides an excellent method for fast and accurate forward and
backward wave propagations through a set of crystals. One of the direct applications of the
method is in X-ray imaging using the Bragg magnifier, specifically in simulations of image
formation as well as in phase retrieval.
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